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Convection  very  strong  when Ra is high  and  Ha = 0.
Isotherms  smooth  when  Ra is  low  and  Ha is high.
Maximum  stream  function  increases  by  adding  nano-particle.
Flow  circulation  decreases  when  magnetic  orientation  angle  increases.
Nusselt  number  ratio  increases  when  Ra  increases.
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In this  paper  magneto  hydrodynamic  (MHD)  natural  convection  flow  of  Cu–water  nanofluid  in  an  open
enclosure  is investigated  numerically  using  lattice  Boltzmann  method  (LBM)  scheme.  The  effective  ther-
mal  conductivity  and  viscosity  of  nanofluid  are calculated  by  the Maxwell–Garnetts  (MG)  and  Brinkman
models,  respectively.  In  addition,  the MDF  model  was  used  for simulating  the  effect  of  uniform  magnetic

field.  The  influence  of pertinent  parameters  such  as  Hartmann  number,  nanoparticle  volume  fraction,
Rayleigh  number  and  the  inclination  of  magnetic  field  on  the flow  and  heat  transfer  characteristics  have
been examined.  The  results  indicate  that  the  absolute  values  of  stream  function  decline  significantly
by  increasing  Hartmann  numbers  while  these  values  rise  by  increasing  Rayleigh  numbers.  Moreover,
the  results  show  that  the solid  volume  fraction  has  a significant  influence  on  stream  function  and  heat
transfer,  depending  on the value  of  Hartmann  and  Rayleigh  numbers.
. Introduction

Natural convection in enclosures occurs in numerous applica-
ions and has been studied extensively in the literature. In contrast,
here is rather little work with open cavities, which constitute
nother important application area. Natural convection in open
avities is relevant in several thermal engineering applications.
ome examples include the cooling of electronic devices and the

esign of solar concentrators receivers, among others. Chan and
ien (1985) studied numerically shallow fully open cavities and
lso made a comparison study using a square cavity in an enlarged
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computational domain. They found that for a square open cav-
ity having an isothermal vertical side facing the opening and
two adjoining adiabatic horizontal sides, satisfactory heat trans-
fer results could be obtained, especially at high Rayleigh numbers.
Polat and Bilgen (2002) investigated laminar natural convection in
inclined open shallow cavities at different inclination angles. They
found that the inclination angle of the heated plate was an impor-
tant parameter which affecting volumetric flow rate and the heat
transfer. Polat and Bilgen (2002) studied numerically inclined fully
open shallow cavities in which the side facing the opening was
heated by constant heat flux, two  adjoining walls were insulated
and the opening was  in contact with a reservoir at constant tem-

perature and pressure. The computational domain was restricted
to the cavity. From the other side, natural convection under the
influence of a magnetic field is of great importance in many indus-
trial applications such as crystal growth, metal casting and liquid
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Nomenclature

B magnetic flux density (T)
Cs speed of sound in Lattice scale
e� discrete lattice velocity in direction i
Fext external force
f eq
k

equilibrium distribution of flow field
g internal energy distribution functions
geq equilibrium internal energy distribution functions
gy acceleration due to gravity (m/s2)
Gr Grashof number (= gˇ�TH3/�2)
Ha Hartmann number (= B0(H)/

√
��)

k thermal conductivity (W/m K)
L height/width of the enclosure (m)
Nu average Nusselt number
Nu* average Nusselt number ratio
Pr Prandtl number (=�/˛)
Ra Rayleigh number (= gˇ�T(H)3/˛�)
T fluid temperature (K)
u, v velocity components in the x-direction and y-

direction respectively (m/s)

Greek symbols
�  magnetic resistivity
˛  thermal diffusivity (m2/s)
� solid volume fraction
� dynamic viscosity (kg/m s)
� kinematic viscosity (m2/s)
� lattice relaxation time
	 dimensionless temperature

 fluid density (kg/m3)
� dimensionless stream function

 ̌ thermal expansion coefficient (K−1)
� magnetic field orientation angle (◦)
�t  lattice time step
c cold
h hot
ave hot
nf nanofluid
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n base fluid

etal cooling blankets for fusion reactors. Ozoe and Okada (1989)
eported a three-dimensional numerical study to investigate the
ffect of the magnetic field path in a cubical enclosure. Rudraiah
t al. (1995) investigated numerically the effect of magnetic field on
atural convection in a rectangular enclosure. They found that the
agnetic field decreased the rate of heat transfer. Qi et al. (1999)

