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ABSTRACT

The regional exponential reduced observability concept in the presence for linear dynamical systems is addressed for a
class of distributed parameter systems governed by strongly continuous semi group in Hilbert space. Thus, the existence
of necessary and sufficient conditions is established for regional exponential reduced estimator in parabolic infinite
dimensional systems. More precisely, the introduced approach is developed by using the decomposed system and
reduced system in connection with various new concepts of (stability, detectability, estimator, observability and strategic
sensors). Finally, we also show that there exists a dynamical system for two-phase exchange system described by the
coupled parabolic equations is not exponentially reduced observable in usual sense, but it may be regionally exponentially
reduced observable.
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1. INTRODUCTION

One of the most important concepts in infinite dimensional systems analysis is observability concept. Many researches of
these concept included the notion of exponential observer (estimator), where Luenberger introduced this notion for finite
dimensional systems [22], and has been generalized to infinite dimensional systems described by strongly continuous
linear semi-group operators by Gressang and Lamont [20]. The purpose of an exponential estimator is to provide an
exponential state estimation for the considered system state [16]. New concept of regional analysis for a class of
distributed parameter systems was extended by Al-Saphory and El Jai et al. as in ref.s [1-7, 18, 16, 25-29]. Various
asymptotic characterizations have been established and explored in connection with sensors structures [1, 6]. In this
paper, we introduce and study the notion of exponential regional reduced state observability in a given region w of the
domain Q. Thus the developed approach is an extension of previous works to the regional case as in [2]. Moreover the
relationship between this notion, regional detectability and strategic sensors are studied and discussed. The main reason
behind the study of this notion (reduced observability), there exist some problem in the real world cannot observe the
system state in the whole domain, but in a part of this domain. The scenario described by (Figure 1) below, one is
interested in estimating the state in the green zone rather than in the entire space [12]. This problem falls into a class of
so-called regional observation and estimation problem introduced by Al-Saphory and El-Jai and their workers as in [1-7,
25-29].
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Fig. 1: Zone control R with fixed and mobile sensors

This paper is organized as follows. Section 2 is devoted to the introduction of regional exponential detectability and
considered system with wg-detectability and w-observability. We study the links of this notion with the regional
exponential observability and strategic sensors. In Section 3, we study a regional exponential observability through the
relations between wg-estimator reconstruction method and wg- observability. In section 4 we introduce regional
exponential reduced observability notion for a distributed parameter system in terms of regional exponential reduced
detectability and reduced strategic sensors. In the last section, we illustrate applications with different domains and circular
strategic sensors of two-phase exchange systems.

2. REGIONAL EXPONENTIAL DETECTABILITY

The detectability is in some sense a dual notion of stabilizability [15]. This notion was considered and studied in the whole
domain Q.

2.1 Considered Systems

Let Q be a bounded and open subset of R™, with boundary Q. Let [0,T], T > 0 a time measurement interval and w be a
non-empty given subregion of Q. We denote Q = Q X (0,0) and © = 3Q x (0,). Let X, U, and O be separable Hilbert
spaces, where X is the state space, U the control space and O the observation space. We consider X = L2(Q), U =
L%(0,00,RP) and O = L?(0,%,R%) where p and g hold for the number of actuators and sensors [17]. The considered
distributed parameter systems are described by the following parabolic equations

S 6) = Ax(§,0) + Bu(®) 9
x(n,t) =0 ) @
x(£,0) = x0($) Q
augmented with the output function
y(, ) =Cx(.,0) @)

where A is a second-order linear differential operator, which generates a strongly continuous semigroup (S4(t)) ;> On the
Hilbert space X = L?(Q), and is self-adjoint with compact resolvent. The operators B € L(R?,X) and C € £(X,RY) depend
on the structures of actuators and sensors [17] see (Figure 2).
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Fig. 2: The domain of Q, the sub-region w, various sensors locations.
That means, in the case of pointwise (internal or boundary) and boundary zone sensors (actuators), we have B & L(RF,X)
and C ¢ L(X,R?) [12, 22]. Thus, the system (1) has a unique solution given by

x(€,6) = S4(0x0(§) + [ S4(t — DBu(r)dr. @3

The problem is that how to give an approach which enable to estimate the system state in a sub-region w. The regional
exponential reduced estimator is defined when the output give a part of the state vector in this region.

2.2 Definitions and Characterizations

We extend some definitions and characterizations in the Hilbert space L?(Q) as ref.s [15, 19].
Definition 2.1: The semi-group (S4(t))¢s0 iS said to be exponential stable on Q or (Qg-stable) if there exist two positive
constants M and « such that

”SA(t)”LZ(Q) < Me_“t; t=0 (4)
If (S4(t))¢=0 is an Qg-stable semi-group, then for all x,(.) € X, the solution of the associated autonomous system satisfies

IxC, O)lliz) = N1Sa(Ox0(ll2(0) < Me™ lxo (Dl 2¢q)
and therefore
lim o [1XC, Ol 2¢) = iMoo 1S4 () x0 ()l 2(q) = 0.
we shall consider the following usual definition of stability.
Definition 2.2: The system (1) is said to be Qg-stable if the operator A generates a semi-group which is Qg-stable.

