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ABSTRACT:

The mainaim of ourpaper is introduced new conceptofcompactspaceis called wb-compact Space,for this
aim,the conceptof b-compact space and w-compactspace introduced. and find that everyis relationshipsamong compact,
b-compact, w-compact spaces. andthe converse is not not true in generals.and wedefine nearlywb-compact space and
we prove some resultsabout subject.
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1.Introduction and Preliminaries

The concept of w-open sets in topological spaces was introduced in1982 byHdeib[1], In1996 Andrjivic [2] gave
a new typeof generalized open setin topological spacecalled b-open sets,In 2008,Noiri,Al-Omari and Noorani [3] introduced
the conceptof wb —open and the complement of an wb — open set is said to be wb — closed [11] the intersection of all wb —

—wb
closed sets of X, containing A is calledthe wb-closure of A and is denoted by A~ The union of all wb — open sets. of X
contained in A is calledthewb-interior of A and is denoted by A°°’b, In [14] Burbaki studied

the concept of compact space.In this workwe introduced definition theconcept of wb-compact

space, wb-cluster point,and we introduced definitionwb-converge point,wb-accumulatepoint and we
prove some theoremabout subject .

Definition (1.1): [1]

A subsetA is saidto be w —open setif for each xeA ,there existsan open setU, such thatxeUyand U,—A is
countable,thecomplement of w-open set is called w-closed the family of w-open sets denoted by wO(X) .

Definition (1.2): [2]
LetX be topological spaceA is called b-open set in X, iffA U Kothe complementof b-open set is

Called b-closedand it is easy to see that A is b-closedsetiffA n Ko c A thefamily of b-opensets
denoted by BO(X) .
Definition(1.3): [3]

Asubset A of a space Xis said to be wb-open,if for every x € Aithere exists a b-open subsetU, € Xcontaining
x,such thatU, — A is countable,thecomplement of an wb-opensubsetis said

to be wb-closed,thefamily of wb-open sets denoted by wb0O(X).
Definition (1.4): [4]

Let f: X - Y be afunction of aspaceX into a space Y,thenf is called an open function,iff(A) is an open set inY,for
every open.setA in X.

Definition (1.5): [4]

Let f:X — Ybe a function ofa spaceX into a space Y,then f is called an closed function,if f(A) is an closed set in Y,for
every closed set A in X.

Definition (1.6):[5]

Let X be a topological space and A € X,A is called regular open set in X,if A = Ko,the

Complement ofregular open set is called regular closed,and it is easy to see that A is regular closed if A = A
Definition (1.7): [4]

Let f:X - Y be a function ofa space X into aspace Ythen fis called a continuousfunction,iff~1(A) is an openset in
X, for every openset Ain'Y.

Definition (1.8): [8]
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A space X is called T,-space (Hausdorff space) if for eachx # y in X,there existsdisjoint an open

setsU and V such thatx € U,y € V.
Definition (1.9): [6]

A functionf: (D, =) — X, from a directset (D,=) to anon-empty set Xis called a net on X,and
it denoted by{Xy}qep VO ED I Xy €X 3 f(a) = X,

Definition (1.10): [7]

ATopological space X issaid to be compact,if everyopen cover of X,has a finite sub cover.
Theorem (1.11): [7]

1- Every closed subset of a compact space is compact.

2- In any topological space the intersection of a compact subset with closedsubset is compact.
3- Every compact subset of a Hausdorff spaceis closed.

Definition (1.12): [8]

Atopological space X is said to be b-compact,ifevery b-open cover of X,hasafinite sub cover.
Remark (1.13): [8]

It is clear that everyb-compactspace is compact,however, butthe converse is not true ingeneral as
the following example shows.

Example (1.14): [8]

Let B be an infinite set such that a ¢ B,X= Buf{a}let T= {X, (0} {a}}be atopologyon X,such
that (X, )is compact space,where it is not ab-compact since{{a, b}:b € B} is a b-open cover of X, which has no finite sub
cover.

Definition (1.15): [9]

Atopological space X is said to bew-compact,if every w-open cover of X,has a finite sub cover.
Definition (1.16): [10]

A topological spaceX is called nearly compact if for every regular open cover ofX,hasfinite

sub cover .

2 — wb — compact space

Definition (2.1):

Afunction f: X — Y is said to be wb-open,for every open subsetAof X,if f(A) is an wb-open
set inY.

