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ABSTRACT  

The main idea of this paper is to give and explore original results related to the general asymptotic regional 

gradient observer for a diffusion system in connection with gradient strategic sensors structures. Thus, we 

establish a definit ions and characterizat ion of this notion and show that under what condition the general 

asymptotic regional g radient observer guaranteed. The obtained results are applied through  the example with 

various gradient sensors structure. 
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INTRODUCTION 

 

The analysis of distributed parameter system is motivated to be able to deal with many questions in real 

problems such as mechanic, thermic and environments as in [13-14]. Thus, the concept of observability notion 

has been developed and survey of these developments as in [15-16]. One of the most important notion in system 

theory is focused on reconstruction the state of the system from knowledge of dynamic system and output 

function not in whole the domain  but only in the sub-region of a spatial domain as in  [6,19]. An extension of 

theses notion is found in[7] when one may be reconstruction the gradient state observation in a  crit ical s ub-

region of the spatial domain. These concepts have been extension from regional internal gradient case to the 

regional boundary gradient case as in [10, k[22]. Thus,  it is very necessary to deal with the observer theory 

concept to estimate (observe) the state of dynamic system by building another dynamic system from measured 

input and output of the original system [17,20]. Thus, the study of a asymptotic regional behavior of the system 

has been introduced by Al-Saphory and El Jai [3-4]. Thus , the principal reason for introducing this concept is 

that, firstly it makes sense for the usual observer concept closer to real world problems, and secondly, it can be 

introduced and explore the orig inal results related to the general asymptotic regional gradient ob server in [11] 

for a d iffusion system in connection with gradient strategic sensors structure. Moe precisely, we establish a 

definit ion and characterization of this notion and we show that under what condition the general asymptotic 

regional gradient observer is guaranteed. This is the subject of this paper which is organized as follows: 

In section two is devoted to the presentation of the system under consideration. Section 3 we give some 

definit ions related to the ωG-strategic sensors, 𝜔𝐴𝐺 -detectability and 𝜔𝐴𝐺 -observers. In section 4 we gives a 

characterize for existing 𝜔𝐴𝐺 -observers to provide a general asymptotic regional gradient estimator of grad ient 

state for an original system via sensors structures and we show that there exist a  general asymptotic 𝜔𝐺 -

observers in the subregion is not general asymptotic 𝐺- observer in the whole the domain Ω. 

  

 

 

2. Problem Statement: 

Let Ω be a regular bounded open subset of 𝑅𝑛 , with smooth boundary 𝜕Ω  and 𝜔 be subregion of Ω, [0,T], 

𝑇 > 0  be a t ime measurement interval. we denoted 𝑄 =  Ω × ]0, 𝑇[ , 𝛴 = 𝜕Ω × ]0, 𝑇[ . We considered 

distributed parabolic system is described by the following equation:     

{

𝜕𝑥

𝜕𝑡
(𝜉, 𝑡) = ∆𝑥(𝜉 , 𝑡) + 𝐵𝑢(𝑡)                                     𝑄

 𝑥(𝜉 ,0) = 𝑥0(𝜉)                                                              Ω 

𝑥(𝜂, 𝑡) = 0                                                                       𝛴 

                 (1)  

Augmented with the output function  

𝑦(. , 𝑡) = 𝐶𝑥( , 𝑡)                                                            (2) 

Where ∆ is a second order linear differential operator, which generator a strongly continuous semi-group 

(𝑆𝐴(𝑡))𝑡≥0on the Hilbert  space 𝑋  and is self-ad join with compact resolvent. The operator 𝐵 ∈ 𝐿(𝑅𝑝 , 𝑋)  and 

𝐶 ∈ 𝐿(𝑅𝑞, 𝑋) , depend on the structure of actuators and sensors  [18]. The space 𝑋,𝑈 and 𝒪  be separable Hilbert 
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spaces where 𝑋 is the state space, 𝑈 = 𝐿2(0, 𝑇, 𝑅𝑝) is the control space and 𝒪 = 𝐿2(0, 𝑇, 𝑅𝑞) is the observation 

space where 𝑝 and  𝑞 are the numbers of actuators and sensors (see Figure 2).  

 

 
 

Fig. 2: The domain of 𝛀, the sub-region 𝝎, various sensors locations  

 

Under the given assumption, the system (1) has a unique solution  [21]: 

𝑥(𝜉 , 𝑡) = 𝑆𝐴(𝑡)𝑥0(𝜉) + ∫ 𝑆𝐴(𝑡 − 𝜏)𝐵𝑢(𝜏)𝑑𝜏
𝑡

0           (3) 

The measurements are obtained through the output function by using of zone, point wise which may  located 

in Ω (or 𝜕Ω). [18] 

𝑦(. , 𝑡) = 𝐶𝑥(𝜉  , 𝑡)              (4) 

  We first recall a sensors is defined by any couple (D, f ), where D is its spatial support represented by a 

nonempty part of Ω̅ and f represents the distribution of the sensing measurements on D. Depending on the nature 

of D and f , we could have various type of sensors. A sensor may be pointwise if D={b} with  𝑏 ∈ Ω̅  and 

𝑓 = 𝛿(. −𝑏), where 𝛿  is the Dirac mass concentrated at b. In this case the operator C is unbounded and the 

output function (2) can be written in the form  

𝑦(𝑡) = 𝑥(𝑏, 𝑡) 
 It may be zonal when 𝐷 ⊂ Ω̅ and 𝑓 ∈ 𝐿2(𝐷). The output function (2) can be written in the form  

𝑦(𝑡) = ∫ 𝑥(𝜉, 𝑡)𝑓(𝜉)𝑑𝜉
𝐷

 

 In the case of boundary zone sensor, we consider 𝐷𝑖 = Г𝑖 ⊂ 𝜕Ω  and 𝑓𝑖 ∈ 𝐿
2(Г𝑖 ), the output   function (2) 

can be written as  

𝑦(. , 𝑡) = 𝐶𝑥(. , 𝑡) = ∫ 𝑥(𝜂, 𝑡)
Г𝑖

𝑓𝑖 (𝜂)𝑑ƞ      

 We define the operator  

𝐾: 𝑥 ∈ 𝑋 → 𝐾𝑥 = 𝐶𝑆𝐴(. )𝑥𝜖 𝒪                      
  We note that 𝐾∗ :𝒪 → 𝑋 is the adjoint operator of K defined by  

𝐾∗𝑦∗ = ∫ 𝑆𝐴
∗(𝑠)𝐶 ∗𝑦∗(𝑠)𝑑𝑠                          

𝑡

0

 

 Consider the operator  

∇: 𝐻1(Ω) → (𝐻1(Ω))𝑛 

𝑥 → ∇𝑥 = (
𝜕𝑥

𝜕𝜉1
, … ,

𝜕𝑥

𝜕𝜉𝑛
) 

and the adjoint denotes by∇∗ is given as  

∇∗: (𝐻1(Ω))𝑛 → 𝐻1(Ω)    

𝑥 → ∇∗𝑥 = 𝑣 

where 𝑣 is a solution of the Dirichlet problem 

{∆𝑣 = −div
(𝑥)     𝑖𝑛 Ω         

𝑣 = 0                    𝑜𝑛   𝜕Ω    
 

 For  a nonempty subset 𝜔 ⊂ Ω   consider the  regional gradient  restriction operator 
            𝜒𝜔: (𝐻

1(Ω))𝑛 → (𝐻1( 𝜔))𝑛

𝑥      →      𝜒𝜔𝑥 = 𝑥 ∣𝜔
 

It’s adjoint is denoted by 𝜒𝜔
∗ . 