Definition 2.3: The system (1) together with the output (2) is said to be detectable on Q if there exists an operator
H: RY - [2(Q) such that (A — HC) generates a strongly continuous semi-group (S4(t))sso Which is Qz-stable.

Thus, if a system is (Qg-detectable), then it is possible to construct an exponential Q-estimator for the system state [9].

Remark 2.4: In this paper, we only need the relation (4) to be true on a given subdomain w c Q, i.e., if we consider a
subdomain w of the domain Q and let y,, be the function defined by

Yo L2(Q) - L2 () )
X2 XX =X|g

where x|,, is the restriction of x to w. Thus

||Xa)SA(t)||L(L2(-Q). 12(w)) < Me_“t; t>0. (6)
and then
limg e llX (., D)l 20y = 0.

We may refer to this as regional exponential stability (or wg-stability), which is the equivalent for the considered class of
systems to the exponential stability.

Definition 2.5: The system (1) is said to be regionally wg-stable if the operator A generates a semi-group which is regional
exponential stable (or wg-stable).

In this section, we shall extend the definition of detectability by using equation (5) to the regional case by considering w as
subregion of Q.
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Definition 2.6: The system (1)-(2) is said to be wg-detectable if there exists an operator H,, : R? - L?(w) such that (4 —
H,C) generates a strongly continuous semi-group (Sy,, (t))¢=0, Which is wg-stable.

The main reason for introducing the concept of wg-detectability is the possibility of constructing an wg-estimator for the
state of system (1).

2.3 wg-Detectability and w-Observability

It has been shown that a system which is exactly observable is detectable [16]. For linear systems, we recall the wg-
observability [2]. Now consider the autonomous system of (1) by the following form

20 = Ax(E,0) Q
x(n,t) =0 ) (7
x(£,0) = x0(§) )

where x(.,0) is supposed to be unknown. The knowledge of x(.,0) allows one to observe the state x(t,0) at any time t.
Measurements are obtained by the output function (2). The solution of the system (6) is given by:

x(.,t) = S4()x(.,0). (8)
Now define the operator:

K:x€X > Kx=CS(1t)x€O0, 9)
then y(.,t) = K(t)x,(.,0). We denote by K*: 0 — X the adjoint of K, and then, it is given by

K*y* = fotS*A (s)C*y*ds (10)
= The system (6)-(2) is said to be exactly w-observable if

Imy,K* = L?(w)
=  The system (6)-(2) is said to be weakly w-observable if

Im x,K* = L*(w).
= |f the system (6)-(2) is weakly w-observable, then x(.,0) is given by

xo = (K'K)™'K*y = K1y,

where K1 is the pseudo-inverse of the operator K [15, 25]. These definitions have been extended to regional boundary
case for parabolic, hyperbolic as in [26-28] linear, semi-linear and nonlinear [10-11, 29]. However, we can introduce the
following important result.

Corollary 2.7: If the system (1)-(2) is exactly w-observable, then it is wz-detectable. This result allows
3y > 0 such that II)((‘,XHLz(a,) <vyllcs( )xo”LZ(O,oo,ony € L*(w). (11)

Proof: We conclude the proof of this corollary from the results on observability considering y,K*[14]. We have the
following forms:

(@ ImFcImG
(b) There exist y > 0 such that [|F*x*||p < ¥||G*x*||y~, Vx* € V*.
From the right hand said of this relation 3 M, @ > 0 with y < M such that

YIG x|y < Me™||x* ||y
where P, U and V be Banach reflexive space and F € L(P,V),G € L(U,V).

Now, Let P =V = L*(w), U=0, F =1to L?(w) and G = S;(.) x& C* where S,(.) is a strongly continuous semi group
generates by A, witch is wg-stable then, it is wg-detectablem.

As in El Jai and Pritchard [17], we will develop a characterization result that links the wg-detectability in terms of sensors
structures. So, we recall some definitions related to sensors.

= Asensor is defined by any couple (D, f) where D a non-empty closed subset of , is the spatial support of the sensor,
and f € L?(D) defines the spatial distribution of the sensing measurements on D.
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In the case of a pointwise sensor, D is reduced to a point {b} and f = §(.—b), where D is the Dirac mass concentrated
in b. Depending on the choice of the parameters D and f we have various types of sensors, the output function (2) may be
written in the form

y() = [, x(&)f (§)d¢ (zone case)

y() = [ ,x(§,)8(¢ — b)dé = x(b,t) (pointwise case)
In the case of boundary measurements (pointwise or zone) the support of sensors D is subset of dQ. Then, the output
function (2) given by

y(t) = fﬂg—j(f, t)6(¢ — b)dé (Boundary pointwise case) 12)

Now in the case where the zone measurements, with D = I' € dQ and f € L2(I'). Then, the output function (2) given by

y@®) = [, g—z (&, £)f(5)dé (boundary zone case) (13)

= The sensors (zone or pointwise) (D;, f;) 1<izq are said to be w -strategic sensors if the system (1)-(2) is weakly w-
observable.
Let us consider the set (¢,;) of orthonormal functions in L?*(w) associated with the eigenvalues 4, of multiplicity r,, [15]

and suppose that the system (1) has J unstable modes. We have the following characterization of wg-detectability in the
terms of the structure sensors.