Definition (2.2):

A function f: X — Y is said to bewb-closed,for every closedsubset A of X, if f(A) is an wb — closed set inY,

Definition (2.3):

—wb
Let Xbe a space and A < X,theintersection of all wb-closed sets of X containingAis called wb-closure of Adefinedby A7 =n
{B: B wb-closed inXand A € B}

Definition (2.4):

Let X be a space and A < X,the union of all wb-open sets of X containing Ais called wb-Interior of A denoted by
A°®P or wb —In(A)A**P = U {B:B wb — open inXand B € A}.

Definition (2.5):

b wb
Let Xbe topological space and A € X,A is called regular-wb-open set in Xif A = A7 the

complement of regular-wb-open setis called regular-wb-closed and it is easy to see that A is

——wb
regular-wb-closed set if A = A
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Definition (2.6):

Letf: X — Y be a function of a space Xinto a space Y then fis called an wb-continuous function if f~1(A) is an wb-open set
in X, for every open setAin Y.

Definition (2.7):

Let f: X — Y be a function of a topological space(X, 1) into a topological space (Y, T'),then fiscalled an wb-irresolutefunction
if f=1(4) is an wb-open set in X,for every wb-open setA in Y.

Definition (2.8):

A space X iscalled wbT,-space (wb-Hausdorff space ) if for eachx # yin X,there exists disjoint an wb-open sets U,V
suchthatx e U,y eV

Definition (2.9):

Atopological space X is said to be wb-compact,if every wb-open cover ofX,hasafinite subcover
Remark (2.10):

1- It is clear that every wb-compact space is compact.

2- It is clear that every w-compact space is compact.

but the converse is not true in general as following example shows:

Example (2.11):

Let X= R withthe topology, T = {X,0,Q,Q°} then (X, T)is compact space,but it is not awb-compact,since the family {Q u
X-x€Q is wh-open cover of R,thus X= UQUX,but it is has no finite sub cover.

Definition (2.12):
A topological spaceX is said to be nearlywb-compact if every wb-regular open cover of X,hasfinite sub cover .
Remark (2.13):
1- Every b-compact is not true in general w-compact
2- Every b-compact is not true in general wb-compact
as the following
Example (2.14):
Let X = Z ,be the integer number with topological ,T = {X, @, Z*,Z"},then
BO(X)={4 € X:0 ¢ A} U {X},thus X is b-compact,since wo(X) = wBO(X) =
{A: A c X},therefore X is notw-compact and wb-compact
Remark (2.15):
1- Every w-compact is not true in general b-compact.
2- Every w-compact is not true in general wb-compact.

as the following

Example (2.16)

Let B is an un countable, X = Bu{a}, a ¢ Band,T = {0, X, {a}}, then

wo(X) = {(D, X, {a}} U {G S X: G is finite }, thus X is w — compact, since
BO(X) = wBO(X) = {{a,b}:b € B}, then X is not b-compact and wb-compact

The following diagram shows the relations among the difference types of compact space.

Compact b-compact

«—

+>
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W — compact wb — compact

Theorem (2.17):
Let f: X - Ybe an onto,wb-continuous function,ifX is wb-compact then Y is compact.
Proof

Let {G): A€ I}be an open cover of Y,then {f~1(G)):A € I} is an wb-open cover of X,since X is wh-compact,thusX has
finite sub cover say{f 1 (Gy):i =1,2,..,n},and G); € {Gy: A € I}

,hence {Gy;:i = 1,2, ..., n}is afinite sub cover of Y, therefore Y is compact.
Proposition (2.18):

For any topological spaceX,the following statement are equivalent:

1-X is wb-compact.

2- Every family of wb-closed sets {V,: @ € A} of X,such that N,ep V, = @,then there exists
a finite subset/\, € A such that Ngep, Vo = 9.

Proof

1)—-(2)

Assume that X is wb-compact,let{V,: a € A}be a family of wb-closed subset of X, such that Ngep Vo = @, then thefamily {X —
Vq: a € A}is wb-open coverof thewb-compact(X, 1)there

exists a finite subset/\ of Athus X = U{X — Vg: a € Ay} therefore @ = X— U{X — Vg:a € Ay}
=N{X—X=Vp:a €Ny} =N{Vg:a € Ay}
2-(@1)

Let U = {U,: a € A} be an wb-open coverof the space (X, 1),then X — {Uy: a € A} is a family of wb-
closed subset of (X, 7) with N {X — U,: @ € A} = @by assumpmption,there exists a

a finite subset Agof Ahence N{X—UgaeN} =0,50 X=X—-N{X—Uga € Ay} = U{Uy: a € Ap} therefore X is wb-
compact.

