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This paper presents a detailed investigation of absolutely continuous invariant measures (ACIMs) for
piecewise expanding chaotic transformations in R™ , with particular attention paid to the case where
the derivative has summable oscillations. ACIMs are important objects in the study of dynamical
systems, as they provide a way to understand the long-term behavior of trajectories and the statistical
properties of the system. The paper covers a range of important topics related to ACIMs, including the
boundedness condition, distortion condition, localization condition, and Schmitt's condition. It also
discusses the Perron-Frobenius operator, which plays a critical role in the existence and properties of
ACIMs. The main result of the paper is the proof that the Perron-Frobenius operator is constrictive,
which implies the existence of a finite number of ergodic ACIMs that satisfy Schmitt's condition and a
condition dependent on the defining partition. This finding has significant implications for the
understanding of complex systems and the advancement of research in this field. The paper also
discusses the relationship between ACIMs and dynamical systems, highlighting the role of ACIMs in
ergodic theory. Overall, this paper provides a valuable reference for researchers interested in the study
of ACIMs and their significance in the analysis of dynamical systems and ergodic theory.
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1.Introduction

In the study of complex systems, dynamical systems theory provides a
powerful framework for understanding their behavior over time. A
fundamental concept in this theory is the notion of invariant measures,
which capture the statistical properties of system trajectories. Among
these measures, absolutely continuous invariant measures (ACIMs)
have received significant attention due to their crucial role in

characterizing the long-term dynamics of chaotic systems. This paper
focuses on exploring ACIMs for piecewise expanding chaotic
transformations in n-dimensional Euclidean space ( R™). These
transformations possess the ability to stretch and fold the state space,
giving rise to intricate and diverse dynamics. Our investigation
specifically considers a scenario where the derivative of the
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transformation exhibits summable oscillations. This particular case
presents intriguing challenges and necessitates a meticulous analysis to
comprehend the resulting ACIMs. The significance of invariant
measures in capturing general characteristics observed across different
datasets has been highlighted in a recent validation and measurement
study (2022) [1]. This understanding contributes to the comprehension
of complex system behavior, enabling the analytical analysis of control
parameters and the forecasting of future conditions based on underlying
dynamic models. In the realm of dynamical systems theory, a self-
consistent dynamical system refers to a system whose dynamics align
with specific mathematical properties, including the existence of
invariant measures, as discussed in a reference from 2019 [2]. In
conjunction with ergodic theory (2016) [3], dynamical systems theory
provides robust tools and concepts for comprehending the behavior and
statistical properties of systems that evolve over time. These theories
lay a solid mathematical foundation for studying a wide range of
phenomena and find broad applications in various scientific and
engineering disciplines. Another important concept pertains to random
non-uniformly expanding maps, which are families of maps where each
map possesses a distinct expansion rate, and the choice of the map is
determined by a random process (2014) [4]. Such maps are often
employed to model systems that exhibit a combination of deterministic
and stochastic components. The study of random non-uniformly
expanding maps involves investigating the existence and properties of
absolutely continuous invariant measures. These measures assign zero
probability to individual points and instead assign positive probabilities
to sets of points, characterized by an integrable density function. M.
Viana's "Lectures on Lyapunov Exponents” (2014) [5] focuses on
quantifying the rate of exponential growth or decay of trajectories in
dynamical systems through Lyapunov exponents. The book delves into
the theory of Lyapunov exponents, their relationship with ACIMs, and
the statistical properties of dynamical systems. In their Encyclopaedia
of Complexity and Systems Science (2009/2013) [6], Kelso, James
further highlights the importance of absolutely continuous invariant
measures (ACIMs) in such research, particularly with regard to
understanding behaviors over time. Kelso's subsequent studies [6]
confirmed the value of ACIMs, especially in simulating chaotic
processes or analyzing structured but challenging-to-quantify
experimental data. "The Encyclopedia of Complexity and Systems
Science, published in 2009 [7], is a comprehensive reference work that
explores various aspects of complexity science and systems science. It
offers an interdisciplinary overview of the field, covering fundamental
principles, theories, methodologies, and applications related to
complexity and systems science. In his book "Mathematics of
Complexity and Dynamical Systems™ (2011) [8], Robert Mayers
emphasizes the importance of invariant measures in understanding the
long-term behavior of dynamical systems. The book "Chactic Billiards"
by N. Chernov and R. Markarian [9] focuses on the dynamics of billiard
systems characterized by particles rebounding off walls. It discusses the
existence and properties of absolutely continuous invariant measures
(ACIMs) in billiard systems and their connection to chaotic behavior.
Another book, "Lyapunov Exponents and Smooth Ergodic Theory" by
L. Barreira and Y. Pesin [10], offers a rigorous mathematical treatment
of Lyapunov exponents and their significance in smooth ergodic theory.
The book explores the interconnections between Lyapunov exponents,
ACIMs, and the statistical behavior of dynamical systems.

The paper examines the relationship between metric entropy, ACIMs,
and the ergodic properties of diffeomorphisms. C. Liverani's article on
"Ergodicity properties of dynamical systems" [11] provides an
overview of ergodic theory and its applications in the study of
dynamical systems. The article discusses various ergodicity properties,
including the existence and properties of ACIMs, and highlights
connections to other mathematical areas. L.-S. Young's paper "What are
SRB measures, and which dynamical systems have them?" [12]
explores Sinai-Ruelle-Bowen (SRB) measures, a type of ACIMs
associated with hyperbolic dynamical systems. The paper investigates
the existence and properties of SRB measures and sheds light on the
systems that possess them. V. Baladi's book "Positive Transfer
Operators and Decay of Correlations” [13] delves into the theory of
transfer operators and their applications in studying dynamical systems.
The book covers the phenomenon of the decay of correlations, which is
closely linked to the existence and properties of ACIMs, providing
detailed mathematical analysis. Our research focuses on the exploration

of absolutely continuous invariant measures (ACIMs) for piecewise
expanding chaotic transformations in R™. We investigate several
crucial conditions necessary for understanding the existence and
properties of ACIMs. One of these conditions is the boundedness
condition, which ensures that the transformation does not stretch the
state space to infinity. The boundedness condition is essential for the
well-definedness of ACIMs, as it guarantees that the measures remain
finite. We also examine the distortion condition, which quantifies the
expansion and contraction rates of the transformation. By imposing
bounds on these rates, we ensure that the system possesses a well-
defined ACIM. This condition is closely tied to the concept of
hyperbolicity, which characterizes the stretching and folding dynamics
of chaotic systems.