Proposition 2.8: Suppose that there are q zone sensors (D, f;) 1<izq- If

1) g=r.
(2) Rank G, =1,,Vn, n=1,...,]

with G = (G);; = (((p]-k,fl-)Lz(Di)) where sup, 1, =r <o and j=1,..,1%,.
Then the system (1)-(2) is wg-detectable.

Proof: by the result on observability considering x,K*[14], we can proof this theorem. We see that if the system is satisfy
the condition (2) above. Since Rank G, = 1y, therefore, the sensor of the system (1)-(2) is strategic sensor, and this system
(1)-(2) is weakly w-observable, then it's exactly w-observable, finally we have the system (1)-(2) is wg-detectable.

3. REGIONAL EXPONENTIAL OBSERVABILITY
In this section, we give an approach which allows constructing an w-estimator of Tx(¢,t). This method avoids the

calculation of the inverse operators, and the consideration of the initial state [18]. It enables to observe the current state in
w without needing the effect of the initial state of the original system.

3.1 wg-Estimator Reconstruction Method

We consider the system and the output specified by the following form:

(2 t) = Ax(,0) + Bu(t) Q

{ x(n, t)=0 (C] (14)
x(£,0) = x0(8) Q

(., 6) =cx(, b 0

Let w c Q be a given subdomain (region) of Q and assume that for T € L(L?()), and T = x,,T (where y,, is defined in (5))
there exists a system with state z(., t) such that

z(&,t) = Tx(§, t). (15)

Thus, if we can build a system which is an exponential estimator for z(¢,t), then it will also be an exponential estimator for
Tx(.,t), that is to say an exponential estimator to the restriction of Tx(., t) to the region w. The equations (2)-(15) give

[Jz,] - [%] x (16)

If we assume that there exist two linear bounded operators R and S, where R:R - L?(w) and S: L?(w) — L?(w), such that
RC + ST = I, then by deriving z(¢, t) we have

dz 2 0x ~ ~
S &0 =T=(§1) =TAx(&,0) + TBu(®)
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=TASz(¢,t) + TARy(.,t) + TBu(t).

Consider now the system (which is destined to be the maximal wg-estimator for z)

26,0 = E,2(6,8) + Gu(t) + Hyy (., ) 0
2(n,t)=0 S an
#(£,0) = 20(9) a

where F, generates a strongly continuous semi-group (Sg, (t))¢=0, Which is regionally exponentially stable on X = L*(w),
i.e., 3Mg ,aF, > 0, such that

1Sk, Ol 2 (@) S Mr, e~ !, ¥t 2 0. (18)
and G, € L(R?,[*(w)) and H, € L(R,L?(w)). The solution of (17) is given by

2(.,8) = S, (©)20(.) + [, Sg, (t = D[Guu(®) + H,y(, D)]dr (19)
3.2 wg- Observability

In this case, we consider T = I, and X = Z, so the operator equation TA — F,T = H,C of the w-observable reduces to
F, =A—H,C, where A and C are known. Thus, the operator H, must be determined such that the operator F,, is wg-
stable. For the system (14), consider the dynamic system

%(é’, t) = A2(§,t) + Bu(t) + H,(y(.,t) = C2(&,t)) Q
2(7]: t) =0 ¢) (20)
ZA({:O) =0 Q

Thus, a sufficient condition for existence of wg-estimator is formulated in the following proposition.

Proposition 3.1: Suppose that the system (1)-(2) is wg-detectable, and then the dynamical system (20) achieve the wg-
observability for the system (1)-(2), i.e.

limg Lo, [l2(§, £) = 2(8, )l 20y = 0.

Proof: By the same way with minor modifications as in ref. R. Al-Saphory [2] we can prove the proposition 3.1 in different
case of sensors (zone, pointwise) internal or boundary.

4. REGIONAL REDUCED EXPONENTIAL OBSERVABILITY

In this section we need some of additional assumptions, concerning the semigroup, its infinitesimal generator, and the
observation space, under which condition can be given a regional reduced estimator for the state system (1)-(2).

4.1 General Decomposed System

Now, under the assumption of strongly continuous semigroup we have the system (1)-(2) is reduced as in the additional
assumptions allow a decomposition of (1) to a form of the stabilizing operator H. These assumptions are as follows.

(1) A has a pure point spectrum, denoted by o (A4).

(2) S4(t) is a compact operator for some t > 0

(3) For & >0, o(A) the spectrum of A contained in the closed half plane {A: Re 1 = —63.

(4) The subspace associated with each finite dimensional point of a(4) in the half plane {1: Re 1 = —6}.

(5) 0 is finite dimensional.

