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Abstract

In this article, a g-integral operator which is analogue to the well known Bernardi
integral operator is investigated. Integral preserving property for a subclass of
analytic functions defined by this g-operator is proved. Moreover, special new g-
integral operators are obtained as consequences.
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1 Introduction

Let A denote the usual class of analytic functions of the form

f2) =2+ ad (1)

which are analytic in the unit disk U = {z € C': |z| < 1} and normalized with
f(0) =0 and f'(0) —1 = 0. Also, we denote the subclass of A consisting of
analytic and univalent functions f(z) in the unit disk U by S.

In [1], [2], Jackson defined the g-derivative operator D, of a function as

follows:
_ flgz) = f(2)
Dl]f(z) - (C]—].)Z (27&07(]7&0) (2)

and D,f(z) = f(0). In case f(z) = zF for k is a positive integer, the ¢-
derivative of f(z) is given by

2(1—-q)
As g — 17 and k € N, we have
1— k
k], = 1_qq:1—|—q+...—l—qk—>k:. (3)

The g-Jackson definite integral of the function f is defined by

/0 FOdt = (1 )23 e, z€C,
n=1

k

provided that the series converges. For a function h(z) = 2", we observe that

z z k+1
/0 h(t)dqu:/0 thd,t = [kZJr—l]q(k 4 1)

z Zk+1 Zk+1 z
li h(t)d,t =1i = = h(t)dt
ql_r)q 0 ( ) q ql_l'}} [k_ + 1]q k + 1 /0 ( ) )

where [ h(t)dt is the ordinary integral.
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The following ¢-starlike class of functions has been studied by Aldweby
and Darus in [3], [4] and Seoudy and Aouf in [5], [6].

S;(a):{feA:Re<%>>a,z€U} (4)

2 Main results

Theorem 2.1 Let the function f be defined by (1) be in the class S;(a) and
i be a real number such that p > —1. Then the q-integral operator Fé‘(z)

defined by
+1g [7 -
Fq“(z) = —[M po” ]q/ L f()dt  (p > —1), (5)
0
also belongs to the class S;(a) .

Proof. 1t follows from (5) that

[w+1]y [7 1 2
Fp(z) = =~ i (t" + aot"™" + agth ™t + -+ ) dyt

1 z z z
_ thdgt +as [ "yt +az [ 4Tyt + -
2k 0 0 0

AL { [<1 3G + (-0 Y e

m=0 m=0

_[/LWLHq l1—g¢q +1 l—¢q +2

_|_

+}

then, we have
[+ 1]g
[+ Kl

ar < ap (k>2).

Hence, F}' € Sy (a).

Remark 2.2 When q — 1 in (5), the q-integral operator F}'(z) reduces to the
well known Bernardi integral operator (see [7])

For ;1 = 0, we obtain the following corollary

Corollary 2.3 Let the function f defined by (1) be in the class S; (). Then
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the q-analogue of Alexander integral operator Fy(z) defined by
e = 1
F,(z) = / &dqt =z+ Z ——apz®, (6)
) 2.1k,

also belongs to the class S;(a) .
For ;1 =1, we obtain the following corollary

Corollary 2.4 Let the function f defined by (1) be in the class Sy(a). Then
the q-analogue of Libera integral operator L,(z) defined by

R = [ =2+ 30 Pas )

also belongs to the class Sy (a) .

Theorem 2.5 Let F}' be defined by (5). If f of the form (1), a >0 and

Re[Dy(f(2))] = alzDg(f(2))], forall z€T,

then
D a'DUF(E) + g DR ()| 2 | Y g DR () + 4 PR D)

Proof. Since we have

S
[,U + 1]61

R = [ oo

By taking the g-derivative, we have
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which implies that

+1
qﬂ

2 5 q" 2)) — .
[Hu]quq(Fq( ) + Dy(Fy(2)) = Dy(f(2)),

[11]q 5
[1+M]qu(Fq( ))+

and this is equivalent to

+1
q#

[T+ plg

Dy(Fy(z)) + ZD(?(Fq(Z» = Dy(f(2)).

We obtain that

M 2 ; g2 - I
[+ 1, Dq(Fq( )+ P Dq(Fq( )) Dq(f( ).

If Re(Dy(f(2))) > alzD2f(z)|, for all z € U this implies that |D,(f(2))| >
a|zD? f(z)]. In this relation, we put the expression of D, f and D? f obtaining
that:

+1
q/”’

[1+ g

[:u]q + ququDQ(Fq(z))—i—

Dy(Fy(2))+ [1+ 4] q

ZDi(Fq(Z))‘

& [[L+ulDo(Fy(2))+q" 2 D3 (Fy(2))

Hence, the proof is complete.

3 Summary and Remarks

These are just small part of the results. More problems can be solved such as
the Hankel determinant, subordination problems and few other results related
to integral operators.
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