Furthermore, we analyze the localization condition, which restricts the
spread of trajectories in the state space. This condition ensures that the
ACIM concentrates its mass on a finite region, providing a localized
statistical description of the system's behavior. The localization of
ACIMs is crucial for understanding the concentration of points and the
emergence of coherent structures in chaotic systems. Another aspect of
our investigation is the examination of Schmitt's condition [14], which
imposes additional constraints on ACIMs. This condition ensures that
the measures satisfy certain regularity properties, leading to a more
refined understanding of the system's statistical behavior. By
considering Schmitt's condition together with a condition dependent on
the defining partition, we establish the existence of a finite number of
ergodic ACIMs that exhibit desirable properties. To analyze the
existence and properties of ACIMs, we delve into the theory of Perron-
Frobenius operators. These operators play a fundamental role in the
study of invariant measures, as they capture the evolution of probability
densities under the action of the chaotic transformation. By
investigating the properties of the Perron-Frobenius operator in the
context of piecewise expanding chaotic transformations with summable
oscillations of the derivative, we establish its constrictive nature. This
result has profound implications, as it guarantees the existence of a
finite number of ergodic ACIMs that satisfy Schmitt's condition and a
condition dependent on the defining partition.

In summary, our paper provides a comprehensive investigation of
ACIMs for piecewise expanding chaotic transformations in R™, with a
particular focus on scenarios where the derivative exhibits summable
oscillations. By studying the boundedness, distortion, localization, and
Schmitt's conditions, as well as the constrictiveness of the Perron-
Frobenius operator, we establish the existence and properties of a finite
number of ergodic ACIMs. This research contributes to our
understanding of complex systems, their long-term behavior, and the
statistical properties that govern their dynamics.

The article is structured as follows: Section 1 provides an introduction
to absolutely continuous invariant measures (ACIMs), while Section 2
discusses the properties of piecewise expanding transformations. In
Section 3, the article demonstrates how the transformation ¢ € C1¢,
which satisfies the three Rychlik criteria (distortion, localization, and
boundedness), also satisfies certain conditions, including Schmitt's
condition and the condition on the defining partition. Section 4 covers
the construction of ACIMSs, and the main result is presented in Section
5. Finally, Section 6 provides a discussion and conclusion, summarizing
the findings of the article.

1.1. The concept of absolutely Continuous Invariant Measures
(ACIMs)

In the field of dynamical systems, ACIMs are a crucial notion that
enable the analysis of long-term behavior. These measures represent
probability distributions that remain unchanged when subjected to a
given transformation, allowing researchers to study the statistical
properties of the system and make predictions about its future behavior.
1.2. Expanding Transformations in R™

Focuses on expanding transformations in R™, which are an important
class of systems in the realm of dynamical systems. These
transformations cause the distances between points in the phase space
to increase when the transformation is applied. Because of their
tendency to exhibit chaotic behavior, they are particularly intriguing
and have practical applications in various scientific fields, such as fluid
dynamics, celestial mechanics, and population dynamics. The section
also introduces notation for transformations, where the Jacobian matrix
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of a transformation is denoted by J, and the absolute value of its
determinant is denoted by |J].

1.3 Definition. presents the definition of an a -expanding
transformation. Consider a finite partition of the phase space 2,
denoted by {P;, P,, ..., B,}, and let 7:2 — 2 preserves this partition.
That is, T = Tpp, - We say that 7 is a-expanding if the 2-norm of the

inverse Jacobian matrix of T evaluated at any point in each partition
element P; is less than a™*, where « is a constant greater than 1. In
otherwords fori = 1,2,...,manda > 1, we have:

”]ri_1”2 < a—l‘

2. Piecewise Expanding Transformations
2.1. Definition of piecewise expanding transformations
Piecewise expanding transformations are a type of mathematical
transformation that is commonly used in the study of dynamical
systems and chaotic behavior. A piecewise expanding transformation is
a map that is defined on a domain that is partitioned into regions, such
that the map is expanding [15] (i.e., it stretches the distances between
points) within each region. The map may also be discontinuous at the
boundaries between regions.
More formally, let T: X - X Where X is metric space. T is said to be a
piecewise expanding transformation if there exists a partition of X into
finitely many disjoint open sets {U;, U,, ..., U,} such that:
1. T is continuously differentiable on each U; , and the derivative
T’ > 1,V U;
2. The boundary of each U; has zero Lebesgue measure.
3. T is discontinuous at the boundaries between the U;'s.
This means that T stretches distances between points within each open
set U;, but it does not stretch distances across the boundaries between
the U;'s. The discontinuity at the boundaries allows for the possibility
of chaotic behavior, as small changes in the initial conditions can lead
to very different trajectories within different regions.
2.2. Properties of piecewise expanding transformations
Piecewise expanding transformations have several important properties
that are relevant to their study in dynamical systems and chaos theory.
Here are some of the main properties:
1. Expansivity: Within each open set U; of the partition, the
transformation T expands distances between points. More precisely, the
derivative |T'| is uniformly greater than 1 on each U;. This means that
nearby points in U;. will be pushed farther apart by the action of T,
which is an essential ingredient in generating chaotic behavior.
2.Discontinuity: ~ Piecewise  expanding transformations are
discontinuous at the boundaries between the open sets U;.. This allows
for the possibility of chaotic behavior, as small perturbations near the
boundaries can cause trajectories to diverge rapidly in different
directions.
3. Bounded distortion: Although distances between points within each
U;. are expanded by T, the expansion is controlled by a uniform bound
on the derivative |T’|. This means that T does not distort distances too
much, and nearby points remain approximately close to each other even
after several iterations of T.
4. Invariant measures: Piecewise expanding transformations often
possess invariant measures, which are probability measures that are
preserved by the action of T. These measures provide a way to
understand the long-term statistical behavior of the system, and they are
often used to compute statistical properties such as fractal dimensions
and Lyapunov exponents.
5.Ergodicity: Many piecewise expanding transformations are ergodic,
which means that they exhibit a strong form of statistical mixing. In
particular, if a transformation is ergodic with respect to an invariant
measure, then almost every trajectory in the system visits every part of
the phase space with the same frequency, regardless of the initial
conditions. This property is important for understanding the long-term
behavior of chaotic systems.

2.3. Summable Oscillations of Derivative

One essential feature of piecewise expanding chaotic transformations is
the summable oscillations exhibited by their derivative. This property
guarantees that the transformation's derivative has a uniformly bounded
variation, which is crucial for the existence and uniqueness of ACIMs
in these systems. The summability of the oscillations allows researchers

to examine the statistical characteristics of the system and extract
valuable insights into its long-term behavior.

2.4. Definition. We consider an open and bounded subset 2, of R™
with a piecewise C2 boundary. A partition P = {P, P,, ..., P,,}, where
m is a finite number, is said to be smooth if each P;,i = 1,2, ....,m has
a boundary that is piecewise C*.