These five assumptions are strong. The Hille-Yosida theorem implies that the set of spectral point of A lying in the half
plane {1: Re 2 = —6} forms a bounded spectral set. Denote this spectral set by g(4;). Using the spectral set a(4,), a
reduced form of (1) can be derived. Denote a(4) — a(A4,) by a(4;). As A is a closed operator with nonempty resolvent set,
operational calculus can be used to completely reduce the operator 4 in terms of the spectral sets g(4,) and a(4,) [20].
o(A,) and a(A,) determine subspaces X; and X,,

X = X,®X,, (21)
and projections E;: X - X, E,: X — X,, such that
EiAx = AE x

EzAx = Asz
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and Azx = Asz, D(Az) = D(A) n Xz

the operator A can be represented by

_ A1 0 x1 _ Bl
ax =7 Az] o] and B = [Bz] 22)

Where x = x; + x,,
x € D(A),x, € D(A1),x, € D(A,),B; € L(R?,X;) and B, € L(R?, X,)
as D(A) is dense in X, D(4,) is dense in X;, and D(4,) is dense in X,.

A, and A, are closed operators as A is closed operator. If A is the infinitesimal generator of a strongly continuous
semigroup, then the Hille-Yosida theorem shows that both A; and A, are infinitesimal generators. Using the decomposition
of X and A given by (21)-(22), and then (1)-(2) can be rewritten in the following forms [20]

%(5' t) = Ayx1(§, ) + E1 Byu(t) 0

x(n,t) =0 0 (23)
xl (f; 0) = xlo (E) Q
and
Z2(6,0) = Apxy (& 1) + EpBou(t)  Q
x,(,t) =0 ¢] (24)
xz(f: 0) = xzo(f) Q
Augmented with the output function
y(.,t) =Cx.(§,t) (25)

Equations (24)-(25) are called the reduced form of (1)-(2).

Since 4, is the restriction of A to X;, and D(4,) = D(A) n X;, the spectrum of 4, is a(4;) [21]. As the points of o(4,) are
isolated, each point by itself is a spectral set, and the spectral sets so formed are pairwise disjoint. Thus a projection E;;
and subspace X;; can be associated with each point A; € o(4;), and the subspace X; completely reduced to

X1 =X:10X,0 .. O Xip

where n is the number of points in o(4;). Each X;; is finite dimensional by assumption, hence X; is finite dimensional, and
A, is a bounded operator. Then choosing bases for X; and 0, (24) can be represented as a linear constant coefficient
ordinary differential equation, and C restricted to X; can be expressed as a matrix.

In terms of the finite dimensional bases for X; and 0, the homogeneous equations corresponding to (24)-(25) are

{aa— &) = 413, (£, 0) (26)
X1 (E' 0) = xlo (E)
{% (& t) = Axp (&, 0) (27)
%2(£,0) = x,,(&)

Where T is the coordinate space associated with the basis for X;, and C:X; — O in terms of the bases of X; and 0.

An estimate will now be made of the solutions of (28). A having a pure point spectrum implies that A, has a pure point
spectrum, while S4, (t) being a compact operator for some t > 0 implies that S, (t) is a compact operator. As S, (t) is a
compact operator, its spectrum consists of only point spectrum, denoted by Pa(S,,(t)) is given by

eP7Ut asRe g(A,) < -6, |lePoUt|| < e8¢
Then the spectral radius of S, (t) satisfies
o (84, (D)) < 7.

using a lemma of Hale [18]. For any y > 0 there exists an M(y) = 1 such that
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1S4, (©)x2, || < M(at1)e o+ |y ||
forall t = 0 and x;, € X,. Thus, (27) is exponentially stable.

4.2 General Reduced System

In the case where the output function (2) gives information about a part of the state vector x(¢,t), it is necessary to define
an exponential estimator enables to construct the unknown part of the state. Consider now X = X;®X, where X; and X,
are subspaces of X. Under the hypothesis of subsection 4.1, the system (1) can be decomposed [16, 20] by

_[A1x Asz _* _ B1]
A_[A21 Azz]' x—[xz], B= B,

where x; € X4, x, € X,,B; € L(X1,U) and B, € L(X,,U). Using the decomposition above, the system (1) can be written by
the form

% (€ 0) = A112: (€, 1) + Ar2x2(§, ) + Byu(t) 0

x1(n,t) =0 0 (29)
x1(£,0) = x01 (&) Q
and
%(f: t) = A1 (&, ) + Appx, (€, 1) + Bou(t) Q
x,(,t) =0 0 (30)
%2(£,0) = x2,(§) Q
augmented with the output function
y(,t) =Cx.(§,t) (31)

where x(¢,t) = x,(¢,t)® x,(&,t). The problem consists in constructing a regional exponential estimator that enables one
to estimate the unknown part x,(¢,t) equivalently; the problem is reduced to define the dynamical system for (31). Thus,
equations (30)-(31) allow the following system:

Z—Iz(f; t) = Aypa(é, t) + [Bu(t) + A1y, )] Q
a(n,t) =0 0 (32)
a(§,0) = ae($) Q

with the output function
§(.,t) = Agpa(.,t) (33)

where the state a in system (32) plays the role of the state x, in system (30).
4.3 Regional Reduced Observability and wgg-Detectability

As in previous section 2 we can extend these results to the case of regional reduced ordered system for regional
observability and wg-detectability. In this case, the equation (8) it can be given by define the following operator

Kixy € Xy > Kixy = Aq254,,(0)x; € 0, then y (., t) = K (t)x,,(.), with the adjoint K*: 0 — X, such that
K*y*(,t) = f, $(s) Aizy* (., s)ds.

