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Abstract. The purpose of the present paper is to discuss the geometrical properties of a locally conformal almost cosymplectic
manifold of constant curvature. In particular, the necessary and sufficient conditions for the aforementioned manifold to be of
constant curvature have been determined.
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INTRODUCTION

The concept of a constant curvature is one of the important concepts in contact geometry. Blair [2] established that a
cosymplectic manifold of constant curvature is locally flat. Moreover, Goldberg and Yano [5] obtained that an almost
cosymplectic manifold of constant curvature is cosymplectic if and only if it is locally flat. Seo [11] exclusively,
determined a classification of the translation hypersurfaces with a constant mean curvature in an Euclidean space.

PRELIMINARIES

This section provides a summary of the basic concepts and facts which are related to the discussion of our results.

Definition 0.1 [2] Let M be a 2n+ 1 dimensional smooth manifold , η be a differential 1-form called the contact
form, ξ be a vector field called the characteristic vector field,Φ be an endomorphism of the module of the vector fields
X(M) called a structure endomorphisim, then the triple (η, ξ,Φ) is called an almost contact structure if the following
conditions hold

(1) η(ξ) = 1; (2) Φ(ξ) = 0; (3) η ◦ Φ = 0; (4) Φ2 = −id + η ⊗ ξ.
Moreover, if there is a Riemannian metric g = 〈., .〉 on M such that 〈ΦX,ΦY〉 = 〈X,Y〉 − η(X)η(Y), X,Y ∈ X(M), then
the set of the tensors (η, ξ,Φ, g) is called an almost contact metric structure. In this case the manifold M equipped
with this structure is called an almost contact metric manifold.

Definition 0.2 [9] At each point p ∈ M2n+1, there is a frame in T c
p(M) of the form (p, ε0, ε1, ..., εn, ε1̂, ..., εn̂), where

εa =
√

2π(ea), εâ =
√

2π̄(ea), â = a + n, ε0 = ξp. The frame (p, ε0, ε1, ..., εn, ε1̂, ..., εn̂) is called an A-frame. The set
of such frames defines a G-structure on M with the structure group 1 × U(n). This G-structure is called an adjoined
G-structure space.

Lemma 0.1 [9] The matrices components of the tensors Φp and gp in an A-frame have the following forms,

respectively: (Φi
j) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 0
0
√−1In o

0 0 −√−1In

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (gi j) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝
1 0 0
0 0 −In
0 In 0

⎞⎟⎟⎟⎟⎟⎟⎟⎠ , where In is the identity matrix of order n.
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Definition 0.3 [5] An almost contact metric structure S = (η, ξ,Φ, g) is called an almost cosymplectic structure
(AC∫ -structure) if the following conditions hold:

1. dη = 0 ;
2. dΩ = 0.

Definition 0.4 [10] A conformal transformation of an AC-structure S = (η, ξ,Φ, g) on a manifold is a transfor-
mation from S to an AC-structure S̃ = (̃η, ξ̃, Φ̃, g̃) such that η̃ = e−ση, ξ̃ = eσξ, Φ̃ = Φ, g̃ = e−2σg, where σ is
a determining function of the conformal transformation.

Definition 0.5 [10] An AC-structure S on a manifold M is said to be a locally conformal almost cosymplectic
(LCAC∫ -structure) if the restriction of this structure to some neighborhood U of an arbitrary point p ∈ M admits a
conformal transformation of an almost cosymplectic structure. This transformation is called a locally conformal. A
manifold M equipped with anLCAC∫ -structure is called a locally conformal almost cosymplectic manifold (LCAC∫ -
manifold).

Lemma 0.2 [6] In the adjoined G-structure space, the Cartan structural equations of LCAC∫ -manifold have the
following forms:

1. dωa = −ωa
b ∧ ωb + Bab

c ω
c ∧ ωb + Babcωb ∧ ωc + Ba

bω ∧ ωb + Babω ∧ ωb;
2. dωa = ω

b
a ∧ ωb + Bc

abωc ∧ ωb + Babcω
b ∧ ωc + Bb

aω ∧ ωb + Babω ∧ ωb;
3. dω = Cbω ∧ ωb +Cbω ∧ ωb;
4. dωa

b = −ωa
c ∧ ωc

b + Aacd
b ωc ∧ ωd + Aa

bcdω
c ∧ ωd + Aac

bdω
d ∧ ωc + Aa

bc0ω ∧ ωc + Aac0
b ω ∧ ωc.