 χ̃
ω
: {
𝐻1(Ω) → 𝐻1( 𝜔)
𝑥 → χ̃

ω
𝑥 = 𝑥 ∣ω

                                                                                                                                              

where 𝑥 ∣ω  is the restriction of 𝑥 to ω . 

It’s adjoint is denoted by χ̃
ω

∗
. 

 Finally, we introduced the operator 𝐻 =  𝜒𝜔∇𝐾
∗ from 𝒪 into(𝐻1( 𝜔))𝑛 . 

The problem is how to build an approach which observe (estimates) an asymptotic regional gradient state in 

subregion in 𝜔 of Ω in general case only. 
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3. Sensor and Asymptotic 𝝎𝑮-Detectability: 

This concept of regional detectability is introduced and extended by Al-Saphory and El-Jai as in  [1, 3-4] 

and then for the boundary case see [10-11]. In this section, we extend some definit ions and  characterizations to 

the concept of asymptotic reg ional grad ient detectability in order to construct an general asymptotic 𝜔𝐺 -

observer for the current gradient state of the original system. For this purpose we need some definitions and 

characterization as in [6, 9-10]. 

 
3.1 Definitions and Characterizations: 

Definition 3.1: 

The systems (1)-(2) are said to be exactly regionally gradient observable on 𝜔 (exactly 𝜔𝐺  –observable) if  

𝐼𝑚 𝐻 = 𝐼𝑚 𝜒𝜔∇𝐾
∗ = (𝐻1(𝜔))𝑛  

 
Definition 3.2: 

The systems (1)–(2) are said to be weakly regionally gradient observable on 𝜔 (weakly 𝜔𝐺  –observable) if  

𝐼𝑚𝐻̅̅ ̅̅ ̅̅ = 𝐼𝑚 𝜒𝜔∇𝐾
∗̅̅ ̅̅ ̅̅̅ ̅̅ ̅̅̅ ̅ = (𝐻1(𝜔))𝑛  

 
Remark 3.3: 

The definition 3.2 is equivalent to say that the systems (1)-(2) are weakly 𝜔𝐺  –observable if 

𝑘𝑒𝑟   𝐻∗ = 𝑘𝑒𝑟 𝐾𝛻∗𝜒𝜔
∗ = {0} 

 
Definition 3.4: 

A sensor (𝐷,𝑓) is gradient strategic on 𝜔 (𝜔𝐺 -strategic) if the observed system is weakly 𝜔𝐺 -observable.  

 

Definition 3.5: 

The system (1)is said to be gradient stable (Ω𝐺-stable) if the operator 𝐴 generates a semi-group which is 

gradient stable on the (𝐻1(Ω))𝑛 . It  is easy to see that the system (1) is Ω𝐺 -stable, if and only if fo r some 

positive constants 𝑀, 𝛼, we have  
‖∇𝑆𝐴(. )‖(𝐻1(Ω))𝑛 ≤ 𝑀𝑒−𝛼𝑡 , ∀𝑡 ≥ 0 

If (𝑆𝐴(𝑡))𝑡≥0 is Ω𝐺 -stable semi-group in (𝐻1(Ω))𝑛 ,  then for all 𝑥0 ∈ 𝐻
1(Ω) , the solution of associated 

system satisfies   

lim𝑡→∞
‖∇𝑥(. , 𝑡)‖(𝐻1(Ω))𝑛 = lim𝑡→∞

‖∇𝑆𝐴(. )𝑥0‖(𝐻1(Ω))𝑛 = 0           (5) 

 
Definition 3.6: 

The systems (1)-(2) are said to be asymptotic gradient detectable (asymptotic Ω𝐺-detectable) if there exists 

an operator 𝐻Ω :𝑅
𝑞 → (𝐻 1(Ω))𝑛  such that (𝐴 − 𝐻Ω𝐶) generates a strongly continuous semi-group (𝑆𝐻Ω (𝑡))𝑡≥0 

which is asymptotically 𝐺-stable on (𝐻1(Ω))𝑛 . 

 

Definition 3.7: 

The system (1) is said to be regional gradient stable (𝜔𝐺 -stable) if the operator 𝐴 generates a semi-group 

which is gradient stable on the (𝐻1(𝜔))𝑛 . It is easy to see that the system (1) is 𝜔𝐺 -stable, if and only if for 

some positive constants 𝑀𝜔𝐺
, 𝛼𝜔𝐺 , we have  

‖𝜒𝜔∇𝑆𝐴(. )‖ (𝐻1(𝜔))𝑛 ≤ 𝑀𝜔𝐺
𝑒−𝛼𝜔𝐺𝑡 , ∀𝑡 ≥ 0 

If (𝑆𝐴(𝑡))𝑡≥0 is 𝜔𝐺 -stable semi-group in (𝐻1(𝜔))𝑛 , then for all 𝑥0 ∈ 𝐻
1(Ω) , the solution of associated 

system satisfies   

lim𝑡→∞
‖𝜒𝜔∇𝑥(. , 𝑡)‖(𝐻1(𝜔))𝑛 = lim𝑡→∞

‖𝜒𝜔∇𝑆𝐴(. )𝑥0‖(𝐻1(𝜔))𝑛 = 0            (6) 

 
Definition 3.8: 

The systems (1)-(2) are said  to be asymptotic reg ional grad ient detectable (asymptotic𝜔𝐺 -detectable) if there 

exists an operator 𝐻𝜔𝐺 :𝑅
𝑞 → (𝐻1(𝜔))𝑛  such that (𝐴 − 𝐻𝜔𝐺𝐶) generates a strongly continuous semi-group 

(𝑆𝐻𝜔𝐺
(𝑡))𝑡≥0 which is asymptotically 𝐺-stable on (𝐻1(𝜔))𝑛 .  