Letw c Qand y,:L?(Q) - L*(w) = X5, X, = X4 = Xz,

where X2, is the restriction of the state x, to w.

Definition 4.1: The system (32)-(33) is called exactly regionally reduced-observable (or exactly wg-observable) if
Imy,K* = L?>(w) = X,

Definition 4.2: The system (32)-(33) is called weakly regionally reduced-observable (or weakly wx-observable) if

Imy,K* = L*(w) = X,
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Definition 4.3: The suite of sensors (zone or pointwise) (D;, fi)1<i<q are called regional reduced strategic sensors (or wg-
strategic sensors if the system (32)-(33) is weakly wg-observable.

Definition 4.4: The semi-group (Sa,,(t))¢=o is said to be exponential reduced stable (or Qg-stable) if 3 M, a > 0 such that

. <My, e™@ b=
1822 (Ol 2 ) < Mz, 2 0 (34)

Definition 4.5: Let (S4,,(t))¢=0 is an Qgp-stable semi-group, then Vv x, € X, the solution of the associated autonomous
system satisfies:

2 Dy = (350 %2, Ol oy S Mz O, Ol g
and therefore
limgseol12(, Oll1200) = 1iMeman[Sa, (%2, O] 2 ) = 0
Definition 4.6: The system (32) is said to be Qz%-stable if the operator 4,, generates a semi-group which is Qzx-stable.

Definition 4.7: The system (32)-(33) is said to be exponential reduced detectable on Q (or Qz¢-detectable) if there exists
an operator H: R? — L?(Q) such that (4,, — HC) generates a strongly continuous semi-group (Sa,,(t))¢=o Which is Qgx-
stable.

Remark 4.8: The relation (34) is true on a given subdomain w c Q, i.e.

[lXSa,, O, e, & My, e %2® t >0 (35)
and then

limg oo ll22 (-, D)1l 2y = 0
We refer to this as regional exponential reduced stability (or wgx -stability).

Definition 4.9: The system (32) The system is said to be regional exponential reduced stability (or wgg -stable) if the
operator A,, generates a semi-group which is wgg -stable.

In this section, we shall extend the definition of Qz¢-detectable (35) to the regional case by considering w as subregion of
Q.

Definition 4.10: The system (32)-(33) is said to be regional exponential reduced detectable (or wg¢-detectable) if there
exists an operator H,: R? - L*(w) such that (A,, — H,A;;)generates a strongly continuous semi-group (Sa,, (t))¢=o,
which is wgg-stable.

From proposition 3.1, we have the dynamical system for (32)-(33) may be given by
%({, t) = Ay2(§,t) + [Bou(t) + Az y(, )] +

Hy[F(, 1) — A1p2(,t)] Q (36)
2(n,t) =0 0
2(£,0) = 2(&) Q

where (A4,; — H,A:;) generates a strongly continuous semi-group (Su,,(t))¢=o Which is wgyp -stable on the Hilbert
space X, ¢ X = L2(Q), (B, — H,B1) € L(R?, X,) and (A5,H,, — HyA1,H,—HyArr + Az1) € LR, X,) [7).

The importance of reduced wgg-detectability is possible to define a reduced wgg-estimator for system state may be given
by the following important result:

Theorem 4.11: If there are g sensors (D, f;) 1<i<q @nd the spectrum of A, contains ] eigenvalues with non-negative real
parts. The system (32)-(33) is wgg-detectable iff

1. g=m,

2. Rank Gy, =my,Vi,i =1,...,] with

(@0;(.), it iz, for zone sensors

{(p]-(bi), for pointwise sensors

where supm,, =m; < oandj =1,...,00.

Proof: The proof is developed to the case of zone sensors in the following stapes:
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1) The system (32) can be decomposed by the projections P and I — P, on two parts, unstable and stable under the
assumptions of section 4.2, where P and (I — P) are play the role of projection as Ei, E, in section 4.1. The state
vector may be given by

% (6,0 = [x, (6,0 5,6, 0]

where x,, (¢, 1) is the state component of the unstable part of system (32), may be written in the form

a::1 (& t) =A%, (&) + ?[A211x11(f' t) + Bu(t)] Q
X2,(,£) =0 0 (37)
le(fﬁ 0) = x210 ({) Q

and x,, (¢, t) is the component state of the stable part of system (32), given by

a::Z (€, 6) = Ay, %2, ) + (I — ?)[A212x12(f: t) + Bu(t)] Q
X2, t) =0 0 (38)
x2,(§,0) = xz, (§) Q

The operator A,,, is represented by a matrix of order (Z{zl my, ,2{21 my, ) given by

Agay = diag| Az, Ay, s Ao e Aoy | AN

PB, = 64,6, ..., 64|
From condition (2) of this theorem, then the suite of sensors (D;, f;) 1<i<q IS wg-strategic for the unstable part of the
system (32), the subsystem (37) is weakly regionally reduced-observable in w (or weakly wg-observable) and since it
is finite dimensional, then it is exactly regionally reduced-observable in w (or exactly wg-observable).
Therefore it is wgg-detectable, and hence there exists an operator 7} such that (A2, — }[oﬁAlzl) which satisfies the
following:

My, al, > 0 such that ||e(A221_}[3’A121)t||L2(w) < MLe~%®
and we have

2y D1y < MO P26 Ol
Since the semi-group generated by the operator 4,,, is wg-stable,

IM2, a? > 0 such that

2, Ol .y S MEe™*ON U = Phxzo Ol 5,

N fot M(%e—aé(t—r)”([ = :P)xZO(.)||L2(w)||u(r)||d‘r
and therefore x,(¢,t) —» 0 when t - o. Thus, the system (32)-(33) is wg-detectable.