Here, Babc, Babc; Bab, Bab; Ba
b, Bb

a; Cab, Cab; Cb, Cb; Aacd
b , Ab

acd; Aac
bd; Aac0

b , Ab
ac0; Babci, Babci; Dabi, Dabi and σi j are

smooth functions in the adjoined G-structure space. Babc are the components of the second structure tensor.

Lemma 0.3 [7] In the adjoined G-structure space, the components of the Riemannian curvature tensor of
LCAC∫ -manifold have the following forms:

1. Ra
bcd = 2(Aa

bcd + 4σ[aδh]
[c Bd]hb − σ0Bb[dδ

a
c]);

2. Ra
b̂cd
= 2(2δ[b[cσ

a]
d] + 2BhabBhdc − δa[cδbd]σ

2
0);

3. Ra
bcd̂
= Aad

bc + 4σ[aδh]
c σ[hδ

d
b] − 4BdahBchb + BadBbc − δacδdbσ2

0;
4. Râ

bcd = 2(2B[c|ab|d] − 2σ[aBb]cd + Ba[cBd]b);
5. Ra

0cd = 2(σ0[cδ
a
d] + BabBbcd − 2σ[aδh]

[c Bd]h);
6. Ra

bĉ0 = Aac0
b + σbBac − δcbσ0σ

a;
7. Râ

bc0 = 2Bcab0 + 2Bcabσ0;
8. Ra

0b0 = −δabσ00 − δabσ2
0 − BcbBac − σa

b − σaσb + 2σ[aδc]
b σc;

9. Ra
0b̂0
= 2σ0Bab − Dab0 − σab − σaσb + 2Bbacσc.

and the other components are conjugate to the above components or can be obtained by the properties of symmetry
for R or are equal to zero.

Definition 0.6 [7] An almost contact manifold is called a Kenmotsu manifold if the equality

∇X(Φ)Y = 〈X,Y〉ξ − η(Y)X;

holds for each X,Y ∈ X(M)

Definition 0.7 [4] The Ricci tensor is a tensor of type (2, 0) which is defined by ri j = −Rk
i jk.

Lemma 0.4 [1] In the adjoined G-structure space, the components of the Ricci tensor of LCAC∫ -manifold are
given as follows:

1. rab = 2(−2Ac
(ab)c − 4(σ[cδh]

[bBc]ha +σ
[cδh]

[aBc]hb)+σ0Ba[cδ
c
b] +σ0Bb[cδ

c
a] + 2σ0Bab −Dab0 −σab −σaσb + 2Bbahσ

h;
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2. râb = −4(δ[a[bσ
c]
c] − σ[cδ

b
h]σ

[hδa]
c − 1

2σ
[aδh]

b σh + BhcaBhcb + BbchBcha) + (BcbBac − BhbBah) + Acb
ac − δabσ00 − 2nσ2

0 −
σa

b − σaσb;
3. ra0 = −Ac

ac0 − σcBac + nσ0σa + 2(σ0[cδ
c
a] + BcbBbca − 2σ[cδh]

[c Ba]h);
4. roo = −2n(σ00 + σ

2
0) − 2BhcBch − 2(σc

c + σ
cσc) + 4σ[cδh]

c σh.

and the other components can be obtain by taking the conjugate operator to the above components.

Definition 0.8 [8] An AC-manifold is said to be of constant curvature k, if the Riemannian curvature tensor
satisfies the relations Ri jkl = k(gikg jl − gilg jk).

Lemma 0.5 [8] In the G-adjoined structure space, the nonzero components of the Riemannian curvature tensor
of a manifold M of constant curvature have the forms

Râb̂cd = kδab
cd Râbcd̂ = kδacδ

b
d Râ0c0 = kδac .

Definition 0.9 [8] The manifolds of constant curvature are called the special forms. The manifolds of zero
constant curvature are said to be planes.

Definition 0.10 [3] A pseudo-Riemannian manifold M is called an η-Einstein manifold of type (α, β) if its Ricci
tensor satisfies the equation r = αg + βη ⊗ η, where α and β are suitable smooth functions. If β = 0, then M is called
an Einstein manifold.

