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Introduction

In group theory, a branch of abstract algebra, a cyclic group or monogenous group
isagroup thatis generated by a single element [l) Thatis, itis a set of invertible
elements with a single associative binary operation, and it contains an element g such that
every other element of the group may be obtained by repeatedly applying the group
operationto g oritsinverse. Each element can be written as apowerofgin
,multiplicative notation
or as a multiple of g in additive notation. This element g is called a generator of the group (]

,Every infinite cyclic group is isomorphic to the additive group of Z
the integers. Every finite cyclic group of order n is isomorphic to the additive group of Z/nZ
the integers modulo n. Every cyclic group is an abelian group (meaning that its group operationis
.commutative), and every finitely generated abelian group is a direct product of cyclic groups

Every cyclic group of prime order is a simple group which cannot be broken
,down into smaller groups. In the classification of finite simple groups
which cannot be broken down into smaller groups. In the classification
of finite simple groups, one of the three infinite classes consists of
the cyclic groups of prime order. The cyclic groups of prime order
are thus among the building blocks from which all groups can be built.
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Cyclic Groups

Cyclic groups are groups in which every element is a power of some fixed element
.(Ifthe group is abelian and I’'m using + as the operation,
then | should say instead that every element is a multiple of some fixed element.)
Here are the relevant definitions.
Definition. Let Gbe a group, g € G.
The order of g is the smallest positive integer n such thatgn = 1.
If there is no positive integer n such that gn = |, then g has infinite order.
Inthe case of an abelian group with + as the operation and -
as theidentity, the order of g is the smallest positive integer nsuch thatng = ..
Definition. If G is a group and g € G, then the subgroup generated by g is (g>={gn IneZ}.
If the group is abelian and I’'m using + as the operation, then (g> ={ng| ne Z}.

Example. (The integers and the integers mod n are cyclic) Show that Zand Zn forn > . are cyclic.

Zis aninfinite cyclic group, because every element is a multiple of | (or of —I).
Forinstance, IV = lIV-l.
(Rememberthat“ilv - I”is really shorthand for| + 1+ - - - + | — |added to itself IV times.)
Infact, itis the only infinite cyclic group up to isomorphism.
Notice that a cyclic group can have more than one generator.
If nis a positive integer, Zn is a cyclic group of order n generated by 1.

Forexample, I generates Zv, since  {+1=2
1+1+1=3
1+1+1+1=4
1+1+14+1+1=5
1+1+1+1+1+1=6
1+1+1+1+1+14+1=0

In other words, if you add Ito itself repeatedly, you eventually cycle back to -.
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a cyclic group of order 7

3+3=6
34-8-4+3=2
3+3+3+43=5
3+343+3+3=1
3+3+3+3+3+3=4
343+3+3+3+3+3=0
The “same” group can be written using multiplicative
notation this way: Z7 ={1,a,a2,a3,a4,a5,a6}.
In this form, a is a generator of Z7.
It turns out that in Z7 = {0, 1, 2, 3, 4, 5, 6},
every nonzero element generates the group.
On the other hand, in Z6 = {0, 1, 2, 3, 4, 5}, only 1 and 5 generate

Lemma . Letg = (9) be a finite cyclic group, where g has order n.
Then the powers {1, g, . .., gn-1} are distinct.

pro Of . Since g has order n, g, g2, . . . gn-1 are all different from 1.
Now I'll show that the powers {1,g,...,gn—-1} are distinct. Suppose gi = gj where 0 < j (i {n.

Then
O (i-j<{nandgi-j= 1, contrary to the preceding observation. Therefore, the powers {1,
g,...,gn-1} are distinct.
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Lemma: LetG=(g)beinfinitecyclic. fmandnareintegersandm=n,theng/=g..
Proof: one of m, nislarger — suppose without loss of generality that m > n.

| want to show that gm/=gn; suppose this is false, sog=g. Theng = 1,

so g has finite order. This contradicts the factthata generator of an infinite
cyclic group has infinite order. Therefore, gm=\gn. The next result characterizes

subgroups of cyclic groups. The proof uses the Division Algorithm for

integers in an important way.

Theorem: Subgroups of cyclic groups are cyclic.

Proof: Letg- (g» beacyclicgroup, wherege G.LetH<G.If H={l},
then His cyclic with generator I. So assume H/={I}

Example. (Subgroups of the integers) Describe the subgroups of Z.

Every subgroup of Z has the form nZ for n e Z.

For example, here is the subgroup generated by 13:
13Z=¢13)={...-26,-13,0, 13, 26, .. .}.
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Proposition.

Let G = (g> be acyclic group of order n, and letm <n. Then g has order n/(m, n)

Remark:
Note that the order of gm (the element) is the same as the order of (gm)
(the subgroup).
proof:

Since (m, n) divides m, it follows that m/(m,n) is aninteger.

Therefore, n divides mn/(m,n) and by the lastlemma.

Example. (Finding the order of an element) Find the order of
the element a32 in the cyclic group

G={1,a,a2,...a37}.
(Thus, G is cyclic of order 38 with generator a.)
In the notation of the Proposition, n = 38 and m = 32.
Since (38, 32) = 2, it follows that a32 has order 38/2=19

Example. (Finding the order of an element) Find the order of
the element 18 € Z30.

In this case, I'm using additive notation instead of multiplicative notation. The
group is cyclic with
order n = 30, and the element 18 € Z30 corresponds to a18 in the
Proposition — som = 18.

