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The present work examined numerically for the first time, the magneto-hydrodynamics 
(MHD) natural convection flow and heat transfer in a fully opened parallelogrammic 
enclosure filled with copper –water nanofluid and subjected to a straight magnetic 
field. Both the upper and lower inclined walls of the enclosure are kept cold, while its 
right sidewall is considered fully opened to the environment. The left sidewall of the 
enclosure is heated partially, while the remaining parts of it are considered thermally 

insulated. The ranges of this study are, Hartmann number (0  Ha  75), non-

dimensional heat source location (0.25    0.75), Rayleigh number (104  Ra  106), 

solid volume fraction (=0.04), and the inclination angle of the upper and the lower 

walls (-60°    60°). The non-dimensional heat source length is considered fixed at [

 = 0.25]. For all Hartmann numbers, It was found that for [Ra =106] , the maximum 

value of the average Nusselt number corresponds to [-30° ≤   ≤ 0°] , [   = 0°] and [0° 

≤   ≤ 30°] when the heat source location equals to [ = 0.25] , [ = 0.5] and [ = 0.75] 

respectively. 
Keywords:  
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1. Introduction 
 

Over the past decades, a considerable attention has been devoted to study the natural 
convection in an open cavity due to their relevance in several industrial applications such as in solar 
receivers, cooling of electronic equipment’s and the thermal building design [1]. One of the prime 
objectives of the thermal design is to obtain a highly efficiency energy transfer system. As it is known, 
the natural convection has inherently a weak heat transfer performance due to the absence of any 
external means of producing the fluid movement as in the forced convection. So, the efficient of the 
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energy transfer in the natural convection is directly affected by the flow patterns inside the enclosure 
which are induced by the buoyancy force [2-4]. These flow patterns have a primary consideration 
when designing the enclosure because creating the right flow pattern is critical to achieving the 
maximum energy transfer.  

The geometrical parameters play also a vital role in enhancing the heat transfer through 
determining the flow patterns behavior. For instance, the flow behavior may be modified to provide 
proper flow acceleration through manipulating the geometrical parameters such as the enclosure 
shape, inclination angle, aspect ratio and the heat source location [5]. Although numerous models of 
the classical open enclosures [6-24] and non- classical ones [25-27] have been designed by many 
researchers for investigating and describing the natural convection processes in energy related 
applications, considerable efforts are still needed to acquire an optimum enclosure design that meet 
the requirements for the efficient heat transfer process. In fact, one of the most important 
geometries of the enclosures is the parallelogrammic shape. This complicated geometry has many 
real applications such as in solar collectors, building structures, electronics thermal control and 
geothermal applications [28,29]. Also, this shape has shown a high response of changing the flow 
patterns due to the change in its inclination angle [30]. Extensive researches have been conducted 
on the natural convection in closed parallelogrammic enclosures. Yüncü and Yamac [31] studied 
numerically the laminar natural convection in an air – filled parallelogrammic enclosure with the 
horizontal isothermal walls and insulated inclined walls. They analyzed the effects of both the 
inclination angle and the aspect ratio. The results emphasized that this enclosure transmitted more 
heat in the forward direction than a rectangular one for the same aspect ratio. In addition, it was also 
deduced that the average Nusselt number in the forward direction of the parallelogrammic enclosure 
was higher compared to the backward direction for all considered cases. Later, Naylor and 
Oosthuizen [32] also investigated the effects of the inclination angle on the natural convection heat 
transfer within the parallelogrammic enclosure. Calculations were conducted for Rayleigh numbers 
ranging from 103 to 105 and a set of wall angles [-60° ≤ β ≤ 60°]. It was observed that the positive 
inclination angles showed more uniform distribution of the heat transfer rates than the negative 
angles. Baïri [33] and Baïri et al., [34] examined numerically and experimentally the natural 
convection in a closed parallelogrammic air-filled enclosure with three discrete heat sources 
connected to the adiabatic vertical wall. The results revealed that the parallelogrammic enclosure 
with positive inclination angle exhibited higher Nusselt number than the right angle enclosure. On 
contrary, the Nusselt number was reduced for negative angles. The results asserted also that the 
natural convection was enhanced when the hot wall was entirely active in comparison with that 
consisted of the discrete heat sources. Villeneuve et al., [35] studied the natural convection in a 
vertical stack of the parallelogrammic air-filled enclosures. They focused on the potential and the 
high insulating character of such structures. They showed that the conduction was the dominant heat 
transfer mode for highly negative inclination angles. 