2.5. Remark. Let P = P(M = (P} be a smooth partition of an open

and bounded subset 2, of R™, and
k-1

Pl — \/T—i(p)
k=0
={P, ntO(P,) A et (Py )i Py,

tj
€P fori<ks<j}

let 7 be a piecewise expanding transformation. We define, P as the
partition obtained by successively precomposing P with the inverse of
7, up to k times. The sets in P®) are defined as intersections of k sets
from P, possibly permuted by the inverse of .
We also define I; = {i:P; € P®}. For a fix i € I, Here are the
following:

max A, (P) < a7,

i€l}

where 4,, denotes the Lebesgue measure on R™. The Lebesgue
measure is a mathematical concept used to assign a measure or size to
subsets of Euclidean space. It is named after the French mathematician
Henri Lebesgue [16], who developed this theory in the early 20th
century as an extension of the concept of length or area. The Lebesgue
measure is defined as a class of subsets of Euclidean space, such as the
real line, the plane, or higher-dimensional spaces. The basic idea is to
assign a non-negative number to each subset of the space, which
represents its "size" or "volume" in an intuitive sense.). This implies
that the size of the largest element in PU) converges to zero as j — oo.
Consequently, the o -algebra generated by the nested sequence of
partitions Uj», U7 coincides with the Borel o-algebra B of 0.
Moreover, for i € I, we define the

OPSiCJT = n},aL}XJT - rg_iin Jo
Where J, is the Jacobian determinant of t. We then define

4, = I;rééjli( Ops,-CJT’

To measure the maximum oscillation of J, on the sets in P&,
Piecewise Expanding Chaotic Transformations are known to exhibit
chaotic behaviour, which enables us to study invariant measures and the
long-term behavior of systems described by Absolutely Continuous
Invariant Measures (ACIM).

3. Meeting the conditions for ACIMs
The purpose of this section is to explore how piecewise expanding
transformations can meet the conditions required for ACIMs to exist
and be unique. Additionally, we discuss Schmitt's condition and the
Rychlik criteria (distortion, localization, and boundedness) and provide
a lemma and remarks on how these conditions can be satisfied.
3.1. Definition. This subsection introduces the concept of an e-
transformation, which is a piecewise expanding transformation that
satisfies Schmitt's Condition. The condition requires that the sum of
maximum oscillations of Jacobian determinants, denoted by A, is
finite. Moreover, there exists a constant A such that the Jacobian
determinant of the transformation is bounded above by A on the entire
phase space .

Yke1lx =4 < +oo.

The condition of Schmitt suggests that there is a constant A, such that
J.(x) <A, x €.

Prior to continuing to the following Remark 3.4, let
PB)={A€P:2(ANB) >0},

as the collection of elements in the partition P that have non-zero

intersection with a Borel set B.

3.2. Remark: It was demonstrated by Rychlik [17] that these Schmitt
conditions have a fixed point. .. In our context, we assume the
following operator for the three conditions:
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l. For the Distortion condition: There exists § > 0 such that for
any k > 1andany B € P | we have

supJ.r (t7%(x)) <6 il;f‘j,rk T7% ().
B
1. For the Localization condition: There exist n > 0 and
0 < p < 1suchthatforanyi > 1andany B € P®:;

I (7' B)) <1 = Tacoaicay sup de (17 () <p.
I1. For the Boundedness condition:

y = Z sup J (z71 (x)) < oo.
BeP

The Localization condition holds if tiB is small in measure and does
not intersect too many elements of 2 with a large value of J, (r‘l(x)).
These conditions ensure that the transformation satisfies Schmitt's
Condition. In particular, the Distortion Condition guarantees that the
expansion rate is bounded, the Localization Condition ensures that the
transformation is well-behaved in a local sense, and the Boundedness
Condition guarantees that the ACIM is supported on a compact set.

3.3. Remark: Suppose that x,y € B € PV+(zi(y),ti(x) €t7'B €

PVH+k=D) then:
3 (7)) -7 (')
<  max (mggdr (Ti(y)) — min J:(Ti(x)))

T—lBEPv+k—i T
- r‘lBEgp{%1)/(+k—i)}‘Lp‘sl% Jx
=Byii-i
This is equal to the maximum oscillation of the Jacobian determinant
of T on the set t71B, denoted by A, ,,—;. In other words, Remark 3.3
highlights a relationship between the maximum difference in the
Jacobian determinant of t at points 7!(y) and 7'(x) and the maximum
oscillation of the Jacobian determinant on the set T='B . This
relationship is useful in analysing the behavior of expanding
transformations and can be used to establish conditions for the existence
of Absolutely Continuous Invariant Measures (ACIMs).
3.4. Lemma: Show that if T is an e-transformation, then the distortion
conditions are satisfied.
Proof. To prove this, consider any x,y € B € PY+0(zi(y), ti(x) €
T71B € pvrk-D),
Using the definition of an e-transformation and Remark 3.5, we obtain:
k—1 .
I _ J:(' ()
FETCIRNN § WHCEY)
_ (7)) -3:('0)
< k 1 -_—
< iz exp( 3@ C) )

According to Remark 3.3 and the definition of an e- transformation, we
obtain:

J(¥) exp (1 A )
Jrk(x) L a v+k—i
k-1
i=0
k
i=0

Letting § = exp G Z{-‘zlAvﬂ-) complete the proof.

The distortion condition is critical for establishing the existence of
Absolutely Continuous Invariant Measures (ACIMs) for expanding
transformations. It relates the local behavior of the transformation to its
global behavior and is essential for understanding the long-term
behavior of the system. Lemma 3.4 provides a fundamental result that
helps to establish the distortion condition for a broad class of expanding
transformations.

3.5. Lemma: If 7 is an ¢ -transformation, then the boundedness
conditions are satisfied.

Proof. We have y = Y gepsup J.(t71(x)) = #B[];(x) < #Ba™! < o,
B T

where #B denotes the number of elements in the partition P
containing x. This inequality follows from the definition of an e-

transformation and the fact that j, is bounded away from zero.
Therefore, the boundedness condition is satisfied.

This result is important for establishing the existence of Absolutely
Continuous  Invariant  Measures  (ACIMs) for  expanding
transformations, as it ensures that the ACIM is supported on a compact
set. Lemma 3.5 shows that the boundedness condition holds for a broad
class of expanding transformations, namely e-transformations.

3.6. Remark: Introduces a way to measure the stability of an expanding
transformation within a bounded region of the phase space.

Let L;(x1, X2, ) Xj—1, Xi41, -+, Xn), D€ represented by a straight line
that is parallel to the i —th axis and has all the coordinates, with the

exception of the i —th fixed and equal to x;, x5, ... ... XidrrrrrrrsXn
Let
R.(j)(x1 X3, wee ey Xie 1y Xig1s e r Xp)
i ’ ’ y =1 A+ rin
= #{P;: P,

€ PU, Py 0 Li(xg, Xgy vy Xim1) Xig1s e er Xp) # 0
Foranyl<i<n , let

RL(J')
= S}Clkp R,-(]) (1) X2y o es Xy, Xig 1y e s X))
1sksn
k=#i
n
(6)] 0
R Ry
k=1
ke#i .
R = max RV
1sisn *
R = max R
J

In this case, the expanding transformation is well-behaved and
demonstrates stable behavior within a bounded region of the phase
space. Stability is essential to understanding ACIM's long-term
behavior and establishing its existence. By measuring the stability of an
expanding transformation through the parameter R, Remark 3.6
provides a useful tool for analyzing the behavior of ACIMs and for
identifying conditions under which they exist.