 
Remark 3.9: 

 In this paper, we only need the relation (6) to be true on a sub-region 𝜔 of the region Ω 

 lim
𝑡→∞

‖∇𝑥(. , 𝑡)‖(𝐻1 (𝜔))𝑛 = 0 

Now, to study the relation between the asymptotic𝜔𝐺 -detectable and 𝜔𝐺 -strategic sensors. Let us consider 

the systems (1)-(2) which are observed by 𝑞  sensors (𝐷𝑖 , 𝑓𝑖 )1≤𝑖≤𝑞  with  𝐷𝑖 ⊂ Ω   and  𝑓𝑖 ∈ 𝐻
1(Ω)  for  𝑖 =

1, … , 𝑞.  We assume that the operator 𝐴  has a complete set of eigenfunctions denoted by 𝜓𝑚𝑗  in  (𝐻1(Ω))𝑛 

orthonormal in (𝐻1(𝜔))𝑛  associated with the eigenvalues 𝜆𝑚 of multip licity  𝑟𝑚  and suppose that the system (1) 

https://www.researchgate.net/publication/303820510_General_Asymptotic_Regional_Gradient_Observer?el=1_x_8&enrichId=rgreq-dff9e860b511f14e52397e56e6c16c0a-XXX&enrichSource=Y292ZXJQYWdlOzMxNjM1MjA1MTtBUzo0OTU3OTgxMDQ1OTIzODRAMTQ5NTIxODg4Nzg3Mg==
https://www.researchgate.net/publication/289539395_Regional_Boundary_Gradient_Strategic_Sensors_Characterizations?el=1_x_8&enrichId=rgreq-dff9e860b511f14e52397e56e6c16c0a-XXX&enrichSource=Y292ZXJQYWdlOzMxNjM1MjA1MTtBUzo0OTU3OTgxMDQ1OTIzODRAMTQ5NTIxODg4Nzg3Mg==
https://www.researchgate.net/publication/289539395_Regional_Boundary_Gradient_Strategic_Sensors_Characterizations?el=1_x_8&enrichId=rgreq-dff9e860b511f14e52397e56e6c16c0a-XXX&enrichSource=Y292ZXJQYWdlOzMxNjM1MjA1MTtBUzo0OTU3OTgxMDQ1OTIzODRAMTQ5NTIxODg4Nzg3Mg==
https://www.researchgate.net/publication/281901132_REGIONAL_EXPONENTIAL_GENERAL_OBSERVABILITY_IN_DISTRIBUTED_PARAMETER_SYSTEMS?el=1_x_8&enrichId=rgreq-dff9e860b511f14e52397e56e6c16c0a-XXX&enrichSource=Y292ZXJQYWdlOzMxNjM1MjA1MTtBUzo0OTU3OTgxMDQ1OTIzODRAMTQ5NTIxODg4Nzg3Mg==
https://www.researchgate.net/publication/261550172_REGIONAL_GRADIENT_DETECTABILITY_FOR_INFINITE_DIMENSIONAL_SYSTEMS?el=1_x_8&enrichId=rgreq-dff9e860b511f14e52397e56e6c16c0a-XXX&enrichSource=Y292ZXJQYWdlOzMxNjM1MjA1MTtBUzo0OTU3OTgxMDQ1OTIzODRAMTQ5NTIxODg4Nzg3Mg==
https://www.researchgate.net/publication/235910718_REGIONAL_STRATEGIC_SENSORS_CHARACTERIZATIONS?el=1_x_8&enrichId=rgreq-dff9e860b511f14e52397e56e6c16c0a-XXX&enrichSource=Y292ZXJQYWdlOzMxNjM1MjA1MTtBUzo0OTU3OTgxMDQ1OTIzODRAMTQ5NTIxODg4Nzg3Mg==
https://www.researchgate.net/publication/225274686_Sensor_structures_and_regional_detectability_of_parabolic_distributes_systems?el=1_x_8&enrichId=rgreq-dff9e860b511f14e52397e56e6c16c0a-XXX&enrichSource=Y292ZXJQYWdlOzMxNjM1MjA1MTtBUzo0OTU3OTgxMDQ1OTIzODRAMTQ5NTIxODg4Nzg3Mg==
https://www.researchgate.net/publication/225274682_Asymptotic_regional_state_reconstruction?el=1_x_8&enrichId=rgreq-dff9e860b511f14e52397e56e6c16c0a-XXX&enrichSource=Y292ZXJQYWdlOzMxNjM1MjA1MTtBUzo0OTU3OTgxMDQ1OTIzODRAMTQ5NTIxODg4Nzg3Mg==
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has unstable modes. We have the following sufficient condition for existence of asymptotic𝜔𝐺 -detectability in 

terms of the strategic sensors structure. 

 
Theorem 3.10: 

Suppose that there are 𝑞  zone sensors (𝐷𝑖 , 𝑓𝑖 )1≤𝑖≤𝑞 and the spectrum of  𝐴 contains 𝐽 eigenvalues with non-

negative real parts. The system (1) together with output function (2) is 𝜔𝐺 - detectable if and only if : 

1. 𝑞 ≥ 𝑟 

2. rank 𝐺𝑚 = 𝑟𝑚  , ∀𝑚,𝑚 = 1, … , 𝐽 with  

𝐺𝑚 = (𝐺𝑚 )𝑖𝑗 =

{
 
 

 
 𝜓𝑚𝑗 (𝑏𝑖), 𝑓𝑖 (. ) >𝐿2 (𝐷𝑖)

for zone  sensors                   

𝜓𝑚𝑗 (𝑏𝑖)for pointwise sensors

<
𝜕𝜓𝑚𝑗

𝜕𝑣
, 𝑓𝑖 (. ) >𝐿2(Г𝑖)

for boundary  zone sensors

 

where  sup 𝑟𝑚 = 𝑚 < ∞ and j = 1, … , 𝑟𝑚 . 
Proof: 

The proof is limited to the case of zone sensors. Under the assumptions of section 2, the system (1) can be 

decomposed by the projections 𝑃 and  𝐼 − 𝑃  on two parts, unstable and stable. The state vector may be given by 

𝑥(𝜉, 𝑡) = [𝑥1(𝜉, 𝑡), 𝑥2(𝜉, 𝑡)]
𝑡𝑟 where 𝑥1(𝜉, 𝑡) is the state component of the unstable part of the system (1), may  

be written in the form  

{

𝜕𝑥1

𝜕𝑡
(𝜉, 𝑡) = 𝐴1𝑥1(𝜉, 𝑡) + 𝑃𝐵𝑢(𝑡)                      𝒬

𝑥1(𝜉, 0) = 𝑥01(𝜉)                                                 Ω 

𝑥1(𝜂, 𝑡) = 0                                                         𝛩 

           (7) 

and 𝑥2(𝜉, 𝑡) is the component state of the stable part of the system (1) given by     

{

𝜕𝑥2

𝜕𝑡
(𝜉 , 𝑡) = 𝐴2𝑥2(𝜉, 𝑡) + (𝐼 − 𝑃)𝐵𝑢(𝑡)                     𝒬

𝑥2(𝜉,0) = 𝑥02(𝜉)                                                          Ω 

𝑥2(𝜂,𝑡) = 0                                                                       𝛩 

         (8)  

The operator 𝐴1  is represented by a matrix of order  (∑ 𝑟𝑚  ,
𝐽
𝑚=1

∑ 𝑟𝑚 )  
𝐽
𝑚=1 given by 

𝐴1 = diag[𝜆1 ,… , 𝜆1,𝜆2,… , 𝜆2,… , 𝜆𝐽,… , 𝜆𝐽] and 𝑃𝐵 = [𝐺1
𝑡𝑟 , 𝐺2

𝑡𝑟 , … , 𝐺𝐽
𝑡𝑟] . The condition (2) of this theorem,  

allows that the suit (𝐷𝑖 , 𝑓𝑖 )1≤𝑖≤𝑞  of sensors is 𝜔𝐺 -strategic for the unstable part of the system (1), the subsystem 

(7) is weakly 𝜔𝐺 -observable[8-9], and since it is fin ite dimensional, then it  is exactly 𝜔𝐺 -observable. Therefor it 

is 𝜔𝐺 -detectable, and hence there exists an operator 𝐻𝜔
1 such that (𝐴1 − 𝐻𝜔

1𝐶) which is satisfied the following:  

∃𝑀𝜔
1 , 𝛼𝜔

1 > 0 such that‖𝑒(𝐴1−𝐻𝜔
1 𝐶)𝑡‖

(𝐻1 (𝜔))𝑛
≤ 𝑀𝜔

1 𝑒−𝛼𝜔
1 (𝑡) 

and then we have  

‖𝑥1(. , 𝑡)‖(𝐻1 (𝜔))𝑛 ≤ 𝑀𝜔
1 𝑒−𝛼𝜔

1 (𝑡)‖𝑃𝑥0(. )‖(𝐻1 (𝜔))𝑛 .  