tudied natural convection in a cavity with partially heated from
elow in the presence of an imposed non-uniform magnetic field.
hey found that the velocity decreased with increasing the mag-
etic field strength. Mahmoudi et al. (2011) investigated numerical
odeling of natural convection in an open enclosure with two

ertical thin heat sources subjected to a nanofluid. They demon-
trated that the average Nusselt number increased linearly with
he increase in the solid volume fraction of nanoparticles. Most
f the studies on the natural convection in enclosures with the
agnetic effects have considered the electrically conducting fluid
ith a low thermal conductivity. This, in turn, limits the enhance-
ent of heat transfer in the enclosure particularly in the presence

f the magnetic field. Nanofluids with enhanced thermal charac-

eristics have widely been examined to improve the heat transfer
erformance of many engineering applications. Due to the increas-

ng importance of nanofluids, in recent years, some interest has
een given to the study of convective transport of nanofluids. The
g and Design 268 (2014) 10– 17 11

convection heat transfer rate in fluids such as oil, water and
ethylene glycol mixture is poor, since the thermal conductiv-
ity of these fluids plays an important role on the heat transfer
coefficient between the heat transfer medium and the heat
transfer surface. Therefore numerous methods were proposed to
improve the thermal conductivity of these fluids by suspending
nano/micro (larger-size) particle materials in liquids (Kakaç and
Pramuanjaroenkij, 2009). Khanafer et al. (2003) firstly conducted
a numerical investigation on the heat transfer enhancement due
to adding nano-particles in a differentially heated enclosure. They
found that the suspended nanoparticles substantially increased the
heat transfer rate at any given Grashof number. As discussed earlier,
the magnetic field leads to the reduction of convective circulating
flows within the enclosures filled with electrically conducting flu-
ids. This, in turn, decreases the heat transfer rate. The addition of
nanoparticles to the fluid can improve its thermal performance and
enhance the heat transfer mechanism in the enclosure. In some
engineering problems such as the magnetic field sensors, the mag-
netic storage media and the cooling systems of electronic devices,
enhanced heat transfer was desirable whereas the magnetic field
weakened the convection flow field. In order to improve the heat
transfer performance of such devices, the use of nanofluids with
higher thermal conductivity can be considered as a promising solu-
tion. One of the useful numerical methods that have been used
in the recent years is the lattice Boltzmann method. It was used
for simulation the flow field in wide ranges of the engineering
applications such as natural convection, porous media, nanofluid
flow, and MHD  flow. Bararnia et al. (2011) numerically investigated
natural convection in a nanofluids-filled portioned cavity using
lattice-Boltzmann method. They found that the partition inclina-
tion increased the heat transfer rate so that the vertical partition
offered the highest heat transfer rate. Several works have been
studied by this method in simulating natural convection recently
(Nemati et al., 2011; Aghajani Delavar et al., 2011). There are
two lattice Boltzmann models for MHD  flows: the multi-speed
(MS) model and multi-distribution-function (MDF) model. In MS
model, the equilibrium distribution was transformed in order not
only to include the magnetic field force, but also to be equal to
the magnetic field vector on a different vector base. This was
achieved by allowing an extra degree of freedom and by defin-
ing supplementary vectors on each base vector. Combining the
base and the supplementary vectors, the two vector bases are
defined for the momentum and the magnetic field (Chang Feng
et al., 2005; MacNab et al., 2001). In the MDF  model presented
by Dellar (2002), the Lorentz force can be introduced as a point-
wise force, the induction equation was  also solved using an LBGK
equation by introducing an independent distribution function. MDF
models can improve the numerical stability. The accuracy of the
MDF models has been verified by several benchmark studies (Xing-
Wang and Bao Chang, 2005; Hasanpour et al., 2010). This paper
presents application of lattice Boltzmann method for MHD  flow
of Cu–water nanofluid in an open enclosure. The effective ther-
mal  conductivity and viscosity of nanofluid are calculated using
the Maxwell–Garnetts (MG) and Brinkman models, respectively. In
addition, the MDF  model is used for simulating the effect of uniform
magnetic field. The effects of Hartmann number, nanoparticle vol-
ume  fraction, Rayleigh number and the magnetic field inclination
on the flow and heat transfer characteristics have been examined.