3.7. Lemma: If tis an ¢ -transformation, and a > 2R , then the
localization condition is satisfied.

Proof. Take 7 >0 such thatn» < min;e;, diam P;and 0 <p <1,
such that

0< 2R <p<1
1 @ p .
Since min diam;e; P; > nn , for any B € P', 4, (‘r"(B)) < 7, means

. 1
that at least one of the widths of t*(B) is smaller than 7n=» <
min;e, diamP; , and the number of SD(ri(B)) is at most 2R .
Therefore

2R
sup J; (t71(x)) < - <P
A€P(ti(B)) A

When the localization condition is met, the expanding transformation is
likely to be rather stable in the phase space. Understanding the system's
long-term behavior and ensuring ACIM's existence depends on its
stability. Lemma 3.7 provides a condition for the localization of an
expanding transformation, which is a crucial step in establishing the
existence of ACIMs. By ensuring that the localization condition is
satisfied, we can guarantee that the expanding transformation is stable
in a bounded region of the phase space, allowing for a better
understanding of its long-term behavior.
3.8. Definition. For any t > 0 let v(t) be the largest v such that

min 4,(P) >t

PeP™)

The term is defined by w,(t) = max {t, exp (52,(21, Ak) -1}

Notice that: 1 — exp (_?2 Yoy Dx ) < exp (EZkZV Ak) -1

Definition 3.8 provides a way to measure the rate of decay of the tails
of the distribution of the expanding transformation. The parameter
w,(t) captures the exponential decay of the tails and is related to the
distortion and boundedness conditions. The quantity v(t) determines
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the scale at which the tails decay, and is related to the localization
condition. By understanding the behavior of w,(t) and v(t), we can
gain insights into the long-term behavior of the system and establish the
existence of Absolutely Continuous Invariant Measures (ACIMSs).

3.9. Lemma: If T is an e-transformation, then; forany t > 0,B € pw
andx,x +t € t¢(B),i < j:

Jj
Jpi(x) 2

_—— < — — 1.

Jilx +t) 1| = exp a kz_l Avoe | =1

Where v(t) is defined in Definition 3.8.
Proof. According to the definition of v(t),x and x + t are in the same
or two neighbouring sets of PO®), Additionally, as 7! is a one-to-one
transformation between B and 7¢(B) , points 77¢(x) and 77! (x +t)
in B are likewise found in the same or two neighbouring sets of
PO+ Using Lemma 3.4, we obtain:

J
-2 Ji(x)
exp| — Aye)+k
i=k

STaG+D

J
2
< exp Ez Dyy+r |-
k=1

That makes the proof complete. Lemma 3.9 provides an estimate of the
distortion of the expanding transformation between two nearby points
in the same partition element. The bound on the distortion is
characterized by the parameter v(t) and the distortion constant a. By
understanding the behavior of the distortion, we can gain insights into
the long-term behavior of the system and establish the existence of
Absolutely Continuous Invariant Measures (ACIMs).

4. Construction of ACIM for Expanding Transformations
Satisfying Schmitt's Condition

In this section, we describe the techniques and tools used to construct
Absolutely Continuous Invariant Measures (ACIMs) for expanding
transformations satisfying Schmitt's condition. These techniques often
rely on mathematical concepts and tools such as the Perron-Frobenius
operator and numerical methods such as Monte Carlo sampling and
Markov chain Monte Carlo (MCMC) [18]. However, there are also
challenges and limitations involved in constructing ACIMs, which we
will discuss.

4.1. Perron-Frobenius Operator

For expanding transformations satisfying Schmitt's condition, the
Perron-Frobenius operator is an effective tool for constructing ACIMs.
This operator allows researchers to locate and analyse the invariant
measures associated with the system by mapping a given function to its
future behavior after the transformation.

4.2. Techniques and Algorithms

Various methods and algorithms have been developed for constructing
ACIMs for expanding transformations in R™ that satisfy Schmitt's
condition. These techniques often rely on mathematical concepts and
tools such as the Perron-Frobenius operator. The use of the Perron-
Frobenius operator can significantly impact the ergodic properties of
the system, including ergodicity, mixing, and the Central Limit
Theorem. The analysis of the Perron-Frobenius operator in the presence
of an ACIM can yield valuable insights into these properties of the
system. However, constructing ACIMs can also be challenging and
computationally intensive, requiring the use of numerical methods such
as Monte Carlo sampling and MCMC. Furthermore, the existence and
uniqueness of ACIMs are not guaranteed in all cases, depending on the
properties of the expanding transformation.

4.3. Remark: The Perron-Frobenius operator is the main foundation of
this paper. It is denoted as P,: L'(2) — L'(Q) For a function f in
LY*(0), P, fis given by the formula:

f (@)

P = Y =%

& 3. (17 00)

where 7 is a measure-preserving transformation of 2, I; is the index set
of the T-preimages of x, and J; is the Jacobian determinant of 7.

,f € LY().

The Perron-Frobenius operator is a Markov operator [18], which means
that it satisfies the following properties:
(A) Bf=0,f=0,forall finL(Q).
(B) NPfllyrcay, forf = 0, for all non-negative functions f in
L.
It can also be shown that a function f € L'(2) is a density of a z-
invariant measure ifand only if 2, f = f and

ff'gon"dfln=f PEf - g din,
a n

for all g in L (£2), where 7* is the kth power of the Perron-Frobenius
operator and 4,, is the normalized Lebesgue measure on 2

4.4, Definition. The Markov operator P,: L*(2) — L'(Q) is said to be
extremely constrictive if there exists a compact set F c L'(R) such
that for any non-negative function f € L'(2) with f >0 and
[1f N2y = 1, hence:

dis(P.f,F) = 0,in [} () metric. (D.

The main goal of this study is to show that for a e-transformation
defined on a partition satisfying a certain condition, the operator P; is
strongly constrictive on L1 (£2). The concept of extreme constrictivity is
important for understanding the long-term behavior of expanding
transformations and for establishing the existence of ACIMs.