 Since the semi-group generated by the operator 𝐴2 is stable on (𝐻1(𝜔))𝑛  , then there exist 𝑀𝜔
2 ,  𝛼𝜔

2 > 0 

such that  

‖𝑥2(. , 𝑡)‖(𝐻1(𝜔))𝑛 ≤ 𝑀𝜔
2 𝑒−𝛼𝜔

2 (𝑡)‖(𝐼 − 𝑃)𝑥0(. )‖(𝐻1(𝜔))𝑛 

+∫ 𝑀𝜔
2 𝑒−𝛼𝜔

2 (𝑡)‖(𝐼 − 𝑃)𝑥0(. )‖(𝐻1(𝜔))𝑛‖𝑢(𝒯)‖
𝑡

0

𝑑𝒯 

and therefor 𝑥(𝜉, 𝑡) → 0 when  𝑡 → ∞. Finally, the system (1)-(2) are 𝜔𝐺 -detectable. Reciprocally, if the 

system (1) together with the output function (2) is 𝜔𝐺 -detectable, there exists an operator 𝐻𝜔 ∈
𝐿(𝑅𝑞, (𝐻1(𝜔))𝑛 , such that (𝐴 − 𝐻𝜔𝐺𝐶) generates a 𝜔𝐺 -stable, strongly continuous semi-group (𝑆𝐻𝜔(𝑡))𝑡≥0 on 

the space (𝐻1(𝜔))𝑛 ,  which is satisfied the following: 

∃𝑀𝜔 , 𝛼𝜔 > 0 such that‖𝜒𝜔∇𝑆𝐻𝜔(. )‖(𝐻1(𝜔))𝑛
≤ 𝑀𝜔𝑒

−𝛼𝜔(𝑡) .  

Thus, the unstable subsystem (7) is 𝜔𝐺 -detectable. We recall that a system is weakly 𝜔𝐺 -observable, i.e . 

[𝐾∇∗𝜒𝜔
∗ 𝑥∗(. , 𝑡) = 0 ⟹ 𝑥∗(. , 𝑡) = 0] [8-9]. For 𝑥∗(. , 𝑡) ∈ (𝐻1(𝜔))𝑛 ,  we have  

𝐾∇∗𝜒𝜔
∗ 𝑥∗(. , 𝑡) = (∑ 𝑒

𝜆𝑚𝑗
𝑡
< 𝜓𝑚𝑗

(. ), 𝜒𝜔
∗ ∇𝑥∗(. , 𝑡) >(𝐻1(𝜔))𝑛),< 𝜓𝑚𝑗

(. ), 𝑓𝑗 (. , 𝑡) >𝐻1 (Ω))1≤𝑖≤𝑞

𝐽

𝑚=1

 

= ∑ 𝑒
𝜆𝑚𝑗

𝑡
< ∇𝜓𝑚𝑗

(. ), 𝑥∗ (. , 𝑡) >(𝐻1(𝜔))𝑛< 𝜓𝑚𝑗
(. ), 𝑓𝑗 (. , 𝑡) >𝐻1 (Ω))1≤𝑖≤𝑞

𝐽

𝑚=1

 

= ∑ 𝑒
𝜆𝑚𝑗

𝑡
< 𝜓𝑚𝑗

(. ), 𝑥∗ (. , 𝑡) >(𝐻1(𝜔))𝑛< 𝜓𝑚𝑗
(. ), 𝑓𝑗 (. , 𝑡) >(𝐻1 (𝜔))𝑛)1≤𝑖≤𝑞

𝐽

𝑚=1
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If the rank 𝐺𝑚𝑥𝑚 ≠ 𝑟𝑚  for 𝑚,𝑚 = 1, … , 𝐽, there exists 𝑥∗(. , 𝑡) ∈ (𝐻1(𝜔))𝑛  , such that 𝐾∇∗𝜒𝜔
∗ 𝑥∗(. , 𝑡) = 0, 

this leads 

∑ < 𝜓𝑚𝑗
(. ), 𝑥∗ (. , 𝑡) >(𝐻1 (𝜔))𝑛< 𝜓𝑗(. ), 𝑓𝑗 (. , 𝑡) >𝐻1 (Ω)

𝐽
𝑚=1 = 0. 

The state vectors 𝑥𝑚  may be given by 

𝑥𝑚(. , 𝑡) = [< 𝜓1𝑗
(. ), 𝑥∗(. , 𝑡) >(𝐻1 (𝜔))𝑛< 𝜓𝐽𝑚

(. ), 𝑥∗ (. , 𝑡) >𝐻1 (Ω)]
𝑡𝑟 ≠ 0 

we  then obtain 𝐺𝑚𝑥𝑚 = 0 for 𝑚,𝑚 = 1, … , 𝐽  . Consequently,  the subsystem (7) is not weakly 𝜔𝐺 -

observable and therefore the suite  (𝐷𝑖 , 𝑓𝑖 )1≤𝑖≤𝑞  of sensors is not  𝜔𝐺 -strategic. Thus, the system (1)-(2) is not 

𝜔𝐺 -detectable. Finally we have the rank 𝐺𝑚 ≠ 𝑟𝑚  for all 𝑚,𝑚 = 1, … , 𝐽.□ 

Now, it is clear that: 

1. A system which is 𝐺- detectable, is 𝜔𝐺 - detectable. 

2. A system which is exponentially 𝜔𝐺 - detectable, is asymptotically 𝜔𝐺 - detectable. 

3. A system which is asymptotically 𝜔𝐺 -detectable, is 𝜔𝐺
1 - detectable, for every subset 𝜔1of 𝜔 but the 

converse is not true.  

 

4.  General Asymptotic 𝜔𝐺 -observers: 

The purpose of this section is to introduced an approach which enable to achieve the existence of general 

asymptotic regional gradient observer (𝐺𝐴𝜔𝐺 -observer) in general case is derived from [1,17].This approach 

which allows to construct the current gradient state in 𝜔 of the systems (1)-(2) in connection of asymptotically  

𝜔𝐺 -detectability and 𝜔𝐺 -strategic sensors  in order to characterize the asymptotic regional gradient 

observability. Thus, it’s necessary to approximate the dynamic characteristics of the observer in subspace 

spanned by a finite number of suitably chosen bases. Let us consider the  operator 𝐴  has a complete set of 

eigenfunctions 𝜑𝑛𝑗  in (𝐻1(Ω))𝑛  orthonormal to (𝐻1(𝜔))𝑛  associated with the eigenvalues 𝜆𝑛 of multiplicity 𝑟𝑛  

and suppose that the system (1) has unstable modes. Then, we present  sufficient conditions for existing a 

𝐺𝐴𝜔𝐺 -observer in order to provide an approximation to the gradient state of observed system. 