2) If the system (32)-(33) is wgp-detectable, then
3 H,, € L(L?(0,0,RY), 1*(w)) such that (A2, — H,,A1,) generates an wgx -stable, strongly continuous semi-group
(Sa,,())e=0 0on the space L?(w) which satisfies the follwing
M, a, > 0 such that

xS, Ol 2., < Mwe™e®

Thus the unstable subsystem (37) is wg-detectable. Since this subsystem is of finite dimensional, then it is exactly
wg-observable. Therefore (37) is weakly wg-observable and hence it is reduced wg-strategic, i.e.
[Fxix3(.,t) = 0= x3(.,t) = 0].Forx;(., t) € L?(w) we have

Kxoxs (-, 6) = (Bhoy €800, 250 D)2y (05 (D il D) za)1sisq
If the unstable system (37) is not wg-strategic, 3x;(., t) € L?(w) such that Ky}, x;(.,t) = 0 this leads to

Y@ (23 Ci2)(@i () il Nizgey = 0
the state vectors x,; may be given by

% « tr
xp,(,t) = [((,01(-),?52 GOz {ei (), x3(, t»Lz(w)] #0
we then obtain GZi"Zi =0,Vi,i =1,..,J and therefore Rank G,, # m,,.

Here, we construct the wgg-estimator for parabolic distributed parameter system (1), we need to present the following
remakes

Remark 4.12: Now, choose the following decomposition:

z= [2] - [q) +y?fwy]
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which estimates exponentially the state vector
x= [xz]
Then, the dynamical system (36) is given by the following system:

d
(S2(5,8) = (Azz — Hohz) 9(E,0)
é +[A22}[w - }[wAIZ}[w_}[wAll + A21]

y(&, ) + [By — H By Ju(t) Q (39)
l p(n,t) =0 0
9(€,0) = o) Q

which defines an wgg-estimator for T, x, (¢, t) if

1. hmt—mo”(p(f: t) - T(A)xz(fl t)”Lz(w) =0
2. T,:D(Ay) » D(Ay, — HyAq,) Where T, = x,,T and @(§,t) is the solution of system (39).

Remark 4.13: the dynamical system (39) observes the regional reduced state of the system (1) if the following conditions
satisfy:

1. 3L € L(0,1*(w)) and M € L(L*(w)) such that:
LA, +MT, =1,
2. TyhAzy — (A2 — HyA12)T, = HyArp and (B; — HyBy) = T,B;
3. The system (39) defines an wgx-estimator for the system (1).
4. IfX =X, and T, = I, then, in the above case, we have
Ayy — (A3, — }CwAn) = HyAq1
Remark 4.14: the system (1) is wgg-observable if there exists an wgg-estimators (39) which estimate the regional
exponential reduced state of this system.

Now, we present the sufficient condition of the regional exponential reduced observability notion as in the following main
result.

Theorem 4.15: If the system (32)-(33), is wyp-detectable, then it is wzg-0bservable by the dynamical system (39), that
means

limeo|[ (0,0 + Hoy (D) — %0, ) =0,
Proof: The solution of the dynamical system (36) is given by
2(,) = Sy, (020(8) + [ Sy, (¢ = D[Byu(r)

+A21y (&, 1) + Hyy (€, D]dr (40)

From the equations (32) and (33), we have
(6, 6) = Appal, £) = Z2(E,6) = Ayyy (£, £) — Byu(t) (41)
By using (41) and (40), we obtain
2(5,6) = Sy, ()20() + [ Sy, (t = 1), 22 (¢, 1)de
+ [ Ss, (¢ = ) [Bou(r) + Az y(€,7)

—H,yA11%, (., T) — HyBiu(r)]dr. (42)

and we can get
Jy Sty (t = DH Z2(E, )T =Hyo 1 (1) — Sy, ()H 0, ()
+ (Ag2 = Horz) [} Sig, (t = T) Hoxy (, T)dr (43)
Using Bochner integrability properties and closeness of (4,, — H,A,), the equation (43) becomes

Jy Sat, (t = D, 22 (6, 1)dT = %, (., 1) — Sy, (OF%o, ()
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+(fy Sae, (t = T) (Agz — H A1) Hox, (§,0)dT (44)
Substituting (44) into (42), we have
2(,6) = Sy, (026(.) = Sy, (OVHaxo, () + Hyx, (,6)
+J S, (t = ©) [Ag2Ho — HoArzHo — HoAgy + Agy]ay (1t + [ Sy, (t — D[B; — HyByJu(o)dr. (45)