5. The Main Results

This section presents the main findings of the article, which focus on a
new theorem or result related to ACIMs for piecewise expanding
chaotic transformations in R"™ with summable oscillations of
derivative. The section also explores the potential implications of the
result and its practical applications. The primary outcomes of the study
are based on the definitions of an exclusive isomorphism to L!, as well
as two subspaces of L' = L! (2, B, 1), which facilitates the creation of
an appropriate subset F of L(2) . These definitions are firmly
grounded in Rychlik's theories [9]. Furthermore, a space FS, of formal
series is introduced, defined as follows:

FSy=\FplFp = Z B,y PxB, Biijp) € R™ p and

1<isj
BepW)

« .
X 1sisj Max 1865 IPF X Bll o) < .
BePU)
Here,  Bjs = (Bl jsyBEjsy - Bejm) - The norm in
F S defined as:
WEslles, = ). max 18 1 | [PECCB)|
(i,j,B)EA,
The space FS; is a Banach space. We also define the operator P, on
FS, and a set BE, of bounded functions in L' (£2) as follows:
Forany Fg = Y 1sisj B jpy P (XB) € FS;, has
BepU)
PFg = S 1sizj BjmPr (PLXB)). @
BepU)
Any Fp € FS; defines a bounded function as
fp = (Fp) = X 1sisj Bajm) PF(xB),
BepPW)

1@

Let

BE, ={f € 1'(Q): f = fz = ®(Fp),Fp € FS,}.
The norm in BE;is defined as;

leF)sr, = Py ¢(Fﬁ1)r1:f¢(Fa)a_e

BE, c L”(®) and ||fglle < |Ifgllzr, exist. Furthermore, it is
straightforward to demonstrate that Fya — Fgo in FS;  implies
pointwise convergence of fao 0 fpo in L'(2). According to both
facts, the operator @ form FS; onto L'(R) is continuous. Due to the
face that BF, = %, BE; with the norm ||. ||z, is a Banach space.
Finally, any function f € L1(2) , has an integral modulus of continuity
that is

||FB||FSI'
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Wy () = fn F G+ ) — FCOldan ().

5.1. Remark: It is worth noting that the integral modulus of continuity
of the sum of two functions f and g is bounded by the sum of their
individual moduli of continuity. That is;

Wyeg() = f I + )G+ ) = (f + ) ()] ()
n

=[, Ifx+)+g0+
) = f(x) — g(0)| dAy (x)

< f G+ £) — F(0)|dAn (x)
n

+ f G +6) — g0l ()
0

= Wi (t) + W, (D).
Let w(.)be a continuity modulus, which is a non-negative increasing
function with w(t) = 0. We then introduce a subspace of L!'(Q),
denoted by MCw, consisting of functions with a bounded modulus of
continuity. This is defined as:
MCw ={f € L*(Q): W(t)
<K.w(t), for someK >0 }

Here, w(.) is a continuity modulus, i.e. a non-negative increasing
function with w(t) = 0. We define a norm on MCw as follows:

Ifllmcw = max {IIf |l =ca), K¢},
Where K; = inf {K : W;(t) < K .w(t)}. MCw is a Banach space. In
the following, we demonstrate some of the space properties of
FS;,BF, and MCw .
We will use the compact subset of L'(£2) that is defined by the
following two propositionsas  F.

5.2. Proposition. Every bounded subset of MC, is precompact in
L*(0). Hence, MC,, represents the space of probability measures on
the infinite sequence space Q equipped with the topology of weak
convergence.

Proof. This result is obtained from Kolmogorov's theorem [19], which
is a classical and fundamental theorem in probability theory. The
theorem establishes a connection between the convergence of a
sequence of random variables and its convergence in L*. Specifically,
the theorem states that a sequence of random variables that are
uniformly integrable and converge in probability must converge in L.
Since every element of MC,, is a probability measure, it follows that
every bounded subset of MC, satisfies the conditions of
Kolmogorov's theorem [19]. Therefore, every bounded subset of MC,,
is precompact in L' (22). Which implies that MC,, represents the space
of probability measures on 2 equipped with the topology of weak
convergence.

5.3. Proposition. Let f; be a sequence in MC,, such that ||fillmce <
M, forallk=1,2,....
If fconverges to f in L1(2) , then f € MC, and

Ifllmcw < lim | filluco <M
Proof. We first note that since f;, — f in L'(2), there exists a

subsequence fi, such that f,, converges to f almost everywhere.
Therefore, fi converges to f almost everywhere. It follows that

£l o) < lim |l fiell o) < M.
According to the definition of ||.|lycew Ifll o) = fkllmMcw -
applying this along with ||fi|lpcw < M , for all k , in the previous
equation, we get:

1f Il Loy = M.

To prove that f belongs to MCw, we use the definition of Wy, which
is the integral modulus of continuity of f. By the assumption that f;
converges to fin L*(22) , we have the following:

3
Wy () = f F G+ ) = FGO] dan () ©

= f el +0) = fu(@)] dag ()
n
= Wfk(t)

Since fi, € MC, therefore,
W, (t) < lim Kf, w(2),
For some constant Ky, and for all t. Using the definition of
I-llmc,, - Kr, < Nfillmcew < M. Substituting this inequality into the
previous inequality, we get:
W, (t) < Mw(t) Vi 4)
By using (4) in (3) we obtain:
We(t) < Mw(t) = Mw(t).
Therefore f € MC,, and
Iflluc,, = max{lIfll 1=a. Kr}
As a result, we can use Equations (3) and (4) we obtain:
Ifllmc, = max{lim |Ifll o) Kr}
<M
This completes the proof, which involves using Equations (3) and (4)
that rely on the definition of Ky and W (t).

5.4. Corollary: The set

1)
3]/7—1
f €MCy, : |Ifllmc, Sm

Is a compact subset of L!(2) .

Proof. The proof follows directly from Propositions 5.2 and
Proposition 5.3, which establish that every bounded subset MC,, is
precompact in L (2) and that the MC,, norm of a sequence of functions
that converges to a function in L'(£2) is bounded by the limit of the
MC, norms of the sequence. Since F is defined as a subset of MC,,
with a bounded MC,, norm, F is a bounded subset of MC,,. Therefore,
by Proposition 5.2. Fis precompact in L'(2). Furthermore, by
Proposition 5.3, if a sequence of functions in Fconverges to a function
in L'(Q), then the limit function also belongs to MC, and has a
bounded MC,, norm. Therefore, F is closed in L1 ().

Since F is both precompact and closed in L' (£2), it is compact. Thus,
we have shown that F is a compact subset of L!(02).

5.5. Lemma: For a fixed positive number, for any,1 <i <j, and an
B € PY), then

WPTiXB (®) < 3||P*XB| Lw(ri(B))wr(t)- ()
where PiXB denotes the i-th iterate of the Perron-Frobenius operator
applied to the function XB, and W is the Wasserstein distance between
the probability measures induced by the functions.