 
4.1 Definitions:  

Definition 4.1: 

Suppose there exists a dynamical system with state 𝑧(. , 𝑡) ∈ 𝑍  given by 

{

𝜕𝑍( ,𝑡)

𝜕𝑡
= 𝐹𝜔𝐺 𝑧

( , 𝑡) + 𝐺𝜔𝐺𝑢
(𝑡) + 𝐻𝜔𝐺𝑦

(𝑡)     𝑄

 𝑧(𝜉 , 0) = 𝑧0(𝜉)                                                    Ω 

𝑧(𝜂, 𝑡) = 0                                                            𝛴

            (9) 

Where 𝐹𝜔𝐺  generator a strongly continuous semi-group (𝑆𝐹𝜔𝐺
(𝑡))𝑡≥0 on separable Hilbert space 𝑍 which is 

asymptotically 𝜔𝐺  –stable.  Thus, ∃𝑀𝐹𝜔𝐺
,𝛼𝐹𝜔𝐺

> 0 such that  

‖𝑆𝐹𝜔𝐺
(. )‖ ≤ 𝑀𝐹𝜔𝐺

𝑒
−𝛼𝐹𝜔𝐺

𝑡
,∀𝑡 ≥ 0. 

and let 𝐺𝜔𝐺 ∈ 𝐿
(𝑈, 𝑍), 𝐻𝜔𝐺 ∈ 𝐿(𝒪 , 𝑍) such that the solution of (9) similar to (3) 

𝑧(𝜉 , 𝑡) = 𝑆𝐹𝜔𝐺
(𝑡)𝑧(𝜉) + ∫ 𝑆𝐹𝜔𝐺

(𝑡 − 𝜏)[𝐺𝜔𝐺𝑢
(𝜏) + 𝐻𝜔𝐺𝑦

(𝜏)]𝑑𝜏

𝑡

0

 

The system (9) defines asymptotic regional gradient estimator for  𝜒𝜔𝛻𝑇𝑥(𝜉 , 𝑡) where 𝑥(𝜉, 𝑡)  is the 

solution of the systems (1)-(2) if  
lim
𝑡→∞

‖𝑧(. , 𝑡) − 𝜒𝜔∇𝑇𝑥(𝜉 , 𝑡)‖(𝐻1(𝜔))𝑛 = 0 

and  𝜒𝜔∇𝑇  maps 𝐷(∆)  into 𝐷(𝐹)  where 𝑧(𝜉 ,𝑡)  is the solution of system (9). And (9) specifies an 

asymptotic 𝜔𝐺 -observer of the system given by (1) and (2) if the following holds: 

1- There exists 𝑀𝜔𝐺
∈ 𝐿(𝑅𝑞, (𝐻 1(𝜔))𝑛) and 𝑁𝜔𝐺 ∈ 𝐿((𝐻

1(𝜔))𝑛) such that 𝑀𝜔𝐺
𝐶 + 𝑁𝜔𝐺𝜒𝜔∇T = 𝐼𝜔𝐺. 

2- 𝜒𝜔𝛻𝑇∆ − 𝐹𝜔𝐺𝜒𝜔𝛻𝑇 = 𝐻𝜔𝐺C , 𝐺𝜔𝐺 = 𝜒𝜔𝛻𝑇B. 

3- The system (9) defines an asymptotic 𝜔𝐺 -estimator for 𝜒𝜔∇T𝑥(𝜉 , 𝑡). 
The object of an asymptotic 𝜔𝐺 -estimator (asymptotic 𝜔𝐺 -observer) is to provide an approximat ion to the 

gradient  state of the original system. This approximation is given by  

𝑥(𝑡) = 𝑀𝜔𝐺
𝑦(𝑡) + 𝑁𝜔𝐺𝑧(𝑡) 

 
Definition 4.2: 

The systems (1)-(2) are general asymptotic reg ional gradient observable (𝐴𝐺𝜔𝐺 -observable) if there exists a 

dynamical system which is 𝐺𝐴𝜔𝐺 -observer for the original system. 

 

 

 

https://www.researchgate.net/publication/225274686_Sensor_structures_and_regional_detectability_of_parabolic_distributes_systems?el=1_x_8&enrichId=rgreq-dff9e860b511f14e52397e56e6c16c0a-XXX&enrichSource=Y292ZXJQYWdlOzMxNjM1MjA1MTtBUzo0OTU3OTgxMDQ1OTIzODRAMTQ5NTIxODg4Nzg3Mg==
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4.2 𝑮𝑨𝝎𝑮-observer reconstruction method: 

The problem of studying asymptotic 𝜔𝐺 -observability may be through the observation operator 𝐶 , that 

means, we can the characterize the  𝐺𝐴𝜔𝐺 -observer by a good choice of the sensors structure. For this objective 

suppose the system has 𝑞  sensors ( 𝐷𝑖  , 𝑓𝑖  )1≤𝑖≤𝑞 .  

Consider the system  

{

𝜕𝑥

𝜕𝑡
(𝜉 , 𝑡) = ∆𝑥(𝜉 , 𝑡) + 𝐵𝑢(𝑡)                            𝑄

 𝑥(𝜉 ,0) = 𝑥0(𝜉)                                                   Ω 

𝑥(𝜂, 𝑡) = 0                                                           𝛴 

           (10) 

In this case  the output function (2) 

𝑦(𝑡) = 𝐶𝑥(. , 𝑡)             (11) 

Let 𝜔 be a given subdomain o f Ω and suppose that 𝑇 ∈ ℒ((𝐻1(Ω))𝑛), and 𝜒𝜔∇𝑇𝑥(𝜉 , 𝑡) = 𝑇𝜔∇𝑥(𝜉 , 𝑡) there 

exists a system with state 𝑧(𝜉 , 𝑡)  such that  

𝑧(𝜉, 𝑡) = 𝜒𝜔∇𝑇𝑥(𝜉, 𝑡)                                                           (12) 

From equation (11) and (12) we have  

[
𝑦
𝑧
] = [

𝐶
𝜒𝜔∇𝑇

] 𝑥  

If we assume that there exist two bounded linear operators 

𝑀𝜔𝐺
: 𝒪 → ((𝐻1(𝜔))𝑛  and 𝑁𝜔𝐺 : ((𝐻

1(𝜔))𝑛 → ((𝐻1(𝜔))𝑛 , such that 𝑀𝜔𝐺
𝐶 + 𝑁𝜔𝐺𝑇𝜔 = 𝐼 , then by deriving 

𝑧(𝜉, 𝑡) in (12) we have  
𝜕𝑧

𝜕𝑡
(𝜉 , 𝑡) = 𝜒𝜔∇𝑇

𝜕𝑥

𝜕𝑡
(𝜉, 𝑡) = 𝜒𝜔∇𝑇∆𝑥(𝜉, 𝑡) + 𝜒𝜔∇𝑇𝐵𝑢(𝑡) 