On the other hand, the natural convection under the effect of a magnetic field is of considerable 
importance in many industrial applications. It is an established physical fact that an externally 
imposed magnetic field may suppress the natural convection in a conducting fluid [36]. Therefore, 
the existence of the magneto-hydrodynamics (MHD) leads to a further deterioration in the heat 
transfer within enclosures. Meanwhile, conventional fluids used for heat transfer applications such 
as water, mineral oils and ethylene glycol have a rather low thermal conductivity. To overcome this 
problem, some solid nanoparticles with a high thermal conductivity are added to the fluid to produce 
a new homogenous mixture called “nanofluid” [37-39]. Recently, the combination between the MHD 
and the nanotechnology in the heat transfer area such as in fusion, molten steel flow and cooling of 
nuclear reactors is used as a control element for convective heat transfer [40-42]. Many researchers 
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are investigated the MHD natural convection in an open traditional enclosure filled with nanofluid. 
Kefayati [43] analyzed the magnetic field effect on the natural convection in an open enclosure filled 
with Al2O3-water nanofluid. His study was carried out for Rayleigh numbers varied as [104 ≤ Ra ≤ 106], 

volume fractions of nanoparticles varied as [0 ≤   ≤ 6%] and the Hartmann number varied as [0 ≤ Ha 
≤ 90]. The results showed that the increment of the Hartmann number degraded the heat transfer 
for various Rayleigh numbers and volume fractions. He concluded that the presence of the magnetic 
field enhanced the effect of nanoparticles at Ra = 104 and Ha = 30. Mejri and Mahmoudi [44] 
examined numerically the natural convection in an open cavity with a sinusoidal thermal boundary 

condition and filled with Al2O3 - water nanofluid. The volume fraction varied as [0 ≤   ≤ 6%], while 
the Hartmann number varied as [0 ≤ Ha ≤ 60]. Their results showed that the heat transfer rate 
increased with the rise of the Rayleigh number and decreased with the increase of the Hartmann 
number. Gangawane [45] studied numerically the natural convection in an open square cavity 
exposed to a magnetic field. One of the vertical walls of the cavity was partially heated at the center, 
while the other wall was considered open. He investigated the effects of the heater size, Hartmann 
number, Rayleigh number and the angle of magnetic field on the heat transfer mechanism. It was 
found that the maximum heat transfer rate was achieved when the magnetic field angle equals to 0° 
or 90°, while the lowest one was found at angle 45°. At the same time, the results showed that the 
impact of the heater size became significant only at [Ra = 105]. 

From the other side, very limited attempts are carried out of the MHD natural convection in open 
enclosures with a complex geometry and filled with nanofluid. Bakier [46] investigated numerically 
the natural convection in an open C-shape cavity filled with nanofluid. The results showed that heat 
transfer rate increased with the increment of nanoparticles at low Rayleigh number. Miroshnichenko 
et al., [47] carried out a numerical study of MHD natural convection in an open trapezoidal cavity 
filled with CuO- water nanofluid. They studied the effect of the magnetic field intensity and its 
inclination angle together with the nanoparticles volume fraction on the heat transfer process .Their 
simulation was performed for a wide range of governing parameters including Rayleigh number [103 

≤ Ra ≤ 105] , volume fraction [0 ≤   ≤ 4 %] , Hartmann number [0 ≤ Ha ≤ 100] and the magnetic field 
inclination angle [0 ≤ α ≤ π]. The results indicated that the increasing in Hartmann number reduced 
the heat transfer, while the increase in the nanoparticles volume fraction enhanced it significantly. 
Ashorynejad and Shahriari [48] studied the MHD natural convection in an open wavy cavity filled with 
Al2O3-Cu/water hybrid nanofluid. Their results emphasized that the Nusselt number was increased 
by the increment of the Rayleigh number and nanoparticle volume fraction. Conversely, the 
increasing in the Hartmann number led to decline the values of the Nusselt number. Very recently, 
Astanina et al., [49] numerically presented the effects of the Hartmann number, magnetic field 
inclination angle and nanoparticles volume fraction in an open trapezoidal cavity filled with a 
ferrofluid. The results revealed that the increasing of the Hartmann number led to the heat 
conduction domination and a clear reduction in both the heat transfer and ferrofluid rates. More 
recent studies deal with the nanofluid flow in different geometries [50-54]. 

