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Abstract. One of the most important phase transition in physics is the Deconfinement Phase
Transition in thermal Quantum ChromoDynamics. Due to the confinement property, we study
the effect of colorlessness condition during the Deconfinement Phase Transition from a Hadronic
Gas to a Quark-Gluon Plasma. We investigate the behavior of some thermodynamical quantities
of the system such as the energy density and the pressure, the colorlessness condition and
without colorlessness.
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I. INTRODUCTION

It is well-known that hadrons have quark substructure and the strong interaction between them
are mediated by charged gluons and is described by a gauge theory known as Quantum
ChromoDynamics (QCD). This theory has two remarkable properties:-

e Asymptotic freedom at high-energy and/or high temperature.

e Confinement at low energy and/or low temperature.
The confinement of color charge prohibited us to observe quarks as free particles and that all
hadrons have zero color. We can then imagine that any compression and/or heating of the
hadronic matter can induce dissolution of hadrons into a free Quark Gluon Plasma (QGP). This
is commonly called the Deconfinement Phase Transition (DPT). The interest in the DPT is kept
alive due to the need to explain the confinement phenomenon and to know the properties of the
QGP with its evolution in the early universe since the big bang.

Experimentally, the predicted QGP state at high temperatures and densities, has been realized
in the laboratory [1-3]. The resulting system does not quite behave as a quasi-ideal state of free
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quarks and gluons, but, rather, as an almost perfect dense fluid [4-5]. In this work, we try to
analyze the behavior of the colorlessness condition effects by calculating some thermodynamical
quantities in the vicinity of the transition point, in particular analyzing their behavior as a
function of the temperature. Quark confinement in QCD cannot be treated perturbatively and has
not been shown analytically, until now, for large distance or low density. However, the
confinement has been almost confirmed numerically by lattice calculations. In lattice QCD, time-
consuming calculations have shown that the concepts of quark confinement and asymptotic
freedom are inherent in the model of strong interaction of matter at the sub-hadronic level, in
addition, leading directly to a great deal of interest in the associated phase transition. The
hypothesis of the colorless states (Singlet of SU(3) colour group) of a partonic system as a
subsidiary requirement is assumed in describing the global thermodynamical equilibrium state.

Therefore, part of this work focuses on quantities when we are taking the colorless condition
into account of the total partition function for the partonic plasma with the remaining large part
of non-perturbative effect of QCD interaction.

Il. STATISTICAL STUDY OF THE SYSTEM

e Partition Function:

We take the Hadronic Gas (HG) as an ideal relativistic gas of massless pions and the QGP
phase is just a free partonic system. For this purpose, we consider a simple Phase Coexistence
Model (PCM) used in [6], in which the mixed phase system has a finite volume V=Vyg +Vqgp.
The parameter h represents the fraction of volume occupied by the HG: Vue=h V and can be
considered as an order parameter for the QCD-DPT. Assuming non-interaction between the
phases, the total partition function of the system can be written as:

Zsys(T; V! U1, Hq, ) = ZHG (T, V, U1, Hq, - )ZQGP (T, V' U1, Ha, - )ZVA (T' V, U1, Hq, ) (1)

To specify the confinement of quarks and gluons, the real vacuum pressure exerted on the

perturbative vacuum B of the bag model should be taken. The mean value of any

thermodynamical quantity of the system defined in [6], can then be calculated by:
1

Jy ATV, 1) Zsys(T,V, ) dh

1
Jy Zoys(T,V, W)k

(A(T,V, ) = )

where A(h, T, W, V) is the total thermodynamical quantity in the state h. In the case of an
extensive quantity, this is given by:

A(T,V,u) = Aye(T,V h,u) + Agep (T,V (1 —h),u) 3)
and in the case of an intensive quantity, by:
A(Tr v, ﬂ) =h AHG (T, |4 h' .u) + (1 - h) AQGP(T' |4 (1 - h)' ,U.) (4)

where Agep and Ang the individual relative contributions from QGP and HG phases,
respectively
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e The Partition function without colorlessness condition:
The partition function of the grand canonical ensemble of the Fermi-Dirac and Bose-Einstein
IS given by:

Zg,CF(T, V,u) = 1—[(1 + ae—ﬁ(si—u))" 5)
l

where o is a parameter with ¢ =+1 for a fermi gas and ¢ =-1 for a bose gas; B = — with T as the

temperature and kg as the Boltzman constant. In the continuous case Eq.(5) can be written as (
see [7]):

oV *© 6
In Zg,%(T, V,u) = FO—_]- pzdp(l + O-e—ﬁ(gi—#)) (6)
0

where p is the momentum and & the energy-level degeneracy. The partition function of the grand
canonical ensemble of the of the relativistic quantum gas, with particle mass m and chemical
potential i in volume V and temperature T, can be calculated for quark and anti-quark system as

(see [8]).
NC ) 1\’ pt 7mt 1 2
InZys (T,V,u) = mﬁ’(E) ;5ﬁq<2+ﬁﬁ+n ﬁ> 7

(e &) + )

where § = 4, Vg volume of the Quarks, V the Planck constant, ¢ the speed of light.
The gluon partition function is simply, given by:

InZYs (T,V, 1)

Ve ’ ;( Bw* 6 12[n*  n?
- 25(=) Zéf’g<——4ﬁ4 -l + 34% g(ﬁu)ZD ©

(g[w?az—,f—z(%)‘*] a0+ 1)

4
where a(u) = Zp 155 = % Concerning the partition function for a pionic

gas, this can be calculated from the bosonlc partition function and is given by,

In ZNC(T,V, 1)
Ve (1O . ut 6 12 [n*
= =56 (5) Z‘gt <7 ﬁ4a(“)+ﬁ4l90+_(ﬁﬂ) D ©)

i ([6) -5 ) ] - S+ )
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Given B is the bag constant accounting for the real vacuum pressure exerted on the perturbative
vacuum, we have

BV
anVA (T’ V) .u) = - T (10)

For a QGP consisting of gluons and two flavors of massless quarks (up, down) with a chemical
potential p in the bag model the total partition function will be given as follow:

2 (11)
_ ExprrT3([(%)2‘#@4]‘?“(””1—5)+VQGPT (20" +2lt)' - a0+ 330 )
When u = 0, we have
37 B 17 B
anTOTAL(T! V) =V T3 [(%T[ - ﬁ) +h (-ET[Z + F)] (12)

e The Partition function colorlessness condition:

In this part, we introduce the colorlessness condition under the projection method [9]. We
consider the general case that the quarks have color-isospin with the color-charges emerging as
degrees of freedom, but on another hand the hadrons have no color. So in calculating of the
partition function of the QGP phase we take the trace for all physical color states and use the
projection method. This method was based on the internal symmetry group given by [10].

(i)

12 2 2 -1
q=r,b,r k ) (13)

(e

p is a chemical potential, T temperature, dy = 2Ny, Nt the number of flavors d; = 2 and
degeneracy factors of quarks and gluons respectively, ©,(q=r,b,g) the angles determined by the
eigenvalues of the color charge operators and 04(g=1,...,4).

The colorless partition function is given by:

2

2 2
By _m” 21 16 ) dQ
9(ewg) =13 (30 doti5de

| S
)

i3
4 B U
ZCS(T, VQGPM“’) = WEXP_TVQGP fj d(Pdl,l} M(QD, 710) ExpVQGPT3 g((p.lp,f) (14)

-1

Let us derive in the following such an approximate color-singlet partition function at zero
chemical potential i =0. In this case, we have:
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1 R N A ) S AT

: oo 37 2 , ,
9. P 1 =30" T3t Toem? "oV T T T 36w e

where M (@, ) is the welght function (Haar measure) given by:

M(p, ) = (sm (1/; + ) sin= ! (1/) — g) sin ((g))z (16)

The colorless partition function for a quark-gluon plasma contained in a volume Vqggp then
becomes:

2951, Voop) = 5,7 Bxp 00" f [ a($)a(5) Mew pxpreermsen )

Finally, total partition function is given by:

25T, v) = [255 2528758 (V) = 5 j | dodp Moy EpramE e
where = [g((p,l/) - % :

I11. THERMODYNAMICS WITHOUT COLORLESSNESS CONDITION:

Let us now derive the final expressions of the order parameter, energy density and the pressure in
the case without colorlessness condition:
e Order parameter:

VT3 (—gm+y)

NC 1 Exp 45
(RNE(T,V)) = ~ 17 P Y (19)
VT3 (—ETE + T4_ [Exp 4—5” — 1]
e The energy density and the pressure [11-12] are calculated using their standard
definitions,
(T,V) = o [InZ(T,V)] and p(T,V) =T g [InZ(T,V)] (20)
LY =g tneth ol and pRLY) = Egy tnath
NC
After some calculations, we find in this case, that the energy density = T(Z‘V) and the pressure,
NC(T )
—y o are given by,
eNe(T, V) 37 B 17 B
-~ 2 . . NC - 21
= s+ | = (e V) (T + ) (21)
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Ner v 37 B B
P g -l e (e -7

IV. THERMODYNAMICS WITH COLORLESSNESS CONDITION:

Putting in the colorlessness condition, we have
e Order parameter:

hes(r vy < B REE @Iy UL dody Mlp,y) Exp™ 0 an
ST flzesavydh  f) [T, dedy Mg, ) Exp/ TG0 6]dh

e With aye = :—; and Q = [Sg(go, Y) —3ayg + %] from the definition of the energy
density, we arrive to the final expression :

(T, V) w2
- dh (—h
T4 10+f thcS(T V)f (=h)

ff dodyp Mg, p)QExp(— TSVG] (24)

The pressure of system is given by:

pCS(T,V)_ 7T2
T+ 30+f thCS(T V)J anEn

] dodyp M(p, ) GExp- W”] (25)

A numerical calculation is performed using Monte Carlo method by Mathematica software [13-
14], to compute some thermodynamics quantities like the order parameter h(T,V), energy
density (T, V) and pressure p(T, V) in this work.