=  𝜒𝜔∇𝑇𝐴𝑀𝜔𝐺
𝑦(𝜉 , 𝑡) + 𝜒𝜔∇𝑇𝐴𝑁𝜔𝐺 𝑧(𝜉, 𝑡) + 𝜒𝜔∇𝑇𝐵𝑢

(𝑡) 

Now, consider the system (which is destined to be the 𝜔𝐺 -observer) 

{

𝜕𝑧̂

𝜕𝑡
(𝜉 , 𝑡) = 𝐹𝜔𝐺 𝑧̂

(𝜉, 𝑡) + 𝐺𝜔𝐺𝑢
(𝑡) + 𝐻𝜔𝐺𝑦

(. , 𝑡)        𝑄

𝑧̂(𝜉, 0) = 𝑧0(𝜉)                                                                Ω 

𝑧̂(𝜂, 𝑡) = 0                                                                         𝛴 

        (13) 

 

Where 𝐹𝜔𝐺  generates a strongly continuous semi-group (𝑆𝐹𝜔𝐺
(𝑡))𝑡≥0  on separable Hilbert  space 𝑍  which is 

asymptotically gradient stable thus, 

∃𝑀𝐹𝜔𝐺
, 𝛼𝐹𝜔𝐺

> 0 such that ‖𝜒𝜔∇𝑆𝐹𝜔𝐺
(. )‖ ≤ 𝑀𝐹𝜔𝐺

𝑒
−𝛼𝐹𝜔𝐺

𝑡
, ∀𝑡 ≥ 0. 

and let 𝐺𝜔𝐺 ∈ 𝐿
(𝑈, 𝑍), 𝐻𝜔𝐺 ∈ 𝐿(𝒪 , 𝑍) such that the solution of (13) is given by 

𝑧̂(𝜉 , 𝑡) = 𝑆𝐹𝜔𝐺
(𝑡)𝑧̂0(𝜉) + ∫ 𝑆𝐹𝜔𝐺

(𝑡 − 𝜏)[𝐺𝜔𝐺𝑢
(𝜏) + 𝐻𝜔𝐺 𝑥

(𝑏𝑖 , 𝜏)]𝑑𝜏

𝑡

0

 

Now, we present the main result which enable to observe asymptotically the current gradient state in 𝜔, by 

the gradient state  of the system (13). 

 
Theorem 4.3: 

 Suppose that the operator 𝐹𝜔𝐺  generates a strongly continuous semi-group which is 𝜔𝐺 -stable on 

((𝐻1(𝜔))𝑛 , then, the system (13) is 𝐺𝐴𝜔𝐺 -observer for systems (1)-(2), that is, 

lim
𝒕→∞

[𝜒𝜔∇𝑇𝑥(𝜉 , 𝑡) − 𝑧̂(𝜉, 𝑡)] = 0 

If the following conditions hold: 

1- There exists 𝑀𝜔𝐺
∈ 𝐿(𝑅𝑞, (𝐻1(𝜔))𝑛)  and 𝑁𝜔𝐺 ∈ 𝐿((𝐻

1(𝜔))𝑛)  such that 

𝑀𝜔𝐺
𝐶 + 𝑁𝜔𝐺𝜒𝜔∇T = 𝐼𝜔. 

2- 𝜒𝜔∇T∆ −𝐹𝜔𝐺𝜒𝜔∇T = 𝐻𝜔𝐺C , 𝐺𝜔𝐺 = 𝜒𝜔∇TB. 

 
Proof: 

 Let  𝑧(𝜉, 𝑡) = 𝜒𝜔𝛻𝑇𝑥(𝜉 , 𝑡)and 𝑧̂(𝜉, 𝑡)  be a solution of (13) and let  us denote the observer error  by the 

following form 

𝑒(𝜉, 𝑡) = 𝑧(𝜉, 𝑡) − 𝑧̂(𝜉, 𝑡) 
We have  
𝜕𝑒

𝜕𝑡
(𝜉 , 𝑡) =

𝜕𝑧

𝜕𝑡
(𝜉, 𝑡) −

𝜕𝑧̂

𝜕𝑡
(𝜉, 𝑡) = 𝜒𝜔𝛻𝑇∆𝑥(𝜉 , 𝑡) + 𝜒𝜔𝛻𝑇𝐵𝑢(𝑡) − 𝐹𝜔𝐺 𝑧̂

(𝜉, 𝑡) − 𝐺𝜔𝐺𝑢
(𝑡) −𝐻𝜔𝐺𝑦

(𝜉 , 𝑡) 

= 𝐹𝜔𝐺𝑒
(𝜉, 𝑡) − 𝐹𝜔𝐺 𝑧

(𝜉, 𝑡) + 𝜒𝜔𝛻𝑇∆𝑥(𝜉, 𝑡) − 𝐻𝜔𝐺𝑦
(𝜉 , 𝑡) + 𝜒𝜔𝛻𝑇𝐵𝑢(𝑡) − 𝐺𝜔𝐺𝑢

(𝑡) 

= 𝐹𝜔𝐺 𝑒
(𝜉 , 𝑡) + [𝜒𝜔𝛻𝑇∆𝑥(𝜉, 𝑡) − 𝐹𝜔𝐺𝜒𝜔𝛻𝑇𝑥

(𝜉, 𝑡) − 𝐻𝜔𝐺𝐶𝑥
(𝜉, 𝑡)] + [𝜒𝜔𝛻𝑇𝐵𝑢(𝑡) − 𝐺𝜔𝐺𝑢

(𝑡)] 
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= 𝐹𝜔𝐺 𝑒
(𝜉 , 𝑡) + [𝜒𝜔𝛻𝑇∆ − 𝐹𝜔𝐺𝜒𝜔𝛻𝑇 − 𝐻𝜔𝐺𝐶]𝑥

(𝜉, 𝑡) + [𝜒𝜔𝛻𝑇𝐵 − 𝐺𝜔𝐺 ]𝑢
(𝑡) = 𝐹𝜔𝐺 𝑒

(𝜉 , 𝑡) 

Consequently 𝑒(𝜉, 𝑡) = 𝑆𝐹𝜔𝐺
(𝑡)[𝜒𝜔𝛻𝑇𝑥0(. ) − 𝑧̂0(. )]. the 𝐺-stability of the operator allows to obtain  

‖𝑒(𝜉, 𝑡)‖(𝐻1(𝜔))𝑛) ≤ 𝑀𝐹𝜔𝐺
𝑒
−𝛼𝐹𝜔𝐺

𝑡‖𝜒𝜔𝛻𝑇𝑥0(𝜉) − 𝑧̂0(𝜉)‖(𝐻1 (𝜔))𝑛) 

And therefore lim𝑡→∞ 𝑒(𝜉, 𝑡) = 0. 