2. Problem definition and mathematical model
2.1. Problem statement

The geometry of the present problem is shown in Fig. 1. It dis-
plays a two-dimensional enclosure with height and width of (H).
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Fig. 1. Geometry of the problem.

he temperature of the enclosure left sidewall is maintained at (Th).
n external cold nanofluid enters into the enclosure from the right

east) opening boundaries while the copper–water nanofluid is cor-
elated with the opening boundary at constant temperature (Tc).
he top and bottom horizontal walls have been considered to be
diabatic, i.e., non-conducting and impermeable to mass transfer.
he enclosure is filled with a Cu–water nanofluid and is influ-
nced by a uniform magnetic field (B) at different orientation angles
� = 0◦, 30◦, 60◦ and 90◦). The Hartmann number is varied as (Ha = 0,
0, 40 and 60) while the Rayleigh number is varied as (Ra = 104, 105

nd 106). The flow is considered to be steady, two dimensional and
aminar, and the radiation effects are negligible. The displacement
urrents, induced magnetic field, dissipation and Joule heating are
lso neglected.

.1.1. The lattice Boltzmann method
The LB model used here is the same as that employed in

ohamad et al. (2009). The thermal LB model utilizes two distri-
ution functions, f, g and B, for the flow, temperature and magnetic
elds, respectively. It uses modeling of movement of fluid particles
o capture macroscopic fluid quantities such as velocity, pressure,
emperature and magnetic field. In this approach, the fluid domain
as discretized to uniform Cartesian cells. Each cell holds a fixed
umber of distribution functions, which represents the number of
uid particles moving in these discrete directions. The D2Q9 model
as used and values of w0 = 4/9 for |c0| = 0 (for the static particle),
1–4 = 1/9 for |c1−4| = 1 and w5–9 = 1/36 for |c5−9| =

√
2 are assigned

n this model.
The density and distribution functions, i.e., the f, g and B are

alculated by solving the lattice Boltzmann equation (LBE), which
s a special discretization of the kinetic Boltzmann equation. After
ntroducing BGK approximation, the general form of lattice Boltz-

ann equation with external force is: for the flow field:

i(x + ci�t,  t + �t) = fi(x, t) + �t

�v

[
f eq
i

(x, t) − fi(x, t)
]

+ �tciFk (1)

For the temperature field:

i(x + ci�t,  t + �t)  = gi(x, t) + �t

�C

[
geq
i

(x, t) − gi(x, t)
]

(2)

here �t  denotes lattice time step, ci is the discrete lattice velocity
n direction i, Fk, is the external force in direction of lattice velocity,
v and �C denotes the lattice relaxation time for the flow and tem-
erature fields. The kinetic viscosity c and the thermal diffusivity

, are defined in terms of their respective relaxation times, i.e., � =
2
s (�v − 1/2) and  ̨ = c2

s (�C − 1/2), respectively. Note that the limi-
ation 0.5 < � should be satisfied for both relaxation times to ensure
hat viscosity and thermal diffusivity are positive. Furthermore,
g and Design 268 (2014) 10– 17

the local equilibrium distribution function determines the type of
problem that needs to solve. It also models the equilibrium distri-
bution functions for flow and temperature fields respectively. In
this study, the density distribution function, f eq

i
, is modified to con-

sider the magnetic effect:(3)f eq
i

= wi

[

1 + ci ·u
c2
s

+ 1
2

(ci ·u)2

c4
s

− 1
2
u2

c2
s

]
+

wi
2c2
s

[
B2c2

2 − (c · B)2
]

geq
i

= wiT

[
1 + ci · u

c2
s

]
(4)

where B is the magnetic field, wi is weighting factor, cs is the speed
of sound and defined by cs = c/

√
3. Similarly, to density equilib-

rium function (f eq
i

), for calculating the magnetic field, magnetic
equilibrium function considered as following (MacNab et al., 2001):

heq
ix

= 
i

[
Bx + 1

c2
s

eix(uyBx − uxBy)

]
(5)

heq
iy

= 
i

[
By + 1

c2
s

eiy(uxBy − uyBx)

]
(6)

where 
i is the weighting factor of magnetic field and defined
in fifth direction by (MacNab et al., 2001):


i =

⎧⎪⎨
⎪⎩

1
3

for i = 0

1
6

for i = 1 − 4

(7)

For solving the velocity and magnetic field, the following equa-
tion must be considered (MacNab et al., 2001):

hi(x + ci�t,  t + �t) = hi(x, t) + �t

�m

[
heq
i

(x, t) − hi(x, t)
]

(8)

The magnetic resistivity, like kinetic viscosity v and the thermal
diffusivity ˛, defined in terms of its respective relaxation time � =
c2
s (�m − 1/2).