Setting ¢(.,t) = 2(.,t) — H,y(, t)with @o(.,0) = 2,(.) — Hyxo,(), where yo() = xo,(.). Now, assume that (Ay,H, —
H,ALH, —HyA11 Ayy) and (B, — H,,B;) are bounded operators , the equation (45) can be differentiated to yield the
following system

r??_(f (5' t) = (Az2 — HwAu)(P(f: t)+ (A, Hy — H A H,
—HyAp + A0y, ) + (B — H,Bult) Q

emt) =0 0
P&, 0) = @o(&) Q

and therefore

ZED 22D = (9D +H,y(E D) — (6,0
= (Az2(¢,t) + Bou(t) + A y(L, ) + H,(F(E D)
—A122)(&,t) = Ap1x1 (&, 1) — A (€, 8) — Bou(t)
= (Azz = HypA12) (2(6, 1) — x2(§, 1)) (46)
From the relation
XSz, 22, Ol 2.y S Maype™ 22Oz, Ol 2,
we obtain
I12C,8) — 220, 0 Nze)< N XewSae,, () Nzl 2¢,0) = x2(.,0) N2

< MH e ol || 2(,0) — x,(.,0) Il 2(y— Oast - oo 47

where the component 2(¢, t) is an exponentially estimator of x,. then, we have the system (36) is a wgg-observable for the
system (32)-(33).

From the previous theorem 4.15, we can deduce the following definition which characterizes another new strategic sensor:

Definition 4.16: A sensors is wgg-strategic sensor if the corresponding system is wgx-observable.

5. APPLICATIONS TO EXCHANGE SYSTEMS

Consider the case of two-phase exchange system described by the following coupled parabolic equations:

lf% (1 ét) = af_;l &1 é2t) + ﬁ(%(fpfz' t) — x2(&1, &2, t)) Q
{ aai: (51' 62' t) = }/% (51' 52* t) + B(XZ(ED 52' t) - xl(flr EZI t)) Q (48)
[ x1(§1,§2,0) = xol(fpfz); x3(§1,$2,0) = xoz(fp §2) Q

x1(M, M2 t) =0, x,(N1,M2t) =0 0

and consider Q = (0,1) x (0,1) with subregion w = (a4, 8;) X (@3, B,) € Q. Suppose that it is possible to measure the
states x; (., t), by using q zone sensors (D;, ;) 1<i<q - The output function (2) is given by
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y(®) = Cx (0 t
=[5, 21 @ OR@E .. [, 3 (€ DfdE]

Now, the problem is to estimate exponentially x, (¢, t).
Let us consider

0xq

ax _ |ae | _ [A1r Arz][*1

ot~ |ox| T Ay Azz] [xz] (49)
at

where
9%xy 3%x,
A = aﬁ(fl:fz:t) + 8,45, = Vﬁ(fvfz't) +p
and

Ay = Ay = —pL

From theorem 4.11, we can construct regional reduced estimator for system (48) if the sensors (D;, f;) 1<i<q are w-strategic
for the unstable part of the subsystem

%(51,52,15) = Ya;_;zl(fvfz: t) + B(x1 (€1, &2, 8)

—x2(§1, €2, 1)) 9 (50)
%1(§1,§2,0) :xol(fpfz) Q
x1(1M1,M2,t) =0 0

where that y = 0.1 and § = 1. If we choose the sensors(D;, f;) 1<i<q Such that

tr
y() = [fD1x1(Szl'Stz' 0)f1(§1,§2)d&,dE; ... fqu1(51:fz: t)fq(flﬂfz)dfldfz] #0,
then, there exists H,, € L(RY,L?(w)) such that the operator (4,, — H,A,,) generates a strongly continuous stable semi-
group on the space L?(w). Thus we have

limn—mo”(w(- ) t) + }[wxl(- ] t)) - xz(- ) t)”Lz(w) = 0!

where

B (662 ) = ¥ 55 (60, 5200) + AL+ HIW(E, £2,)

0xq

= aty) 5 G0 62, ) + (HE — DG S 0) Q (51)
w(1,62,0) = wo(é1, §2) Q
W(nlrrhrt) = 0 @

In this section, we give the specific results related to some examples of sensors locations and we apply these results to
different situations of the domain, which usually follow from symmetry considerations.

We consider the two-dimensional system defined on Q = (0,1) x (0,1) with the case of system described by the following
equations:

{%(51,52, t) = Va;—;zz (&1, &2,t) + Bxp (81,82, 8)

—Bx1(§1,82,1) 9 (52)
lxz(fpfz» 0) = x0,(¢1,&2) Q
xz(’hr??z,t) =0 0

augmented with the output function

y(®) = Cx; (1) (53)

Let w = (aq, B1) X (a3, B2), In this case the eigenfunctions and eigenvalues for the dynamic system (52) for Neumann
conditions are given by

I -2 e ($1m) oo o (2=

(pU (61' 62) V(Bi—ay)(B2—az) Sin im (/?1—“1) Sln]n (/?2—“2) (54)
= iz 2 2 i

AU ((51—0‘1)2 + (52—(12)2) m, bj =1 (55)

We examine the tow cases illustrated in (Figures 3 and 4):
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5.1 Internal Rectangular Sensor

For discussing this case, suppose the system (52)-(53) where the sensor supports D; is the located in Q. The output
function can be written by the form

y(@) = fDixz(fl»fz»t)fi(fhfz)dﬁdfz: (56)

where D c Q, is the location of zone sensor as in (Figure 3).