However, it can be deduced from the previous extensive literature review, that there is no paper 
at all studied the effect of the magnetic field on the natural convection in a fully opened 
parallelogrammic enclosure filled with nanofluid and partially heated from its left sidewall. The 
geometry of the present paper is a modification of our previous published paper [55]. In the present 
paper, the linking between the nanotechnology and the magneto-hydrodynamics natural convection 
for the considered complex geometry represents the original contribution of the present work and 
this can be considered from our points of view a signification exclusive addition to its field.  
 
 



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 74, Issue 2 (2020) 120-145 

123 
 

2. The Physical Problem and the Governing Equations 
 

Figure 1 displays a detailed sketch of the current problem. The geometry consists of a 
parallelogrammic enclosure which is considered fully open to the environment form its right sidewall, 
while it is heated partially from its left one. The rest of the latter wall is considered adiabatic. The 
upper and lower inclined walls of it are kept cold in order to produce the required temperature 
difference which is necessary for the natural convection phenomena. The enclosure is filled with a 
nanofluid consists from the copper nanoparticles immersed in a pure water. The flow in the enclosure 
is subjected to a straight magnetic field (B) from its right sidewall as shown in Figure 1. The following 
assumptions are considered in the mathematical model.  

i. Thermo-physical properties of the water are assumed fixed except the density, which is 
treated according to the Boussinesq approximation. 

ii. The flow inside the enclosure is considered two-dimensional, laminar and time invariant. 
iii. No slip occurs between the copper nanoparticles and the water and both of them are 

assumed under a thermodynamic equilibrium state. 
Therefore, by considering the above assumptions into account, the dimensionless governing 

equations of the present problem can be written as follows [56] 
 
𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
= 0              (1) 

 

𝑈
𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
= −

𝜕𝑃

𝜕𝑋
+

𝜇𝑛𝑓

𝜌𝑛𝑓 ∝𝑓
(

𝜕2𝑈

𝜕𝑋2 +
𝜕2𝑈

𝜕𝑌2)          (2) 

 

𝑈
𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
= −

𝜕𝑃

𝜕𝑌
+

𝜇𝑛𝑓

𝜌𝑛𝑓 ∝𝑓
(

𝜕2𝑉

𝜕𝑋2 +
𝜕2𝑉

𝜕𝑌2) +  
(𝜌𝛽)𝑛𝑓

𝜌𝑛𝑓𝛽𝑓
𝑅𝑎𝑃𝑟 − 𝐻𝑎2𝑃𝑟

𝜎𝑛𝑓

𝜎𝑓

𝜌𝑓

𝜌𝑛𝑓
𝑉     (3) 

 

𝑈
𝜕

𝜕𝑋
+ 𝑉

𝜕

𝜕𝑌
=

∝𝑛𝑓

∝𝑓
(

𝜕2

𝜕𝑋2 +
𝜕2

𝜕𝑌2)           (4) 

 
The properties of the Copper - water nanofluid, and the nanofluid properties equations are 

illustrated in Table 1 and Table 2, respectively. From the other hand, the dimensionless horizontal 
and vertical velocities can be related to the dimensionless stream function as follows [57] 
 

𝑈 =
𝜕

𝜕𝑌
 and, 𝑉 = −

𝜕

𝜕𝑋
             (5) 

 
The non-dimensional variables are given by [42,58] 
 

𝑋, 𝑌 =
𝑋, 𝑌

𝐻
,  =

𝑇 − 𝑇𝐶

𝑇ℎ − 𝑇𝐶
, 𝑃 =

𝑝𝐻2

𝜌𝑛𝑓𝛼𝑓
2

, (𝑈, 𝑉) =
(𝑢, 𝑣)𝐻

𝛼𝑓
, =



𝛼𝑓
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𝜌𝛽𝑓(𝑇ℎ−𝑇𝑐)𝐻3

𝜗𝑓𝛼𝑓
, 𝑃𝑟 =

𝜗𝑓

𝛼𝑓
 , 𝐻𝑎 = 𝐵𝐻√

𝜎𝑓

𝜌𝑓𝜗𝑓
 , 휀 =

𝑑

𝐻
, 𝛿 =

ℎ𝑏

𝐻
          (6) 
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The non-dimensional boundary conditions are given by 
 