18,30)=6, so the order of of 18 is 30/6=5
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Subgroups

All subgroups and quotient groups of cyclic groups
,are cyclic. Specifically, all subgroups of Z are of the form (m) = mZ
with m a positive integer. All of these subgroups are distinct
from each other, and apart from the trivial group {0} = 0Z
they all are isomorphic to Z. The lattice of subgroups of Z is
isomorphic to the dual of the lattice of natural numbers ordered by
divisibility. (10) Thus, since a prime number p has no nontrivial
divisors, pZ is a maximal proper subgroup, and the quotient
group Z/pZ is simple; in fact, a cyclic group is simple if
and only if its order is prime. (11)

All quotient groups Z/nZ are finite, with the exception
Z/0Z = Z/{0}. For every positive divisor d of n, the quotient
group Z/nZ has precisely one subgroup of order d, generated
.by the residue class of n/d. There are no other subgroups

Additional properties

Every cyclic group is abelian. (1) That is, its group
.operation is commutative: gh = hg (for all gand hin G)
This is clear for the groups of integer and modular addition
sincer +s =s +r (modn), and it follows for all cyclic
groups since they are all isomorphic to these
,standard groups. For a finite cyclic group of order n
.gn is the identity element for any element g
This again follows by using the isomorphism to modular
addition, since kn = O (mod n) for every integer k. (This is
also true for a general group of order n, due to Lagrange’s
theorem. )

For a prime power pk, the group Z/pkZ is called a primary
cyclic group. The fundamental theorem of abelian groups
states that every finitely generated abelian group is a finite
.direct product of primary cyclic and infinite cyclic groups

Because a cyclic group is abelian, each of its conjugacy classes

consists of a single element. A cyclic group of ordern
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Tensor product and Hom of cyclic groups

Thetensor productZ/mZ ® Z/nZ can be shown to be isomorphic
to Z / gcd(m, n)Z. So we can form the collection of group homomorphisms
fromZ/mZto Z/nZ, denoted hom(Z/mZ, Z/nZ), which is itself a group.

For the tensor product, this is a consequence of the general fact
that R/ ®RR/J = R/(l + J), where R is a commutative ring with unitand | and J are
ideals of the ring. For the Hom group, recall that it isisomorphic to the
subgroup of Z / nZ consisting of the elements of order dividing m. That subgroup is

cyclic of order gcd(m, n), which completes the proof.

Related classes of groups

Several other classes of groups have been defined by their relation to the cyclic groups:
1-Virtually cyclic groups

A groupis called virtually cyclic if it contains a cyclic subgroup
of finite index (the number of cosets that the subgroup has). In other words,
any elementin a virtually cyclic group can be arrived at by applying
a member of the cyclic subgroup to a member in a certain finite set.
Every cyclic groupis virtually cyclic, as is every finite group. An infinite group
is virtually cyclicif and only if itis finitely generated and has exactly two ends;

an example of such a group is the direct product of Z/nZ and Z, in which the factor Z
has finite index n. Every abelian subgroup of a Gromov hyperbolic
group is virtually cyclic.
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2-Locally cyclic groups

Alocally cyclic group is a group in which each finitely generated
subgroup is cyclic. An example is the additive group of the rational
numbers: everyfinite set of rational numbers is a set of integer
multiples of a single unit fraction, the inverse of their lowest common
denominator, and generates as a subgroup a cyclic group
of integer multiples of this unit fraction. A group is locally cyclic if and

only if its lattice of subgroups is a distributive lattice.

3-Cyclically ordered groups

A cyclically ordered group is a group together with a cyclic order
preserved by the group structure. Every cyclic group can be given a
structure as a cyclically ordered group, consistent with the ordering of
the integers (or the integers modulo the order of the group). Every finite

subgroup of a cyclically ordered group is cyclic

4-Metacyclic and polycyclic groups

A metacyclic group is a group containing a cyclic normal subgroup
whose quotientis also cyclic. These groups include the cyclic groups,
the dicyclic groups, and the direct products of two cyclic groups. The

polycyclic groups generalize metacyclic groups by allowing more

than one level of group extension. A group is polycyclic
ifit has a finite descending sequence of subgroups,
each of which is normal in the previous subgroup with a cyclic quotient,

ending in the trivial group. Every finitely generated abelian group
or nilpotent group is polycycilic.
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Conclusion

A cyclic group is a group which is equal to one of
its cyclic subgroups: G = (g) for some element g, called a generator.

For a finite cyclic group G of order n we have
G={e g g2, ...,9n-1}, where e is the identity element
and gi = gj whenever i = j (mod n); in particular gn = g0 = e,
and g-1 = gn-1. An abstract group defined by this multiplication is often
denoted Cn, and we say that G is isomorphic to the standard cyclic group Cn.
Such a group is also isomorphic to Z/nZ,
the group of integers modulo n with the addition operation,
which is the standard cyclic group in additive notation.
Under the isomorphism x defined by x(gi) = i the identity element e
corresponds to O, products correspond to sums, and powers correspond to
multiples.

summary

1-A group is called monogenous if it admits a system of generators
consisting of a single element. A finite monogenous group
is called cyclic.

2-This implication remains true even if only prime values of n are
considered. (And observe that when n is prime, there is exactly one
element whose order is a proper divisor of n, namely the identity. )

3-If G has two ends, the explicit structure of G is well known: G is an

extension of a finite group by either the infinite cyclic group
or the infinite dihedral group
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