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We derive the Fekete-Szegd theorem for new subclasses of analytic functions which are g-analogue of well-known classes introduced

before.

1. Introduction

Denote by & the class of all analytic functions of the form
(e}
f2)=z+ Zakzk @)
k=2

in the open unit disk U = {z € C: |z| < 1}.

For two analytic functions f and g in U, the subordina-
tion between them is written as f < g. Frankly, the function
f(z) is subordinate to g(z) if there is a Schwarz function
w with w(0) = 0, lw(z)] < 1, for all z € U, such that
f(z) = g(w(z)) for all z € U. Note that, if g is univalent,
then f < gifand onlyif f(0) = g(0) and f(U) < g(U).

In [1, 2], Jackson defined the g-derivative operator D, of
a function as follows:

f(qz) - f (2)
(g-1)z

and qu(z) = f'(O). In case f(z) = 2 for k is a positive
integer, the g-derivative of f(z) is given by

D,f (2) = (z#0, g#0) (2)

k k
kK _ %~ (zq) _ k-1
DqZ = ﬂ = [k] . (3)

Asqg — 1" and k € N, we have

k

(K], = l‘qq

1 :1+q+-~+qk—>k. (4)

Quite a number of great mathematicians studied the
concepts of g-derivative, for example, by Gasper and Rahman
[3], Aral et al. [4], Li et al. [5], and many others (see [6-15]).

Making use of the g-derivative, we define the subclasses
cS’;‘ () and & ,(a) of the class o for 0 < a < 1 by

S;(a)z{feﬂ:Re<w>>a,ze[U},

B . zqD, (D, (f (2))) >
%q(oc)—{fed.Re<l+ ./ (@) (5)

>oc,z€[U}.

These classes are also studied and introduced by Seoudy and
Aouf [16].
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Noting that
fe€,(a0) =
zD,f € oS’; (x),

limé’; () = {f € d:limRe<M> > a,
g—1 g—1

f(2)

tu} =8 (),

lim &, (o) = «{f

€ :limRe( 1+ Zqu (Dq (f (Z))) > A,
q-1 D,f (2)

E[U} =% (a),

where 8™ («) and € () are, respectively, the classes of starlike
of order « and convex of order « in U ([17, 18]).

Next, we state the g-analogue of Ruscheweyh operator
given by Aldweby and Darus [8] that will be used throughout.

Definition 1 (see [8]). Let f € /. Denote by %2 the g-
analogue of Ruscheweyh operator defined by
[k +A- 1],!
k=11,

k

%Af(z)—z+z @Gz, (7)

where [k],! given by is as follows:

k), [k=1], -
- {[ o k-11,
1, k=0.

(11, k=12..;

From the definition we observe that if g — 1, we have

_ N ~ _ k+A-1]0
‘lalil}z%qf(Z)—Z‘l'tllan[Zm a2z
)
(k+A-1)! B
Z(A)‘(k 1)1 %? = R'f (2),

where #* is Ruscheweyh differential operator defined in [19].

Using the principle of subordination and g-derivative,
we define the classes of g-starlike and g-convex analytic
functions as follows.

Definition 2. For ¢ € Pand A > —1, the class oS’*A(go) which
consists of all analytic functions f € o satisfies

zD, (%} (f (2)))

%3 7@ <p2), |zI<L (10)
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Definition 3. For ¢ € Pand A > -1, the class €, ,(¢) which
consists of all analytic functions f € &/ satisfies

D (D (%*
zq q( q(A qf(z)))<q)(z)’
D, (%} f (2)) an

lz| <1, 0<g<1

To prove our results, we need the following.

Lemma 4 (see [18]). Ifp(z) = 1+¢,z+¢,2°+--- € P of positive
real part is in U and y is a complex number, then

|cz—‘uclz|32max{1;|2‘u—1|}. (12)

The result is sharp given by

p(2) = 1+z
-z
(13)
1+2?
p(z) = —

Lemma 5 (see [18]). If p(z) = 1+ ¢z +czz2 +ee
with positive real part, then

is a function

-4y +2, ifr<0;
e - | < {2, ifo<v<1 (14)
4v-2, ifv>1.

2. Main Results

Now is our theorem using similar methods studied by Seoudy
and Aoufin [16].

Theorem 6. Let ¢(z) = 1+ B,z +B,z* +--- € P. If f given by
(1) is in the class 5;,,\(‘1)) and p is a complex number, then

Bl
a([AL+g* (1+q) (A2 +1))

2
|a3 - ‘ua2| <

- max {1, (15)
B, Wytd' -u(My+da' (1+a) }
B, (A, +4") 1)

The result is sharp.

Proof. If f € ‘“5);,/\(‘/’)’ then there is a function w(z) in U with

w(0) = 0 and |w(z)| < 1 in U such that
zD, (%) (f (2)))
— 7 o =9 w(2). (16)
(/@)
Define the function p(z) by
p(z):itig;:1+plz+p2z2+.... 17)
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Since w(z) is a Schwarz function, immediately Re(p(z)) > 0
and p(0) = 1. Let

zD, (%) (f (2)))
g(2) = W —1+dztdye®+-oo. (18)

Then from (16), (17), and (18), obtain

_ (pr)- 1>
g(Z)—<p<p(z)+l . (19)
Since
pR-1_ 1 z+ ﬁ 2
p@+1 2 |PFT\ P
, (20)
b1 3
T\ Pt y PPy |7 +
we have
p(z) - 1) B 1
<p(z)+1 - ZBIPIZ
1 2\ 1 21
+ [531 <Pz - %) + Zszf] 2 @
+ .
From the last equation and (18), we obtain
1
d, = 5311’1’
1 P\ 1 (22)
d, = EBI (Pz - 71> + Zszf-