Fig. 3: Rectangular domain, region w and location D with rectangular support sensor

Then, the sensor (D;, f;) 1zi<q May be sufficient for wzz-observability, and there exists H,, € L(RY, L*(w)) such that the
operator (4,, — #,,A;,) generates a strongly continuous stable semi-group on the space L?(w). Thus we have

limy o [[(W(&1, §2,8) + Hiyx2 (61,62, 8)) — %1 (1, &2, Ol 2y = O,

where

(5 Cudat) = Y58 Gudat) + B+ HIW (L E20t)
ax.

+(y ' a}[w) 3_52 (fll 52: t) + (Haz) Y 1)(51' EZ' t)) Q (57)
w(é1,&2,0) = wo (&1, &2) Q
\w(&, &, 0) = 0 0

Then, we have the following result

Proposition 5.1: Suppose w = D; = &, [a; — §i,o Bi — &,] © 2 as in (Figure 3). Then the sensor (D;, f;) 1<isq IS NOt wpg-
observable by the wgg-estimator (57), if for any i, € {1,2}, io(&;, — a;,)/ (&, — B:i,) € Q and f; is symmetric about the
line x;, = ¢&;,.

Proof: suppose iy = 1, (§;, — a;,)/ (&, — Bi,) € @, then there exists j, = 1 such that Sin (jomc,/f; a;) = 0. But

4 2 ax+éy pa1+éy
y(©) = {f1, 9igjy) = (m) Jay il e G0, 82)

Sin [ ( ;fill)] Sin [ ( ;:’f;)] d&, d¢,

If f, is symmetric about &; = x, the integral in the square bracket is zero and hence y(t) = {f, 9;,j,) = 0.
5.2 Internal circular sensor

Consider the system (52) augmented with the output function y(t) = Cx,(.,t) where the sensor supports D; is located
inside the domain Q. The output y(t) = Cx; (., t) can be written by the following form

y(t) = fDl.xl (r’ 9: t)fl (r! H)dideil (58)

where D; = (r;,6;) c Q, is the location of zone sensor as in (Figure 4).

t D

1
Caz

B2

a2

H
o
@1 B1 €1 1

Fig. 4: Rectangular domain, region w and location D with circular support sensor
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Then, the sensor (D;, f;) 1zi<q May be sufficient for wgr-observability, and there exists H € L(RY,1%(w)) such that the
operator (4,, — H,A;;) generates a strongly continuous stable semi-group on the space L?(w). Thus we have

limt—mo || (W(T, 91 t) + }fmxz (T', 9: t)) — X1 (T, 9: t) “Lz((u) = 0'

where
ow 22w
e (r,0,t) = yﬁ(r, 6,t) + B((1 + 3, ,)w(r,6,t)
+r — aH) T2 (0,0 + (HE - D(,0,0) Q (59)
l w(r,8,0) = wy(r,9) QO
w(r,8,t) =0 0

Then, we have the following result:

Proposition 5.2: Suppose w = D; = D;(c,7) € @ =1-;(0,1)c = (c1,¢;). Then the sensor (Dy,f;)1cicq IS NOt wgx-
observable by the wgg-estimator (59), if for any i, € {1,2}, io(c;, — a;,)/(c;, — B;,) € @ and f; is symmetric about the
line x;, = c;,.

Proof: suppose i, = 1, then there exists j, = 1 such that cos (j,mc; /B, @;) = 0. Consider the output function (53) with the
change of variable x, = ¢; + 7 cos 6,x, = ¢, + 7 sin 6, then

s =
(Br—a)(Bz—az)

1/2 . Ly ) o
) ST Sy fulen + 7 Cos,c, + 7 Sin @) x Sin [P E0A] gy [LHEATINA £ g7 g

() = {f1 0150) = ( - =

Since f; is symmetric about x, = c;, the function

(#,6) = fulc; +7Cos @, c, + 7 Sin B)cos [ 2200

(B2—az)
is symmetric on [0, 7] about 8 = /2 for all #. But the function

(7,0) = Sin [22a215na0)

is antisymmetric on [0, 7] about /2. By decomposing the integral as a sum on [0, ] and [, 27] it is easy to see that
y(®) = {fi, ¢i,j,) = 0.
Remark 5.3: These results can be extended to the following:

(1) Case of Neumann or mixed boundary conditions.
(2) Case of boundary (pointwise, zone) sensors.

6. CONCLUSION

The concept developed in this paper is related to the regional exponential reduced observability in connection with the
strategic sensors. Various interesting results concerning the choice of circular sensors are given and illustrated in specific
situations. Many questions still opened. For example, the problem of finding the optimal sensor location ensuring such an
objective. The result of regional exponential reduced observability concept of hyperbolic linear or semi linear or nonlinear
systems is under consideration.
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