IV. RESULTS AND DISCUSSION

Our results have shown the effect of colorlessness condition on the transition between the HG
and the QGP. The variations of each of order parameter, energy density and pressure normalized
by T* with the temperature at different system sizes are presented in Figl.(a), (c) and (d). We
observed in the plots without colorlessness condition the transition points are not shifted with
different volumes for the thermodynamic quantities in the system. The transition point Ty is same
for all sizes. This is due to no color singlet is taken into account.
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Figure 1. Some response function of the system without colorlessness condition with different volumes. (a) and (b) order
parameter (c) energy density (d) Pressure.

Meanwhile, we see the shift is very clear in Fig.2 when we include the colorlessness condition.
We noticed, that the effect of the colorlessness condition disappears when approaching the
thermodynamical limit. In Fig 2(a), (c) and (d) a pronounced size dependence of these quantities
can be noted over almost the entire temperature range. The main and striking difference,
comparatively with colorlessness condition is the shift of the transition temperature to higher
values for small sizes. This is due to the effect of the colorlessness requirement which was found
to lead to a gradual freezing of the effective number of degrees of freedom in the QGP [10] and
[15]. In a finite volume, the pressure at a given temperature has a lower value and the
equilibrium between the two phases according to the Gibbs criterion, is then reached at
temperatures greater than Ty (e0). This freezing in the QGP degrees of freedom can be more

clearly seen in Figs (2c and 2d) where we compare the normalized energy density s(:;v). This can
better be seen in Fig.(2c) where the normalized energy density vs temperature at different
volumes is illustrated more clearly. The calculated pressure in units of the fourth power of the
temperature in the entire range of temperatures is shown in Fig.(2d). A rapid growth of the
pressure is clearly seen just after the transition temperature, especially when the volume

approaches the thermodynamical limit.
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Figure 2. Some response function of the system colorlessness condition with different volumes. (a) and (b) order parameter (c)
energy density (d) Pressure.

V. CONCLUSION

The work has clarified the role of the finite volume of the system and the colorlessness condition
on the behavior of some response functions in the vicinity of the transition point during the
deconfinement phase transition from HG to QGP. The colorlessness condition emerges naturally
from the confinement phenomenon of the color charge in QCD. For this, we used the projection
method given by Redlich and Turko in [9] under the internal symmetry group to take into
account only the colorless states in the calculation of the partition function, so the shifting of the
transition point was observed at finite volume. The sharp transition which is observed in the
thermodynamical limit in some thermodynamical quantities like the order parameter, energy
density and pressure at transition temperature Ty (o), is rounded in finite volumes, and the
variations of those thermodynamical quantities are perfectly smoothed on the limited range of
temperature. Moreover, without this condition, the finite volume effect on the position of the
transition point (shifting) is unobservable.

REFERENCES

[1] C. N. Yang and T. D. Lee, Phys. Rev. 87 (1952) 404-409; Phys. Rev. 87 (1952) 410-419.
[2] V. V. Dixit and E. Suhonen, Z. Phys. C18 (1983) 355-360.

[3] J. Imry, Phys. Rev. B 2 (1980) 2042-2043.

[4] F. Krasch, J. B. Kogut, D.K. Sinclair and H. W.Wyld, Phys. Lett. B 188 (1987) 353-358.
[5] F. Krasch, M. T. Mehr and H. Staz, Z. Phys. C37 (1988) 617; A. Chodos, R.L. Jaffe, K.

Contributed



Jurnal Fizik Malaysia Volume 39 Issue 2 (2018) pgs 30079-30087 M. A. A. Ahmed

Johnson, C.B. Thorn and V. F. Weisskopf. Phys. Rev. D 9 (1974) 3471-3495.
[6] C. Spieles, H. Stocker and C. Greiner, Phys. Rev. C 57 (1998) 908-915.
[7] R. K. Pathria and P. D. Beale, Statistical mechanics, Academic Press, Elsevier, 3rd edition
(2011).
[8] J. Letessier and J. Rafelski, Hadrons and Quark-Gluon Plasma, Cambridge University Press,
(2002).
[9] K. Redlich and L. Turko, Z. Phys. C5 (1980) 201-204; L.Turko, Phys. Lett. B 104 (1981)
153-157.
[10] H.Th. Elze, W. Greiner and J. Rafelski, Phys. Lett. B 124 (1983) 515-519; Z. Phys. C24:
(1984) 361-365.
[11] J. Willard. Gibbs, Elementary Principles in Statistical Mechanics, New York, (1902).
[12] D. Ruelle, Statistical Mechanics: Rigorous Results, World Scientific, (1989).
[13] M. Ladrem and A. Ait-El-Djoudi, Eur. Phys. J. C 44 (2005) 257-265.
[14] M. Ladrem, M. A. A. Ahmed, Z. Z.Alfull, S. Cherif, Eur. Phys. J. C 75:431 (2015); H-Th.
Elze and W. Greiner, Phys. Lett. B 179 (1986) 385-392.
[15] A. Tounsi, J. Letessier and J. Rafelski, arXiv:hep-ph/9811290v1.

Contributed


https://arxiv.org/abs/hep-ph/9811290v1