Proof. To prove this lemma, we first use the definition of the Perron-
Frobenius operator to express P/XB in terms of the function X:(B) and
the Jacobian JL. Then, we upper bound the Wasserstein distance by
integrating the absolute difference of PAXB evaluated at two points. By
simplifying the integrand and applying the reverse triangle inequality,
we obtain a bound on the integrand in terms of the absolute values of
the function and its Jacobian. We then apply Lemma 3.5 with
appropriate choices of A and g to get the desired upper bound on the
integral, which leads to the desired inequality (5).
X.L_i(B) (x)

Ju(®)
An upper bound for WPTL-XB (t) can be obtained by,

PIXB(x) =

Wpixs(t) = f |PIXB(x +t) — PEXB(x)| dAy
n

:f XTi(B)(X +1t) B XTi(B)(x)
o | Jru(x+1) Jri(x)
—f |XTi(B)(X+ t) B Xicpy (%)
viey | JniCx+10) J2i()
Note that, (6) is equivalent to:
WPTiXB(t) = f

©H(B)

dA,

(6)

n

|PIXB(x + t) — PIXB(x)| dA,
sf |PIXB(x + t)|dA,
Ti(B)

+ f |PEXB(x)|dAy,
7i(B)
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< ||PIXB|| Lw(ft(g))/ln(fi(B))

HIPEXBI| po(rigay) A (T'(B))

=2 ,(z(B)) IPIXB| 1°(7i(B))
If max diam (t'(B)) <t , then Wy, (t) < 2t ||PIXB| 1)) -
Next, we observe that;

Wiy, (8 = f

L’(B)

1 _ 1
Jri(x +1t) Ji(x)

Jyi (r‘i(x + t)) —Jqi (r‘i(x))| di,
Ju (T + ) = It (@)

| di,
{(B)

- ri(B)Jri (T_i(X)) ( J,i(r‘)"(x)) ( )|dln
. Jqi Tix +t) —Jqi (%)
< 2. (i) f - T dx,
1 f Ju (T + ) = g (7))
Jo (%) Jricp Jri(r7H(x) "

By definition of ||P:XB|| 1 (+i(sy)- therefore:
Wprixs ®

Joi (r‘i(x + t)) —Ju (T_i(x))|
SR

_ Jut (T (x +0)
= ||PTXB||L°°(ri(B)) J;"(B) W

< |IPIXB|| 1°(c4(8)) f
T

- 1| da,

Ji(x)
Ji(x +1t)

= IFXE] 12(c'®) L(B) B 1| din

Thus, by Lemma 3.9, we get:

WPriXB (t) < ”P‘ELXB” Lw(ri(B))

J
2
X | exp (Ez Ayy+r)
k=1

- 1)A(E'(B)
Thus, in general, we have:
WPriXB (t)
< 2t ||PXB|| Lw(ri(B))

J
. 2
HIPIXBI pofuigry | €0 G ) By = 1
k=1

Thus, by definition 4.4 we have:
Wt (O < BUPEXBIL o1 gy 0 ().
5.6. Lemma: Given any @ (Fg) € BF;, the inequality
Wo () (£) < 3||Fﬁ||FST w,(t).

Holds, where W is the Wasserstein distance between the probability
measures induced by the functions.

Proof. Forany Fg € FS;, we start by expressing W¢(FB)(t) in terms
of the iterates of the Perron-Frobenius operator applied to XB,

Worp () = W B je) PEXB ()
BePW1sisj
Using the definition of @ and the decomposition of B given in Remark
5.1, we obtain:

W (5 (£) < Z |Biiml Wi (t)
BePW1sisj
Then, applying Lemma 5.5, to each term in the sum, which gives an
upper bound on the Wasserstein distance between the probability
measures induced by each term.

Wa (7 ) ()

<3 ) 1BaimlIPXBI ofupon
BepW1sisj
We then use the triangle inequality and the definition of ||Fg||Fs, to
obtain the desired inequality. Since the sum is finite, we can upper
bound it by a constant C > 0, which yields:
War ) (0) < 31IFgllps, we(0)
This completes the proof.

5.7. Proposition: For any ®(Fg) € BF;, the inequality
12 Ep)lIme, < 3lIPFp)Isr,
Holds.
Proof. By the definition of || - ||, to express the norm of

e F)llc, = max {1LERI = (ay Koqeg) |
Since BF, ¢ L*and [|@(Fg)l| 10y < lIP(Fp)llgF,, thus

2 Fp) e, < max {10EDsr, Koey) |
Which is defined as: Ko (r;) < 319 (Fp)l|pr,- Using Lemma 5.6 in

Koty = inf {K = Wor, () < Ko (D)

We get:

Korg) < 3lIFgllrs,
Therefore,

2 Fp)llmc,, < max{li®FEp)llsr, 31IFsllrs, }
< max {||F¢llrs, 31l FgllFs, }
= 3||Fﬁ||Fs,
< 3||Fgllrs,
= 3|[2(Fp)llsF,

This completes the proof. Proposition 5.7 is significant result because
it provides an upper bound on the norm of a composition of functions
in the space BF, with respect to the MC, norm. Specifically, it
establishes that the MC, norm of the composition of functions is
bounded by three times the BE; norm of the same function.
This result is particularly useful in the study of expanding
transformations that satisfy Schmitt's condition. It enables researchers
to control the growth of the norm of compositions of functions in this
space, which is important for establishing the existence and uniqueness
of ACIMs and for studying the properties of these measures.
Furthermore, Proposition 5.7 is a key component in the proof of
Theorem 5.13, which provides a complete characterization of the
ACIMs in this setting. The proof of Theorem 5.13 relies on a
combination of Proposition 5.7 and other techniques and results,
highlighting the importance of Proposition 5.7 in the study of ACIMs
in expanding transformations that satisfy Schmitt's condition.

5.8. Corollary: Let fz € BF; be a function such that f(; ;) = 0,B €
PWand ||PIXB| 1=q) = 1. Then, the inequality
1f lmc,, < 3lIFgllrs, holds.

Proof. Using Proposition 5.7 and the definition of the norm || - || g, we
can prove corollary 5.8 as follows. Let fz € BF, be a function
satisfying the conditions stated in the Corollary. By Proposition 5.7.
Ba,jp = 0 for B € P (j) and |IPEXB|| =) = 1. Therefore, we can
show that || f]lc,, is bounded above by 3 times the norm || Fg|| s, . This
completes the proof.

This result is significant because it provides an estimate on the growth
of the norm of compositions of functions in the space BF;, which is
crucial for studying the properties of ACIMs in expanding
transformations that satisfy Schmitt's condition. The proof of Corollary
5.8 highlights the importance of Proposition 5.7 in establishing upper
bounds on the norm of functions in this setting.

5.9. Remark: The set of functions
{fs € BE:: B jp) = O,|IPEXB]| 1oy = 1,B € PU}.
Is dense in the set of non-negative functions
{fel*@: f20,fllo@=1}

In other word, for any non-negative function f € L*() with unit
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norm, there exists a sequence of functions in {f,; € BE: B jp) =
0, [IPEXB]| ooy = 1,B € PO},

Here, BE, denotes the set of finite linear combinations of basis
functions chosen from a fixed set of admissible functions, and the
coefficients S satisfy certain non-negativity and sparsity constraints. P,
is a projection operator onto the space spanned by BE,, and P00 is a
collection of partitions of the j-th coordinate of 2.

The density result is significant because it shows that the set of
functions {fz} is a rich class of functions that can approximate any non-
negative function with unit norm to arbitrary precision. This result has
important implications for various applications, such as image
processing, signal processing, and optimization, where the
approximation of non-negative functions is a key task.