In order to incorporate buoyancy force in the model, the force
term in the Eq. (1) needs to calculate as below in the vertical direc-
tion (y):

F = 3wigyˇ	 (9)

For natural convection, the Boussinesq approximation is applied
and radiation heat transfer is negligible. To ensure that the code
works in near incompressible regime, the characteristic velocity of
the flow for natural (Vnatural ≡

√
ˇgy�TH) regime must be small

compared with the fluid speed of sound. In the present study, the
characteristic velocity selected as 0.1 of sound speed.

Finally, macroscopic variables are calculated using the following
formula:


 =
∑
i

fi, 
u =
∑
i

cifi, T =
∑
i

gi, Bx =
∑
i

hix, By=
∑
i

hiy

(10)

2.2. Boundary conditions

2.2.1. Flow field

Implementation of boundary conditions is very important for

the simulation. The unknown distribution functions pointing to the
fluid zone at the boundaries nodes must be specified. Concerning
the no-slip boundary condition, bounce back boundary condition
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Table 1
Thermo physical properties of water and nanoparticles (Xuan and Roetzel, 2000).

Properties 
 (kg/m3) Cp (j/kg k) k (W/m k)  ̌ × 105 (K−1)
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Table 2
Comparison of average Nusselt number at the hot left sidewall for different Rayleigh
numbers when Pr = 0.7.

Ra Present FVM (Mohamad, 1995)

103 3.336 3.264

these favorable comparisons lend confidence in the accuracy of the
present LBM code.
Pure water 997.1 4179 0.613 21
Copper (Cu) 8933 385 401 1.67

s used on the solid boundaries. The unknown density distribu-
ion functions at the east (right) boundary (open boundary) can
e determined by the following conditions:

6,n = f6,n−1, f7,n = f7,n−1, f3,n = f3,n−1 (11)

.2.2. Temperature field
The top and bottom enclosure boundaries are adiabatic so

ounce back boundary condition is used on them. Temperatures
t the left and right walls are known. In the left (west) wall Th = 1.
ince we are using D2Q9, the unknown internal energy distribution
unction at the left and right boundaries can be determined by the
ollowing conditions (Mohamad et al., 2009):

For the left (west) wall

1,0 = Th(w(1) + w(3)) − g3,0 (12)

For the right (east) wall
if u < 0 then : g3,n = −g1,n, g6,n = −g8,n, g7,n=−g5,n

if u > 0 then : g3,n = g3,n−1, g6,n = g6,n−1, g7,n = g7,n−1

(13)

.3. The Lattice Boltzmann model for nanofluid

In order to simulate the nanofluid by the lattice Boltzmann
ethod, because of the interparticle potentials and other forces

n the nanoparticles, the nanofluid behaves differently from the
ure liquid from the mesoscopic point of view and is of higher effi-
iency in energy transport as well as better stabilization than the
ommon solid–liquid mixture. For pure fluid in absence of nanopar-
icles in the enclosures, the governing equations are Eqs. ((1)–(13)).
owever for modeling the nanofluid because of changing in the
uid thermal conductivity, density, heat capacitance and thermal
xpansion, some of the governing equations should change. The
anofluid is a two component mixture modeled as a single-phase

ncompressible fluid. Physical properties given by Table 1 (Oztop
nd Abu-Nada, 2008).

The effective density 
n,f, the effective heat capacity (
Cp)nf and
hermal expansion(
ˇp)of the nanofluid are defined as (Xuan and
oetzel, 2000):

nf = 
f (1 − �) + 
s� (14)


Cp)nf = (
Cp)f (1 − �) + (
Cp)s� (15)


ˇ)nf = (
ˇ)f (1 − �) + (
ˇ)s� (16)

here (�) is the solid volume fraction of the nanoparticles and
ubscripts f, nf and s refer for base fluid, nanofluid and solid, respec-
ively.