Now, let the approximate solution to the gradient state of the original system is  

𝑥(𝜉, 𝑡) = 𝑀𝜔𝐺
𝑦(. , 𝑡) +𝑁𝜔𝐺 𝑧̂

(𝜉 , 𝑡), then we have  

𝑒̂(𝜉, 𝑡) = 𝑥(𝜉 , 𝑡) − 𝑥(𝜉 , 𝑡) = 𝑥(𝜉, 𝑡) − 𝑀𝜔𝐺
𝑦(. , 𝑡) − 𝑁𝜔𝐺 𝑧̂

(𝜉, 𝑡),  

= 𝑥(𝜉, 𝑡) − 𝑀𝜔𝐺
𝐶𝑥(𝜉, 𝑡) − 𝑁𝜔𝐺𝜒𝜔𝛻𝑇𝑥

(𝜉 , 𝑡) + 𝑁𝜔𝐺[𝜒𝜔𝛻𝑇𝑥
(𝜉, 𝑡) − 𝑧̂(𝜉 ,𝑡) ] 

= 𝑁𝜔𝐺
[𝜒𝜔𝛻𝑇𝑥(𝜉 , 𝑡) − 𝑧̂(𝜉 , 𝑡)] = 𝑁𝜔𝐺

[𝑧(𝜉 , 𝑡) − 𝑧̂(𝜉 , 𝑡)] = 𝑁𝜔𝐺𝑒
(𝜉, 𝑡) 

Finally,  we have  

 lim𝒕→∞ 𝑧̂(𝜉 , 𝑡) = 𝑧(𝜉, 𝑡). □ 

Thus, we can deduced a sufficient condition for existence 𝐺𝐴𝜔𝐺 -observer is formulated in the following 

theorem. 

 

Remark 4.4: 

We can deduced that 

1. The theorem 4.3 gives the conditions which guarantee that the dynamical system (9) is a 𝐺𝐴𝜔𝐺 -

observer for the system (1)-(2). 

2. From theorem 4.3 we get the relat ion between the  regional gradient strategic sensor and 𝐺𝐴𝜔𝐺 -

observer. 

3. A system which is an 𝐴𝐺𝐺 -observer is 𝐴𝐺𝜔𝐺-observer. 

4. If a system is 𝐺𝐴𝜔𝐺 -observer, then it is 𝐺𝐴𝜔𝐺
1 -observer in every subset 𝜔1 of 𝜔, but the converse is 

not true. This is may be explain in the following example; 

 
Example 4.5: 

Consider the system  

{

𝜕𝑥

𝜕𝑡
(𝜉 , 𝑡) = 𝛾1

𝜕2𝑥

𝜕𝜉2
(𝜉, 𝑡) + 𝛾2𝑥(𝜉 , 𝑡)          ]0,𝑎[, 𝑡 > 0

 𝑥(𝜉, 0) = 𝑥0(𝜉)                                               ]0, 𝑎[

𝑥(0, 𝑡) = 𝑥(𝑎 , 𝑡) = 0                                𝑡 > 0

       (14) 

 
Where 𝛾1 > 0,  𝛾2 > 0  and Ω=]0, 𝑎[. Let  𝑏𝑖 ∈ Ω are the locations of the  pointwise sensors (𝑏𝑖 ,𝛿𝑏𝑖 ). Then the 

augmented output function is given by: 

𝒚(. , 𝒕) = ∫ 𝑥(𝜉 ,𝑡)𝛿(Ω 𝜉 − 𝑏𝑖)𝑑𝜉.                                                                                                                (15) 

Now, consider the dynamical system  

{

𝜕𝑧

𝜕𝑡
(𝜉, 𝑡) = 𝛾1

𝜕2𝑧

𝜕𝜉2
(𝜉, 𝑡) + 𝛾2𝑧(𝜉, 𝑡) − 𝐻𝐶( 𝑧(𝜉 , 𝑡) − 𝑥(𝜉 , 𝑡))       ]0, 𝑎[,𝑡 > 0

 𝑧(𝜉, 0) = 𝑧0(𝜉)                                                                                                 ]0, 𝑎[

𝑧(𝜂, 𝑡) = 0                                                                                                          𝑡 > 0

     (16) 

Let 𝜔 = (𝛼, 𝛽) be a subregion of Ω. The eigenfunctions and the eigenvalue related to the operator ∆= (𝛾1
𝜕2

𝜕𝜉2
+

𝛾2 ) are  given by: 

𝜑𝑛(𝜉) = (
2

𝛽−𝛼
)

1

2
𝑠𝑖𝑛𝑛𝜋(

𝜉−𝛼

𝛽−𝛼
)  and  𝜆𝑛 = 1 − (

𝑛𝜋

𝛽−𝛼
)
2

. 

Now, if 
𝑏𝑖

𝑎
∈ 𝑄 ∩ (0, 𝑎)  then the sensor is not 𝜔𝐺 -strategic [8-9] for unstable subsystem of (14) and therefor 

the system (14)-(15) is not 𝜔𝐺 -detectable in   Ω [4]. Then the dynamical system (16) is not 𝜔𝐺  – observer for the 

system (14)-(15). Thus, the system (14)-(15) is 𝜔𝐺 -detectable if  (
𝑏𝑖−𝛼

𝛽−𝛼
) ∉ 𝑄 ∩ (0, 𝑎). That means, the sensors  

(𝑏𝑖 ,𝛿𝑏𝑖 ) are 𝜔𝐺 -strategic to unstable subsystem of (14) and therefor the systems (14)-(15) are𝜔𝐺 -detectable. 

Therefor,  the dynamical systems (16) are𝜔𝐺  – observer for the system (14)-(15) [4]. □ 
 

5. Application to 𝑮𝑨𝝎𝑮-observer: 

In this section, we give some results related to different types of measurements domains and boundary 

conditions. We consider the distributed diffusion systems defined on two dimensional domain ]0, 𝑎1[×]0, 𝑎2[   
on Ω. 

https://www.researchgate.net/publication/281901132_REGIONAL_EXPONENTIAL_GENERAL_OBSERVABILITY_IN_DISTRIBUTED_PARAMETER_SYSTEMS?el=1_x_8&enrichId=rgreq-dff9e860b511f14e52397e56e6c16c0a-XXX&enrichSource=Y292ZXJQYWdlOzMxNjM1MjA1MTtBUzo0OTU3OTgxMDQ1OTIzODRAMTQ5NTIxODg4Nzg3Mg==
https://www.researchgate.net/publication/261550172_REGIONAL_GRADIENT_DETECTABILITY_FOR_INFINITE_DIMENSIONAL_SYSTEMS?el=1_x_8&enrichId=rgreq-dff9e860b511f14e52397e56e6c16c0a-XXX&enrichSource=Y292ZXJQYWdlOzMxNjM1MjA1MTtBUzo0OTU3OTgxMDQ1OTIzODRAMTQ5NTIxODg4Nzg3Mg==
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{

𝜕𝑥

 𝜕𝑡
(𝜉1, 𝜉2, 𝑡) =

𝜕2𝑥

𝜕𝜉1
2
(𝜉1 ,𝜉2, 𝑡) +

𝜕2𝑥

𝜕𝜉2
2
(𝜉1, 𝜉2, 𝑡)          𝑄

𝑥(𝜉1,𝜉2 , 0) = 𝑥0(𝜉1,𝜉2)                                              Ω

𝑥(𝜉, 𝜂, 𝑡) = 0                                                                𝛴 

                      (17) 