5.10. Remark: Relates to the expression for the projection operator P}
on the space spanned by BF,, which is given by Equation (7). Here,
P(B) denotes the collection of partitions A of the domain 2 such that
the intersection of A with B has a positive measure. In other words,
P(B)={A€P:A(ANnB) >0}
Then for B € pW
. | | )
P.(PIXB) = PIF1IXB nti(A)
A€EP(B)
relates to the expression for the projection operator P} on the space
spanned by BE;, which is given by Equation (7). Here, P(B) denotes
the collection of partitions A of the domain £2 such that the intersection
of A with B has a positive measure. In other words, P(B) includes all
the partitions that "touch" the set B. Therefore, we notice that for i <
j—1the set B nt7i(A) has a positive measure for the unique A
determined by the condition 7B < 4, (B nt7'A = B). Therefore:
iom | PIXB ifi<j—1
Fe(FXB) = {ermn PI1XB ifi=j-1
The estimates of Proposition (unspecified) and Remark 5.10 will be
used in the proof of Theorem 5.13, highlighting their significance in the
study of ACIMs in expanding transformations that satisfy Schmitt's
condition.

5.11. Proposition. The proposition presented here is a technical result
in the theory of E-transformations, which are commonly used in the
study of fractals and self-similar sets. Specifically, the proposition
establishes an upper bound on the sum of the norms of the intersections
between a set and the images of its E-transformations, assuming a lower
bound on the norm of the set itself. The proposition assumes that ¢ is
an E -transformation, and that @« > 2R and §,n,p are constants of
Remark 3.2. If the norm of ||PIXB|| @) = S |IPEXB|| 1i(e) Then the

sum

IPF1XB Nt~ A|| @) < plIPIXB| 1°(0)
AEP(B)

Proof. The proof first establishes that the condition on the norm of X’B
in L1(2) is equivalent to a condition on the supremum of the Jacobian
of 7! over XB.

IPXB]| L®(2) =]Ti(x)
and '

IFFXB|| 1=(0) = An(B).
Then, condition

. 6 .
1P XB|| 1= (a) 2 EIIPTLXBII L1(0)

Is equivalent to

sup J,i (x) = é/1n(B) ®)
B n
Hence:
_ An(B) i
) = iy ()

> inf e (%) An (<®).
Then, using the distortion and localization conditions of E -
transformations, the proof shows that the norm of the intersection of

X B with any image of t is bounded above by a constant time the norm
of XB in L ().

A(B) = lsup i 4(74(B))
6 B

Therefore, applying (8) in the right-hand side of the above equation, we
get:

16 .
An(B) 2 Eﬁln(B) An(Tl(B))

Therefore
n(t4(B)) < 1.
Ifi <j—1then:
IP#2XB 0 T Al| 1o(g) = [IPFFXB]| o)
A€EP(B)
1
=sup———=
reh Izt (0)

1
fclég Jri(‘r(x)) J-(x)
Therefore, by the localization condition:

. ; 1
IPHLXB 077 A|| (e < p sup——
AEP(B) XEB Jri(x)

= plIPFXB|| 1)
Depending on the value of i, the proof then either directly applies the
localization condition or uses Lemma 3.7 and Remark 5.10 to bind the
sum of the norms of the intersections of X'B with the images of ri*?
by a constant time the norm of X'B in L ({2).
Ifi =j—1,then,

[|Pi+1XB
A€P(B)

i X‘[n(BﬂT—j(A)) (X)
NT Al 1o (a) l————llw
d
AEP(B) 7)

1
= Z sup

ASE(B) XEBNTI(A) Ju (x)

= > s @)
AEP(B) XEBNT™(A)

= Z sup  J.i(x)
AcF( (BY) xEBNTi(A)

Sswpdy, () ) supd)
XEB 4 XEA
AeP(TJ(B))
< psup Jpi-1 (x)
XEB

= p||PIXB|| L®(Q)-

The proof uses several key inequalities and properties of E -
transformations, such as the distortion condition and the localization
condition. These conditions relate the norms of a set and its E -
transformations to certain geometric and analytic properties of the
transformations. Overall, Proposition 5.11 is a useful tool for analysing
the behavior of sets under E-transformations, and can be applied in
various contexts such as the study of self-similar measures and
geometric measure theory. The proposition is an important result in the
article because it provides an upper bound on the sum of the norms of
the intersections of a set with the images of its E-transformation, which
is a key tool used in the proof of Theorem 5.13.

5.12. Remark: For an E-transformations 7 and a set XB, the norm of
the intersection of £+ X'B with the image of 7 !4 is bounded above by
the Jacobian of 1 evaluated at the inverse image of the intersection,
multiplied by the norm of XB in L*(2).
IPF1XB Nt~ A|| 1°(0)
< J.(x71 ) IPXBI 1=y

By summing over all A in the partition P(B) and applying Lemma 3.5,
we obtain an upper bound on the sum of the norms of the intersections.
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|IPF1XB Nt A|| 1°(0)
AEP(B)

<( D &) |IPXBl )
A€P(B)
=YIPEXB|| 1= (o)-

where y is a constant given by the sum of the Jacobians of t evaluated
at the inverse images of all intersections.

These upper bound plays a key role in the following theorem, where we
prove that the set P; Fg is again in FS;, at least for Fp with positive
coefficients.

5.13. Theorem: For an E -transformation 7, with «a > 2R, and
constants &,n,p as defined in Remark 3.2. If Fz € FS; with non-

negative coefficients Bz =0, forall1<i<j,BePY, then
P Fp is also an element of FS_, at least for Fjg with positive coefficients.

8
IFFgllrs, < pliFgliFs, +5V||‘P(Fﬁ)||pm)-

Proof. To prove this theorem, we first use Equqtion (2) to express the
norm of P, Fg in terms of the norms of the sets P! XB, for various values
of i,j, and B.

IPglles, =1 D BajmPPXB)I
1=i<J pep() Fs.
We then use Remark 5.12, to rewrite this expression in terms of the
norms of the intersections of P/*1XB with the images of ‘4, where
A ranges over the partition P(B).

IPFslles, =1l D" Bage| Y. P*XB

15i<j,BEPU) A€P(B)
—i
NT'A | |lps,

By definition of || - ||rs, we obtain an expression for the norm of

1P F s,
= > Baml| . I1EPEXB)I =)
L=< pep( A€P(B)

We then define two sets, A; and B;, which partition the set of all
(i,j,B)with1 < i < jand B € PY,
A, ={(,j,B): 1<i<j and B € PV}

and
Be={(0j.B) € Ac+ I(PXB)l| o

g i
2 CI(PEXE)] v
Then we have:
|12 FgllFs,

= Z ﬁ(i.j.B) z ||PT(PTiXB)|| L®(0)

(i,j,B) €B; A€P(B)

+ Z ﬁ(i.j.B) z ”PT(P‘ELXB)” L®(0)
(i,j,B) € A;\B; A€P(B)
We use Proposition 5.11 and Remark 5.12 to bound the norms of the
intersections in the two sets separately.