The viscosity of the nanofluid containing a dilute suspension
f small rigid spherical particles is (Brinkman model, Wang and
ujumdar, 2007):

nf = �f

(1 − �)2.5
(17)

The effective thermal conductivity of the nanofluid can be
pproximated by the Maxwell–Garnetts (MG) model as (Abu-Nada

t al., 2008):

knf
kf

= ks + 2kf − 2�(kf − ks)
ks + 2kf + �(kf − ks)

(18)
104 7.354 7.261
105 14.330 14.076

Average Nusselt number (Nuave) is one of the most important
dimensionless parameters in the description of the convective heat
transport. The local Nusselt number and the average value at the
hot wall are calculated as:

Nuave = −knf
kf

1
H

∫ H

0

(
∂T

∂x

)
dy (19)

Because of the convenience, a normalized average Nusselt num-
ber is defined as the ratio of Nusselt number at any volume fraction
of nanoparticles to that of pure water as follows:

Nu∗
ave =

Nuave
∣∣
�=0.06

Nuave
∣∣
�=0

(20)

3. Code validation

In order to verify the accuracy of the present numerical study,
the present numerical model was validated against the results
obtained by Mohamad (1995) as shown in Table 2. In addition,
Fig. 2 illustrates an excellent agreement between the present cal-
culations and the results of Khanafer et al. (2003) for natural
convection in an enclosure filled with Cu–water nanofluid. Fur-
thermore, Fig. 3 shows the effect of a transverse magnetic field
on natural-convection flow inside a rectangular enclosure which
are compared with the result of Rudraiah et al. (1995). All of
Fig. 2. Comparison of the temperature distribution on axial midline between the
present results and numerical results by Khanafer et al. (2003) for � = 0.1 and Pr = 6.8
(Cu–water).
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The higher value of the maximum stream function can be seen
when the effect of magnetic field is negligible (i.e., Ha = 0). In this
case, the strength of circulation is very strong, since the buoyancy
ig. 3. Comparison of the average Nusselt number versus Hartmann number at
ifferent values of Grashof number.

. Results and discussion

Fig. 4 shows streamlines (left) and isotherms (right) contours
f the open enclosure for Cu–water nanofluid (ϕ = 0.06) and pure
uid (ϕ = 0) when Ra = 106, L/t = 10 and Ha = 0 (no magnetic field
ffect). It can be observed that, the external cold nanofluid enters
nto the enclosure from the right opening boundaries, flows along
he bottom wall and then heated due to the buoyancy force along
he hot left sidewall and finally leaves along the top wall. It is clear
rom this figure, that the streamlines and isotherms are distributed
trongly in the enclosure due to the significant effect of the convec-
ion encountered when the Rayleigh number is high (i.e., Ra = 106).
he another reason of high flow circulation intensity because the
ffect of magnetic field is negligible (i.e., Ha = 0). Moreover, due
o the high Rayleigh number the center of re-circulating vortices
hifts toward the hot left sidewall. For the same reason, it can be
een also that the isotherms contours accumulate strongly adja-
ent the hot left sidewall indicating that the heat is transferred by
onvection. Also, it can be noticed that the maximum stream func-
ion of nanofluid (| max| = 0.407) is greater than the corresponding
alue of pure fluid (| max| = 0.289). The reason of this phenomena
ecause as the solid volume fraction increases, the nanoparticles
elocity increases which leads to increase flow circulation and the

hermal energy transport through the fluid.

Figs. 5–7 illustrate streamlines (left) and isotherms (right) con-
ours for different values of Hartmann number (Ha = 0, 20, 40 and

ig. 4. Streamlines (left) and isotherms (right) contours between Cu–water
anofluid (� = 0.06) (- - -) and pure fluid (� = 0) (—) when Ra = 106, Ha = 0.
Fig. 5. Streamlines (left) and isotherms (right) contours for different values of Hart-
mann number (Ha) and at Ra = 104, � = 0.06 and � = 0◦ .