Left wall  

𝑋 = 0, 휀 −
𝛿

2
≤ 𝑌 ≤ 휀 +

𝛿

2
                                                     𝑈, 𝑉 = 0, 𝑇 = 1      (7) 

 

𝑋 = 0, 0 <  𝑌 <  휀 −
𝛿

2
,   휀 +

𝛿

2
 < 𝑌 < 1                          𝑈, 𝑉 = 0,

𝜕𝑇

𝜕𝑋
= 0      (8) 

 
Right side (Opening) 
𝑋 = 𝑐𝑜𝑠𝛼, 𝑠𝑖𝑛𝛼 ≤ 𝑌 ≤ 𝑠𝑖𝑛𝛼 + 1  
 

Fluid enters to the enclosure         (𝑈 < 0)                         
𝜕𝑈

𝜕𝑋
= 0 , 𝑉 = 0,  = 0     (9) 

 

Fluid exits from the enclosure      (𝑈 0)                            
𝜕𝑈

𝜕𝑋
= 0 , 𝑉 = 0,

𝜕

𝜕𝑋
= 0               (10) 

 
Lower wall   
 0 ≤ 𝑋 ≤ 𝑐𝑜𝑠𝛼, 0 ≤ 𝑌 ≤ 𝑠𝑖𝑛𝛼                                                𝑈, 𝑉 = 0,  = 0                (11) 
 
Upper wall  
 0 ≤ 𝑋 ≤ 𝑐𝑜𝑠𝛼, 1 ≤ 𝑌 ≤ 𝑠𝑖𝑛𝛼 + 1                                        𝑈, 𝑉 = 0,  = 0                (12) 
 
The local Nusselt number on the source can be calculated from the following relation 
 

𝑁𝑢 = −
𝑘𝑛𝑓

𝑘𝑓
(

𝜕

𝜕𝑋
)                       (13)                         

 
The average Nusselt Number on the source is calculated from  
 

𝑁𝑢𝑎𝑣  =
1

 ∫ 𝑁𝑢 . 𝑑Y
+

𝛿

2

−
𝛿

2

                      (14) 
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Fig. 1. Sketch of the Physical Geometry 

 
Table 1  
Thermo-physical properties of water and Cu nanoparticles at 300 K [50] 
Property Water Cu-nanoparticle 

Cp (j / Kg. K) 4179 358 
k (W / m. K) 0.613 401 
ρ (Kg /m3)  997.1 8933 
β (K-1) 21*10-5 1.67*10-5 

 
Table 2 
Nanofluid properties equations [37,59] 
Nanofluid Property Equation 

𝜌𝑛𝑓 (1 − ∅)𝜌𝑓 + ∅𝜌𝑠 

𝜇𝑛𝑓 𝜇𝑓 × (1 − ∅)−2.5 

(𝜌𝛽)𝑛𝑓 ∅𝜌𝑠𝛽𝑠 + (1 − ∅)𝜌𝑓𝛽𝑓  

𝜎𝑛𝑓 

𝜎𝑓 [1 +

3 (
𝜎𝑠

𝜎𝑓
− 1) ∅

(
𝜎𝑠

𝜎𝑓
+ 2) − (

𝜎𝑠

𝜎𝑓
− 1) ∅

] 

𝛼𝑛𝑓 𝑘𝑛𝑓

𝜌𝑛𝑓𝑐𝑝𝑛𝑓

 

𝜌𝑛𝑓𝑐𝑝𝑛𝑓 (1 − ∅)𝜌𝑓𝑐𝑝𝑓 + ∅𝜌𝑠𝑐𝑝𝑠 

𝑘𝑛𝑓 
𝑘𝑛𝑓 = 𝑘𝑓 [

𝑘𝑠 + 2𝑘𝑓 − 2∅(𝑘𝑓 − 𝑘𝑠)

𝑘𝑠 + 2𝑘𝑓 + ∅(𝑘𝑓 − 𝑘𝑠)
] 