Proposition (2.19):
If f: X — Y is wb-irresolute function, and X is wb-compact space,then f(X) is wb — compact.
Proof
Let {B): A€ I} be an wh-open cover of f(X),then f(X) S Upe Basuch that £~ (f(X)) <
F Y (Uzer Bi)=Uper 71 (B)) € X,thus X = Upe £~ (By)since Byis wb-open set inY,v
A € 1 and, since fis wb-irresolute hence f~1(B,) is wb-openset in X,v A € L{f"1(B)):A € I}
is wb — open cover of X, sinceX is wb — compact space IA; Ay, ... A, € I such that
X = UL, f1 (By), f(X) = UM, f(f~1(By)) € U, By ,therefore f(X) is wb-compact .
Definition (2.20):

A subset Bof a topological spaceX,is said to be wb-compact relative to X,if every cover of Bby wb — open sets of X,has
finite sub cover of B,the subset B is wb-compact,if it is wb-compact as a subspace.

Theorem (2.21):

The following statements are equivalent,for any topological space

1- X iswb-compact .
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2- Every anyfamily Fofwb-open sets, ifnofinite subfamilyofF coversX,thenF doesnot cover X .

3- Every anyfamily Fofwb-closed sets,if F satisfiesthefinite intersectioncon-dition thenn{A:A € F}+ ¢

—wb
4- Every anyfamilyF of subsetsofX,if F satisfies the finite intersectioncon-dition thenn{ AVA€E F}# @

Proof

—wb
(1)=(2) and(2)<(3) are obvious (3) =(4) if FcP(X) satisfies the finiteintersection condition,thenn{ AVA €
Flisa family ofwb-closedsets which

,obviously satisfies the finite intersectioncondition.
(4)=(@3)
Follows fromthefact thatA:Kmb for every wb-closed set A .
Proposition (2.22):
Let Ybe wb — open subspace of a space X,and B € Y,then B is wb-compact set inY,iff B is
wb-compact in X.
Proof

Let B an wbh-compact set inY,and let {V4:a € A} be wb —open coverofB in  X,thenB € UgepVg,Since BCSY,BSU
{Y n V4:a € A}since Y NV, is wb — open relative to Y,thus

{Y N Vy: a € A} is wb — opencover of B relative to Y,we have BS (Y N V) U....U (Y N Va“),therefore B is wb-compactin X .
Conversely:

Let B be wb-compact set in X,and let{Uy:a € A} be an wb — open cover of B in Y,then B € Ugep Ug thus there exists
Vqiswb — open relative toX,such that U, = Y NV, Va € A, hence

B S Ugen Vawhere{Vy: a € AJwb — open cover of B relative to X,since B is wb — compact

setinX ,3ay,dy, ...a, € A such that 3B € UL, Vg since BE Y,BS YN {Vg, UV,,..uV, J=(Y NV, ) U...U (Y NV, )since Y N
Vq, = Uj,therefore Bis wb-compact inY.

Theorem(2.23):
For any topological spaceX, the following statement are equivalent :

1-X is nearly wb-compact.

b owb
2- Every wb-open cover u = {V4: a € A} of X,there exists a finite subset/\; € A suchthat . X = Uue,\ow

Proof
(1)—(2)

owb

—wb
Let u = {V4:a € A} be wb-open cover of X, then {Vaw ‘a € /\} is wb-regularopen cover of the nearlywb-compact space

wb °Wb

X, thus there exists a finite subset/\y A such that X = Ugep, Vaeno

(2)—Q)

It is clear since wb-regular open set is wh-open.

Definition (2.24):

A point xe X is said to be wb-cluster point of a net {Xq}qea if {Xa}aea isFrequently in every
whb-open set containing x .we denote by wb-cp{X4}qea the set of all wb-cluster pointsof a net
{Xaloen -

Theorem (2.25):t

Atopological spaceX is wb-compact,iffeach net{Xq}qeain X, hasat least one wb-cluster
point.

Proof
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Let X be a wb-compactspace,assume that thereexists somenet{xq}qea in X ,such that

wb-cp{xq}aen is empty,letxeX,then there exist G(x) ewBO(X,x)is not frequently,thus

there exist a(x) € A,such thatx, & G(x),whenever, A = a(x), A € A, thefamily{G(x): x € X}is acover ofX bywb-
open sets and has afinite subcoversay,{Gy:k = 1,2, ...n}where, G, = G(xi)fork = 1,2,..n,{x: k =
1,2,...nlet us take acAhenceo=axk,for every keZ,2...nzforeveryA€Asuch that A=e we have ,xAg¢Gxk= 1,2,
....n, hencex, ¢ X which isa contradiction.