60), ϕ = 0.06 (nanofluid), � = 0◦ and (Ra = 104, 105 and 106) respec-
tively. The Hartmann number represents a measure of the relative
importance of MHD  flow. It is clear from these figures, that the
flow field of the nanofluid in the core of the enclosure is strongly
influenced by increasing the magnetic field strength (i.e., increas-
ing the Hartmann number). The maximum stream function of the
nanofluid begins to decrease as the Hartmann number increases for
all values of the Rayleigh number. This is because when the Hart-
mann number increases (i.e., Ha = 20, 40 and 60), the Lorentz force
which is created due to the magnetic field effect becomes higher
than the buoyancy force which causes to reduce the flow circulation
intensity and as a result the convection effect begins to diminish.
Fig. 6. Streamlines (left) and isotherms (right) contours for different values of Hart-
mann number (Ha) and at Ra = 105, � = 0.06 and � = 0◦ .



A.K. Hussein et al. / Nuclear Engineering and Design 268 (2014) 10– 17 15

F
m

f
i
t
v
f
n
t
a
m
t
t
s
i
i
H
t
i
t
T
t
a
R
o
a
a
v
e

force is the dominant force and controls the flow inside the open
enclosure causing to reduce the average Nusselt number.
ig. 7. Streamlines (left) and isotherms (right) contours for different values of Hart-
ann number (Ha) and at Ra = 106, � = 0.06 and � = 0◦ .

orce due to natural convection effect is the only dominant force
n the enclosure with the absence of magnetic field effect. From
he other hand, it can be seen that the maximum stream function
alues increase as the Rayleigh number increases. Also, a clear con-
usion occurs in the shape of re-circulating vortices as the Rayleigh
umber increases, since the buoyancy forces are dominating over
he viscous forces. This increasing in the Rayleigh number causes

 significant jump in the flow circulation and leads to increase the
aximum stream function values. In general, the flow field inside

he enclosure can be represented by various re-circulating vor-
ices which cover all the enclosure zone. The core of these vortices
hifts toward the opening of the enclosure as the Rayleigh number
ncreases. With respect to isotherms, when the Rayleigh number
s low (i.e., Ra = 104 (Fig. 5)) or the Hartmann number is high (i.e.,
a = 20, 40 and 60), the isotherms are approximately linear and

hey are symmetrical and parallel to the hot left sidewall indicat-
ng that the heat is transferred by the conduction. The linearity of
he isotherms begins very clear as the Hartmann number increases.
his is because the magnetic field role is strong enough to reduce
he convection effect inside the enclosure. No clear thermal bound-
ry layer can be seen when the Rayleigh number is low. As the
ayleigh number increases (i.e., Ra = 105 and 106 (Figs. 6 and 7))
r when the magnetic field is negligible (i.e., Ha = 0), the isotherms

re begin to confuse in shape, highly compressed and accumulate
djacent to the enclosure hot left sidewall indicating that the con-
ection is the dominant mechanism for the heat transfer in the
nclosure. These isotherms refer that a high temperature gradient
Fig. 8. Variation of average Nusselt number at different Hartmann number and
Rayleigh number when � = 0.06 and � = 0◦ .

can be noticed between the cold nanofluid and the hot wall. In this
case a thermal boundary layer can be found adjacent to the hot left
side wall of the enclosure.

Fig. 8 demonstrates the variation of average Nusselt number
at different Hartmann number and Rayleigh number when ϕ = 0.06
(nanofluid) and � = 0◦. From this figure, it is noticed that the average
Nusselt number increases dramatically when the Rayleigh number
increases, especially when the Hartmann number is zero (Ha = 0).
This is due to the increase in the intensity of the convection currents
which causes a clear enhancement in the heat transfer rate repre-
sented by the average Nusselt number. When the Rayleigh number
is low (Ra = 104), the average Nusselt number is almost has a con-
stant behavior with the increase of the Hartmann number. This is
because the buoyancy force effect is weak, so the convection heat
transfer contribution is weak too and the conduction heat trans-
fer is dominated. It is also found that the average Nusselt number
is decreased as the Hartmann number increases. This is due to
the reduction in the flow circulation and the temperature gradi-
ent when the Hartmann number increases. Therefore, the magnetic
Fig. 9. Effects of Hartmann number and Rayleigh number on Nusselt number ratio
((Nu∗

ave = Nuave
∣
�=0.06/ Nuave

∣
�=0)) when � = 0.06 and � = 0◦ .
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decrease as the Hartmann number increases for all values of the
ig. 10. Streamlines (left) and isotherms (right) contours for different values of (�)
nd at Ra = 106, � = 0.06 and Ha = 60.