1FcFg s,

< Y BusmplPXBll o)
(i,j,B) €B;

+ Z Biij )Y IIPEXB| = (a)
(i,j,B) € A{\B;
For (i,j, B) € A;\B, we use a bound on the norms of the sets

. o .
I1PEXB|| o) < E I1PEXB| 120

Thus, applying the above equation to the second term on the right-hand
side, we get;

1P Fgllrs, <p Bj.) ”P‘riXB”Ll(n)
(i,j,B) €B;

5 .
) Bamy - IPXBl
(i.j,B) € A7\B; K
Finally, we combine the two bounds to obtain an upper bound on the
norm of P Fp in terms of the norms of Fz and @ (Fz), where @ is the

linear operator defined in Equation (2).

1)
IPFgllrs, < plFgllrs, +YE||‘1’(F;;) Il 2oy
This completes the proof of Theorem 5.13.

5.14. Corollary: If we have a function fz € BF; with f(; ;g = 0, and
the ||PEXB|| 1oq) = 1, then the
IPfP(ERImc, < 3" IIFplles,
1-p*6
=5 7120 oy
is bounded by a quantity that depends on k, the norm of Fg in FS;, and
the norm of @(F) in L' ().
Proof. To prove this corollary, we use a straightforward induction
argument. The base case is given by Corollary 5.8, which states that the
norm of P,&(Fy) in MC,, is bounded by a quantity that depends on the
norms of Fz and ¢>(Fﬁ) in L1(2). For the inductive step, we use
Theorem 5.13, which provides an upper bound on the norm of P, Fy in
terms of the norms of F and @ (Fg) in L*(£2). By applying this theorem
k times and using the induction hypothesis, we obtain the desired bound
on the norm of B¥ @(F) in MC,,.
5.15. Remark: Since [|@(Fp) || ;1) = 1and 0 < p < 1, thus as k —
oo, the L*norm of the projection of PT"LD(Fﬁ) onto MC,, is bounded by
a constant that depends on §,7,y, and 1 — p. Specifically, we have
1P EDllnc, < 3727
As aresult, the distance between PT"cb(F,;) and the set F, defined as the
set of functions in MC, whose MC, norm is at most (36/ny)/(1 —
p), is zero in the MC,, metric. That is,
dis(P¥®(Fg),F) =0, in MC, metric,

+3

8
3y
where F = {f € MCy ¢ fllmc, < J_p}

Furthermore, by Corollary 5.4, we can also conclude that the distance
between PTkzb(Fﬁ) and F is zero in the L' metric on 0. That is,

dis(P¥®(Fg),F) =0, in L}(2) metric.

5.16. Theorem: If T is an E-transformation and a > 2R, then the
operator P,: L' (2) - L' (1) is strongly constrictive.

Proof. The proof relies on showing that a key inequality, Equation (1),
holds for a dense subset of

{f € L(): f 2 0,[If | oy = 1}.

To establish this inequality, the proof demonstrates that it holds for any
function of the form @ (F) in BE; with f(; ; gy = 0 and the L norm of
PiXB is equal to 1. That is, for any such function, we have

{©(Fg) € BE: Bi jp) = O, [IPIXB|| o0y = 1 }.

Remark 5.15 is then used to complete the proof.

Remark 5.15 is a key tool used in the proof of Theorem 5.16. The
remark relates the distance between two functions in different metrics,
which is useful in certain applications. In the proof of Theorem 5.16,
Remark 5.15 is used to relate the L* norm of a function to the L norm
of its E -transformations. Specifically, the proof shows that for any
function £ in the dense subset of L* () mentioned in the statement of
Theorem 5.16, there exists a constant Cy such that for any i > 0 and
B € 0, we have
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|P;'XB||OO < ¢|ifll,.

Here, P! is the i-th power of the Ruelle operator associated with the E-
transformations t, and X is the characteristic function of the set B.
The constant C; depends only on the function f and the E -
transformations t . To prove this inequality, the proof first shows that
Equation (1) holds for any function of the form @(Fg) in BF; with
B,j,p) = 0 and the L norm of PiXB is equal to 1, as mentioned in the
statement of Theorem 5.16. It then uses Remark 5.15 to relate the
L' and L® norms of @ (Fp) to obtain the desired inequality for any
function f in the dense subset of L*(£2) mentioned in the statement of
Theorem 5.16. Once this inequality is established, the proof is
completed by using it to show that the operator P, is strongly
constrictive on L*(2), as required by Theorem 5.16.

6. Discussions and Conclusion

To summarize, the text presents findings and proofs related to E -
transformations, which have applications in the study of fractals and
self-similar sets. Proposition 5.11 establishes an upper bound on the
sum of the norms of intersections between a set and the images of its
E-transformations. Theorem 5.13 builds on Proposition 5.11 to prove
that an operator is strongly constrictive on a particular space. Corollary
5.14 and Remark 5.15 provide additional insights and applications.
Remark 3.2 is a useful tool for proving the strong constrictivity of an
operator on a dense subset of a Banach space [20], while Remark 5.15
relates the distance between functions in different metrics. The dense
subset of L*(2) mentioned in Theorem 5.16 is crucial because
Equation (1) must hold for this subset to prove the theorem. Equation
(1) is an important inequality involving the E -transformations and their
associated norms. A dense subset is preferred because it is often easier
to prove results for certain families of functions that are not necessarily
dense in the function space being studied but are dense in a suitable
subspace. In this case, the dense subset of L* () consists of functions
of a specific form, namely @(Fg) in BE; with B(; ; 5y = 0 and the L*
norm of P:XB equal to 1. By showing that Equation (1) holds for this
dense subset, the proof concludes that the operator P, is strongly
constrictive on L (£2), which has significant implications for the study
of fractals and self-similar sets.

Conclusion

To conclude, this article delves into the multifaceted aspects of
absolutely continuous invariant measures (ACIMs) for piecewise
expanding chaotic transformations in R™ with summable oscillations
of derivative. The definition of ACIMs, their existence and uniqueness
criteria, and their important properties have been discussed in detail
along with the mathematical tools and techniques used to study them,
such as the Perron-Frobenius operator and Monte Carlo sampling
methods. The study of ACIMs is a challenging yet significant area of
research in dynamical systems and ergodic theory. ACIMs provide
valuable insights into the behavior of complex systems and are central
to the study of nonlinear dynamics. By understanding the properties and
behavior of ACIMs, researchers can gain a deeper understanding of the
long-term behavior of chaotic systems and their statistical properties.
Overall, this article aims to provide a useful introduction to the study of
ACIMs for piecewise expanding chaotic transformations and
encourages researchers to continue exploring this fascinating and
challenging field of research. The study of ACIMs for expanding
transformations in R™ that satisfy Schmitt's condition is particularly
important, as it can provide valuable insights into the long-term
behavior of various processes. The potential applications of these
concepts in ergodic theory and statistical mechanics make this a
promising area for future research.
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