Conversely:
IfX is not wb-compactthen there exists{G;:i € [}acover of X, by wb-open sets
whichhas no finite subcover;letP(I)be the family of every finite subsetsof I

clear(P(I), ) is adirected set, foreach ] € Jwemay choose x; € X —U€ {G;:i € J}

let usconsider thenet {x]-} byhypothesisthesetwb-

jepM
cp{xj}jep(l) isnonemptylet x € wb — Cp{xi},—ep(l)andletlo € Lhence x € G;y,bythe definition ofwb-clusterpoint

,foreach] € P(IDthusthereexists |* € P(I)suchthat] c J*and x;- € Gjofor ] = {iy} ,
There exists]* € P(I) such thatiy € J* and x; € Gpbutx; € X —U {G;:i €'}
c X — Gjp iscontradiction, therefore Xis wb — compact .

In

the following wewillgive acharacterizationof wb —compact,by means offilterbases,letus we recallthat anonempt
y family F aof subsets ofX,issaid to be afilterbaseon X,if¢ ¢ F andeach intersection of twomembersof
F contains thirdmember of F,notice that each chain inthe familyof every filterbaseonX.has an

upper bound,the union ofevery membersof thechainthenby Zornslemma,thefamily

of everyfilterbaseson X,hasat leastone maximal element Similarly,the family
ofevery filterbaseson X, containinga given filterbaseF has at least one maximal

element

Definition (2.26):

A filterbaseF on a topological spaceX,is said to be:

1- wb-convergetoa pointxeX ,ifforeach .wb-opensetU containingx, there exists B € F
such that BcU .

2- wb-accumulate at xe X, if U N B #@ for every wb-open set U containing x and every BEF

Lemma (2.27):

If a maximalfilterbase # wb-accumulate at, x € X, then F wb-convergeto x .
Proof

Let Fbheamaximal filterbase with wb-accumulate atx € X,if F is not wb-convergeto x,thenthereexistsa wb-
open setU, containing xsuchthatUg NB #@nd (X-Ug) N B #@ for everyBe F,thus FU{Ug N B :
Be F }is afilterbasewhich contains #, which is contradiction

Theorem (2.28):

Let X be topological space, then following statements are equivalent:
1- X is wb-compact.

2- Every maximal filterbase wb-convergesto some points of X .

3- Every filter base wb-accumulates atsome points ofX .

Proof

1) =2

Let F 5 be a maximal filterbase on X,suppose thatF yis not wb-convergestoanypoint ofX,thenby lemma (2.27),F ois
not wbh-accumulatesat anypointof X,foreach x € X,thenthere exists awb-open set U, containing x and By €
F o hence U, N B, = @ the family

{Uy: x eX}is a cover of X,bywb-open sets ,by (1) thus there existsa finite subset{x;, X5, ....,Xp}of X,henceX =u
{Uy:k1,2,..3}, sinceF qis afilterbase ,there existsBy€eF g
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such thatBy © N {By:k=1,2,..n} = X —U {U,,: k = 1,2,.. }, hence By=0
which iscontradiction.
@=03

Let F be afilterbaseon X,thenthere existsa maximal filterbaseF o, henceFcF 4 by (2),7,is wh-converges to
some pointxg€ X,let B € F foreveryU € BO(X,rg) thus there exists By € F gsuch thatB, < U,henceUn B #
7, Since itis containsthe memberBy N B of F g,this that F wb-accumulates atxg.

3 =0

Let{Vi:i € I}=¢ be any family of wb-closed setssuch that N {V;:i € 13=0¢
weprovethat thereexistsa finitesubset Igofl,hence n {V;:i € I}by theorem (2.21)(1),letP(l) bethe

family offinite subsets ofl,assume thatn {V;:i € J}= ¢ for everyJeP(l)....*x* thus

the familyF = {n {V;:i € 3}: J € P(1)} is afilter baseon X by (3),F is wb-accumulates to
somepointr g €X, Since{X — V;:| € l}isacover ofX, thereexistsig € | hencer o € X — Vjp, X — Vjpis wb —
open set contains r o, Vig € Fand (X —Vjp) ny,, = ¢ which is contradiction withthe fact that Fwb-

accumulatesat xg shows that(*=*)is false.
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