Fig. 9 presents the effects of Hartmann number and Rayleigh
umber on Nusselt number ratio (Nu∗

ave) when ϕ = 0.06 (nanofluid)
nd � = 0◦. It can be noticed that, when the Rayleigh number
ncreases, the Nusselt number ratio increases. This is because
he buoyancy forces effect increases when the Rayleigh number
ncreases. When (Ra = 104), an approximately constant variation
an be seen of the Nusselt number ratio when the Hartmann num-
er increases. For (Ra = 105), the Nusselt number ratio begins to
ecrease gradually as the Hartmann number increases. This is
ecause the effect of magnetic field becomes significant when the
artmann number increases. But, when (Ra = 106) a reverse behav-

or can be seen for the Nusselt number ratio when the Hartmann
umber increases up to (Ha = 40). This is due to the strong cir-
ulation encountered when (Ra = 106). Greater than (Ha = 40), the
usselt number ratio begins to decrease again since for high Hart-
ann number, the magnetic force effect becomes greater than the

uoyancy force effect and leads to reduce the Nusselt number ratio.
Fig. 10 displays contours of streamlines (left) and isotherms

right) for various values of magnetic field orientation angle
� = 30◦, 60◦ and 90◦) respectively, Ra = 106, ϕ = 0.06 (nanofluid) and
a = 60. It can be observed that, when the magnetic field orienta-

ion angle increases from (� = 30◦) to (� = 90◦), the intensity of flow
irculation and the convection role begin to decrease. This obser-
ation is very evident through the nanofluid maximum stream
unction values which begin to decrease from (| max| = 0.366) to
| max| = 0.125). Therefore, it can be concluded that when the mag-
etic field acts in an inclined (� = 30◦, 60◦) and vertical (� = 90◦)
irections it causes to decelerate the flow circulation and the con-

ection effect becomes weak. Furthermore, a clear disturbance can
e observed in the flow vortices pattern when the magnetic field
rientation angle increases. With respect to isotherms, a slight vari-
tion can be seen in the isotherms pattern when the magnetic field
Fig. 11. Variation of average Nusselt number at different Rayleigh number and
orientation angle (�) at � = 0.06 and Ha = 60.

orientation angle increases. They are in general symmetrical and
nearly parallel to the enclosure hot left sidewall indicating that
conduction dominates the heat transfer process.

The variation of the average Nusselt number at different
Rayleigh number and magnetic field orientation angle (�) at
ϕ = 0.06 (nanofluid) and Ha = 60 is illustrated in Fig. 11.It can be
seen that the variation in the magnetic field orientation angle does
not have any significant effect on the average Nusselt number val-
ues especially when the Rayleigh number is low. But, when the
Rayleigh number is high, the average Nusselt number increases
with the magnetic field orientation angle. From the other hand,
the average Nusselt number increases when the Rayleigh number
increases for all values of the magnetic field orientation angle. This
is due to the convection effect which becomes very significant with
increasing Rayleigh number and leads to increase the flow circula-
tion strength and increases the temperature gradient adjacent the
hot left sidewall and for this reason the average Nusselt number
increases.

5. Conclusions

The following conclusions can be drawn from the results of the
present work.

1. When the Rayleigh number is high and the Hartmann number is
zero, the streamlines and isotherms are distributed strongly in
the enclosure domain and the heat is transferred due to convec-
tion.

2. When the Rayleigh number is low and the Hartmann number is
high, the isotherms are become smooth, symmetrical and paral-
lel to the hot left sidewall indicating that the heat is transferred
due to conduction.

3. The maximum stream function values and the flow circulation
increase by adding the nano-particle to the fluid compared with
their corresponding values of pure fluid.

4. The maximum stream function of the nanofluid begins to
Rayleigh number.
5. The thermal boundary layer adjacent the hot left sidewall

becomes thicker as the Rayleigh number increases.
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. When the magnetic field orientation angle increases, the flow
circulation intensity and the convection effect begin to decrease.
While, a slight variation can be seen in the isotherms pattern
when the magnetic field orientation angle increases.

. When the Rayleigh number is low; the magnetic field orientation
angle does not have any significant influence on the average Nus-
selt number. But, when the Rayleigh number is high, the average
Nusselt number increases with the magnetic field orientation
angle.

. The Nusselt number ratio increases when the Rayleigh num-
ber increases. From the other side, a different behavior can be
seen for the Nusselt number ratio with the Hartmann number
variation.
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