A simple computation in (18) and knowing that [#] g 1=
qln - 1]q, we obtain

2D, (%) (f (2)))
%y (f (2))
=l+q[A+1] a2 (23)
+{aA+1], A +2] a0, - q[A + 11 a5} 22
+ cee

Then, from last equation and (18), we see that

dy =qlA+1],a,
(24)
dy=qA+1],[A+2],a,-q[A+1]] a5,

3
or equivalently, we have
_ Bipy
%= 2q[A+1],
a; = By Py - p_f
U2qA+1] A +2], \7P 2
(25)

N B,p;
4q[r+ 1], A+ 2],

N Bip; _
8q% [A + 1], [A + 2],
Therefore
2 B, 2
a, — ua, = -7 > 26
3 MZ zq[A+1]q[A+2]q{p2 pl} ( )
where
2 B,

W i 27)
Mgt dt - u (Mgt qt (1+9)
(M, +q")

By an application of Lemma 4, our result follows. Again by
Lemma 4, the equality in (15) is gained for

1

1+z
P = -z
. (28)
or p(z) = 1+z
PE&=T "7
Thus Theorem 6 is complete. O

Similarly, we can prove for the class &, , (¢). We omit the
proofs.

Theorem 7. Let ¢(z) = 1+ B,z + B,z +--- € P.If f given by
(1) is in the class €, (¢) and y is a complex number, then

|a3—ya§'< 5y
B }

T 2q[3], A+ 1], (A +2],
(29)
1

.max{l B, 215 - ul3], (A +2],
"|B

B, q[2)°
The result is sharp.

Taking A = 0 in Theorem 6, we have the corollary for the
class cS’; (¢) as follows.

Corollary 8. Let ¢(z) = 1 + B,z + Byz> +--- € P. If f given
by (1) is in the class cS’; (@) and y is a complex number, then

2
'“3 —Ha,
1-u(1 (30)
< B max{l, E+MBI}.
q(1+4q) B, q

The result is sharp.



Taking g — 1and A = 0 in Theorem 6, we obtain the
following.

Corollary 9. Let ¢(z) = 1+ B,z + B,z* +---, B, € P. If f
given by (1) is in the class eS’:;A((p) and p is a complex number,
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Theorem 10. Let ¢(z) = 1+ B,z + B,z* +--- with B, > 0 and
B, > 0. Let

(M, +4") (B +q(B,-By))
([A), +4* [21,) B2

1=

then (32)
s B o W)t
a; — ua,| < = max{l,|== . 2=
3T HRI= T oo (), + 4 121,) B2
By using Lemma 4, we have the following theorem. Let f given by (1) be in the class cS’;,A(go). Then
E___,___ & My rat (W ea RL)eY
) 1 = 5
g+ 1, +2],  qh+1],[A+2], a(11, +4") #=a
jas = | < 1 . ’ iforsps<oyn  (33)
3 2= 1qA+ 1], A +2],
B, B A+ - (M, +q" [21,) u uso
_ _ , ifu>o,.
| qi 1, A2, A+, [A+2], a (1AL, + ) H=0
Proof. First, let u < o, B,

B
< 1

< m [—4V+2]

2
|“3 - Mazl

B,

=g+ 1, A2, (34)

M, +q" - (M, +4" 2,
q([M, +4")

s
qA+1],[A+2],

)

Now, let 0; < p < 0,; then using the above calculation, we
obtain

S qA+1],[A+2],

(A, +q" - (A, + 4" [2,) u
a((M,+q")

2
Bl

g+ 1], [A+2],

(36)
O
Similarly, we can prove for the class €, (¢) as follows.

Theorem 11. Let ¢(z) = 1 + B,z + Byz> +--- with B, > 0 and
B, > 0. Let

2 B, (2] (B2+ (B,-B ))
a; —ua,| < ——————, 35 q\bP1+tq (b, - b5
oo - | q + 1, A+ 2], (35) o= e :
q D1
(37)
Finally, if 4 > 0,, then 2], (Bf +q(32+31))
B QZ - [3]qB%
2 1
a; —ua,| < ———————— [4v - 2]
| 2 H 2| qA+1],[A+2], If f given by (1) is in the class € (), then
B, '&+ (212 - B8], (A +2], ¢ 5 F < o
2q (3], (A +1],[A+2], | B, ql2l . -sP
B .
|a3 —‘uag' < A : if o <p <oy (38)

2q 3], A+ 1], (A +2],
B, [ B,

(2q[3],[A+1],[A+2], | B,

-(

217 - 3], [A+2], 1
q[21;

>BI:|’ if u=og,.
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Taking A = 0 in Theorem 10, we obtain next result for the
class («S’; ().

Corollary 12. Let ¢(z) = 1 + Byz + B,z> + -+ with B, > 0
and B, > 0. Let

_ B?*Q(Bz_BJ

! [2],B2
(39)
_ B} +q(B, + B,)
? [2], B}
If f given by (1) is in the class o?; (@), then
2
'as - !4“2|
( B2 1-[2
B, B ( []q#>) <o
921, ql2], q
B, i (40)
< < N ifo, < < 0,;
<1402, 1SH=0p
B2 1-[2
B, B ( ! lq!*), fuso
L q[2]; ql2], q
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