Definition 0.11 The Riemannian curvature tensor of LCAC∫ -manifold has the first special property, if

η ◦ R(Φ2X,Φ2Y)Φ2Z = η ◦ (R(ΦX,ΦY)Φ2Z + R(Φ2X,ΦY)ΦZ + R(ΦX,Φ2Y)ΦZ);

hold for each X,Y,Z ∈ X(M).

Definition 0.12 The Riemannian curvature tensor of LCAC∫ -manifold has the second special property, if

η ◦ [R(Φ2X, ξ)Φ2Y + η ◦ (R(ΦX, ξ)ΦY] = 0;

hold for each X,Y, ∈ X(M).

THE MAIN RESULTS

Theorem 0.1 The necessary and sufficient conditioni for a LCAC∫ to be a manifold of constant curvature k is
Aad

bc = Babc = Bab = σa = σ00 = 0. Moreover, k = −σ2
0.

Proof. Comparing the components of the Riemannian curvature tensor in the Lemmas 0.3 and 0.5, we have

2(2δ[b[cσ
a]
d] + 2BhabBhdc − δa[cδbd]σ

2
0) = kδab

cd .

Consequently, we get
k = −σ2

0 .

Moreover, we have
Aad

bc + 4σ[aδh]
c σ[hδ

d
b] − 4BdahBchb + BadBbc − δacδdbσ2

0 = kδacδ
b
d .

Making use of the equality Râ
bcd = 0, consequently we obtain

Aad
bc = 0 .

Now, according to the Lemma 0.3, item 3, it follows that Babc = 0 .
According to the relation Ra

0c0 = Râ0c0, we get

−δacσ00 − δacσ2
0 − BhbBah − σa

c − σaσc + 2σ[aδh]
c σh = kδac .

Now, making use of Ra
0b̂0
= 0, we get σaσb = 0 and according to the Lemma 0.2, items 9 and 10, we have σa

a = 0,
which means

σ00 = 0 .

Conversely, we can get the requirement directly from the lemmas 0.2 and 2.3. �
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Theorem 0.2 The LCAC∫ -manifold M which is a special form has nonpositive curvature. Moreover,
(1) M is a conformally flat Kenmotsu manifold if and only if k = −1;
(2) If k = 0, then M is a locally flat cosymplectic manifold.

Theorem 0.3 Suppose that aLCAC∫ -manifold M is an η-Einstein manifold of type (α, β), then α = 1
n A(ca)

ac −σ00−
2nσ2

0 − 1
n (σa

a +σ
aσa) and β = − 1

n A(ca)
ac − (2n− 1)σ00 + ( 1

n − 2)(σa
a +σ

aσa) hold. In addition, if M is a manifold of
constant curvature, then M is an Einstein manifold with a cosmological constant α = −2nσ2

0.

Proof. Comparing the components of the Ricci tensor in the Lemma 0.3 and 0.5 , we have

−4(δ[a[bσ
c]
c] − σ[cδ

b
h]σ

[hδa]
c −

1
2
σ[aδh]

b σh + BhcaBhcb + BbchBcha)

+(BcbBac − BhbBah) + Acb
ac − δabσ00 − 2nσ2

0 − σa
b − σaσb = αδ

a
b . (0.1)

Symmrtrizing and antisymmrtrizing (0.1) by the indices (a, h) and then symmrtrizing by the indices (b, c), we get

A(cb)
ac + BcbBac − δabσ00 − 2nσ2

0 − σa
b − σaσb = αδ

a
b . (0.2)

Contracting (0.2) by the indices (a, b), we obtain

α =
1
n

A(ca)
ac +

1
n

BcaBac − σ00 − 2nσ2
0 −

1
n

(σa
a + σ

aσa) .

Moreovere, we have

−2n(σ00 + σ
2
0) − 2BhcBch − 2(σc

c + σ
cσc) + 4σ[cδh]

c σh = α + β . (0.3)

Symmrtrizing and antisymmrtrizing (0.3) by the indices (c, h), we conclude

β = −1
n

A(ca)
ac −

1
n

BcaBac − (2n − 1)σ00 + (
1
n
− 2)(σa

a + σ
aσa) .

Now, if M is of constant curvature, then by the Theorem 0.1, directly we get that M is an Einstein manifold with a
cosmological constant α. �

Theorem 0.4 The Riemannian curvature tensor of LCAC∫ -manifold M has the first special property, if M has
the constant curvature k.

Theorem 0.5 The Riemannian curvature tensor of LCAC∫ -manifold M has the second special property, if M has
the constant curvature k = 0.
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