The augmented output function is given by  

𝑦(. , 𝑡) = ∫ 𝑥(Г0
𝜂1, 𝜂2, 𝑡)𝑓(𝜂1 , 𝜂2)𝑑𝜂1𝑑𝜂2                                                                                    (18) 

Let Г = {𝑎1} ×]0, 𝑎2 [  be a region on ]0,𝑎1 [×]0, 𝑎2[. The eigenfunctions of the operator ( 𝜕
2

𝜕𝜉1
2 +

𝜕2

𝜕𝜉2
2)  for the 

Dirichlet boundary condition are defined by  
𝜑𝑖𝑗 (𝜉1 , 𝜉2) =

2

√𝑎1𝑎2
𝑠𝑖𝑛 𝑖𝜋

𝜉1

𝑎1
𝑠𝑖𝑛𝑗𝜋

𝜉2

𝑎2
 

Associated with the eigenvalues  

𝜆 𝑖𝑗 = (
𝑖2

𝑎1
2
+
𝑗2

𝑎2
2
)𝜋2  

 

The  dynamical system 

{

𝜕𝑧

 𝜕𝑡
(𝜉1,𝜉2, 𝑡) =

𝜕2𝑧

𝜕𝜉1
2
(𝜉1 ,𝜉2, 𝑡) +

𝜕2𝑧

𝜕𝜉2
2
(𝜉1,𝜉2, 𝑡) + 𝐵𝑢(𝜉1,𝜉2 , 𝑡) − 𝐻𝜔𝐺 (𝐶 𝑧

(𝜉1,𝜉2, 𝑡) − 𝑦(𝑡))   𝑄

𝑧(𝜉1, 𝜉2,0) = 𝑧0(𝜉1, 𝜉2)                                                                                                                      Ω

𝑧(𝜂1,𝜂2, 𝑡) = 0                                                                                                                                     𝛴 

                 (19) 

together with the system (17)-(18) are equivalent to the systems (1)-(2) and (9) with the operator  𝐴 =
(
𝜕2

𝜕𝜉1
2 +

𝜕2

𝜕𝜉2
2). 

 

Zone sensor cases: 

Let the measurement support is rectangular with ]𝜉1 − l1, 𝜉1+ l1[×]𝜉2− l2, 𝜉2 + l2[∈ Ω (see Figure 3). 
 

 

 
 

Fig. 3: Location of internal zone sensor 𝐷. 
 

If 𝑓1   is symmetric about 𝜉1 = 𝜉01  and  𝑓2 is symmetric with respect to 𝜉2 = 𝜉02   then we have get the 

following result: 
 

Corollary 5.1: 

  The dynamical system (19) is 𝐴𝐺𝜔𝐺 -observer for the system (17)-(18) if   
𝑖𝜉01

𝑎1
  and     

𝑗𝜉02

𝑎2
∉ 𝑁 , ∀𝑖, 𝑗 =

1, … , 𝐽. 
In the case where Г ⊂ 𝜕Ω  and 𝑓 ∈ 𝐿2(Г ), the sensor (𝐷, 𝑓) may be located on the boundary in Г0 =]𝜂01 −
l1,𝜂01 + l1[× {𝑎2}, then we have: 

 

Corollary 5.2: 

One side case (see Figure 4): 

 suppose that the sensor (𝐷, 𝑓)  is located on Г0 =]𝜂01 − l1,𝜂01 + l1[×{𝑎2} ⊂ 𝜕Ω  , and 𝑓  is symmetric 

with respect to 𝜂1 = 𝜂01  then the dynamical systems (19) are 𝐺𝐴𝜔𝐺 -observer for the system (17)-(18) if  
𝑖𝜉01

𝑎1
∉ 𝑁 , ∀𝑖, 𝑗 = 1, … , 𝐽. 
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Fig. 4: Location of boundary zone sensor one side case 

 

 
Two side case (see Figure 5): 

  suppose that the sensor (𝐷, 𝑓)   is located on Г0 =]0, 𝜂01 + l1[× {0} ∪ {0} ×]0, 𝜂02 + l2[⊂ 𝜕Ω  , and 𝑓|Г1  is 

symmetric with respect to 𝜂1 = 𝜂01  and the function 𝑓|Г2 is  symmetric with respect to 𝜂2 = 𝜂02 , then the 

dynamical system (19) is  𝐺𝐴𝜔𝐺 -observerfor the system (17)-(18) if  
𝑖𝜉01

𝑎1
 𝑎𝑛𝑑  

𝑗𝜉02

𝑎2
 ∉ 𝑁, ∀𝑖, 𝑗 = 1, … , 𝐽 . 

 

 
 

Fig. 5: Location of boundary zone sensor two side case 

 
ii. Pointwise sensor cases: 

In this cases if   𝑏 = (𝑏1 ,𝑏2) ∈ 𝜕Ω   then, we have: 

 

Corollary 5.3: 

Internal case (see Figure 6): 

The dynamical system(19) is 𝐺𝐴𝜔𝐺 -observer for the systems(17)-(18) if  
𝑖𝑏1

𝑎1
 𝑎𝑛𝑑  

𝑗𝑏2

𝑎2
 ∉ 𝑁, ∀𝑖, 𝑗 = 1, … , 𝐽. 

 

 
 

Fig. 6: Location of Internal pointwise sensors. 

 
Filament case (see Figure 7): 

Suppose that the observation is given by the filament sensor where 𝜎 = 𝐼𝑚(𝛾) is symmetric with respect to 

the line 𝑏 = (𝑏1, 𝑏2), if   
𝑖𝑏1

𝑎1
 𝑎𝑛𝑑  

𝑗𝑏2

𝑎2
 ∉ 𝑁, ∀𝑖, 𝑗 = 1, … , 𝐽. Then the dynamical system (19) is 𝐺𝐴𝜔𝐺 -observer 

for the systems(17)-(18). 

 

 
 

Fig. 7: Location of Internal pointwise sensors (filament case). 

 

Boundary case (see Figure 8): 
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The dynamical system (19) is 𝐺𝐴𝜔𝐺 -observerfor the systems(17)-(18)  if  
𝑗𝑏2

𝑎2
 ∉ 𝑁, ∀𝑗 = 1, … , 𝐽 . 

 

 

 
 

Fig. 8: Location of boundary pointwise sensor b. 

 
Remark 5.4: 

We can extend these results to the case where 𝜔 is sub-region of the boundary of the domain Ω as in[12]. 

 

Conclusion: 

The concept have been studied in this paper is related to the existing and characterizing an 𝐺𝐴𝜔𝐺 -observer 

only for a d istributed parameter systems. More precisely, we have given an ap proach for building a 𝐺𝐴𝜔𝐺 -

estimator which reconstruct a gradient state in considered sub-region 𝜔 . Also, we show that there exists a 

dynamical system is not 𝐺𝐴𝜔𝐺 -observer in usual sense but it is  𝐺𝐴𝐺 -observer. For the future work, one can 

extension of these results to the problem in identity case and in reduced order case as in [8-9] 
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