 
3. Numerical Approach, Grid Independent Test and Validation  
 

Since the considered geometry of the enclosure is very complex and cannot be treated easily, the 
body fitted coordinates system is a very good way to deal with this problem. FORTRAN code has been 
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used to solve the governing equations in dimensionless forms using a finite volume approach with 
SIMPLER algorithm. The details of this system are explained in more details in [59] and cannot be 
repeated here for the purpose of the brevity. In order to solve the non-dimensional governing 
equations [Eq. (1)-(4)], the finite volume method is used to achieve the required numerical solution. 
The results are produced by a personal computer program which is written completely in Fortran 90 
language by the present authors. The results are obtained and transferred to a data files after the 
convergence criterion becomes less or equals than 10-6. In order to be sure from the accuracy of the 
predicated results, a comparison with another numerical problem is performed. For this purpose, the 
problem of the natural convection in a differentially heated square enclosure filled with Al2O3-water 
nanofluid and subjected to a horizontal magnetic field (Ghasemi et al., [60]) is re-tested again by our 
computer program. The validation is done at [Ha = 30] and [Ra =105] and with different solid volume 
fractions (0 ≤   ≤ 0.06). Table 3 displays the results of this comparison and exhibits an excellent 

matching between the two results. From another side, the effect of the grid size is examined to 
choose the suitable grid density between a various range of the grid size varied from (32 32) to (48

 48) as shown in Table 4. The test is performed for the parallelogrammic enclosure at (  = -60), (Ra 

= 105), ( = 0.5), ( = 0.04) and (Ha = 50). It is observed from the grid independence test that an (48 × 
48) grid size is very fair to deal with the present problem. Since at this value, the estimated error in 
the average Nusselt number is about (0.64 %). 
 

Table 3 
Comparison of the average Nusselt number with previous numerical study 

of Ghasemi et al., [60] at [Ha = 30], [Ra =105] and [0 ≤   ≤ 0.06] 

 Ghasemi et al., [60] Present Error (%) 

0 3.15 3.134 0.51 
0.02 3.138 3.12 0.57 
0.04 3.124 3.103 0.67 
0.06 3.108 3.08 0.9 

 
Table 4  

Grid independent test for parallelogrammic enclosure at ( = -60), (Ra = 105), ( = 

0.5), ( = 0.04) and (Ha = 50) 
CVs 32x32 40x40 48x48 

Nuav 1.51 1.56 1.57 
Error (%) - 3.31 0.64 

 
4. Results and Discussion  
 

In general, the natural convection currents inside the parallelogrammic open enclosure are 
produced by the buoyancy force as a result of the temperature difference between the hot spot in 
the center of the left sidewall of the enclosure and the colder pure or nanofluids which is entering 
the enclosure from the opening at its right sidewall. Therefore, the flow starts from this hot spot 
since its temperature is high and the buoyancy force tries to move the hot light fluid adjacent the 
cold upper wall. After that, the hot fluid encounters in its way a cold one comes from the enclosure 
opening. So, its temperature begins to diminish clearly and as a result becomes heavier due to its 
high density and moves towards the lower wall producing the well – known convection vortices inside 
the enclosure. In the following sub-sections , the effects of the Hartmann number (0 ≤ Ha ≤ 75) , non-

dimensional heat source location (0.25 ≤  ≤ 0.75) , Rayleigh number (104 ≤ Ra ≤ 106 ) and inclination 
angles ( - 60o ≤   ≤ 60o) on the flow , thermal fields and the average Nusselt number are discussed 
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in more details. While, the non-dimensional heat source length is considered constant at [  = 0.25]. 
In all the presented results, the continuous lines refer to the water (  = 0), while the dashed lines 

refer to the nanofluid (  = 0.04).  

 
4.1 Effect of the Hartmann Number on the Streamlines and Isotherms 
 

Figure 2 and Figure 3 show respectively the streamlines and isotherms for both water and 
nanofluid at various Hartmann numbers (0 ≤ Ha ≤ 75) and inclination angles (-60° ≤   ≤ 60°) when 

[Ra =105] and [ = 0.25]. The magnetic field effect on the flow and thermal fields can be measured 
via the Hartmann number. For the case of the negligible magnetic field or (Ha = 0), the absolute 
values of the stream function for both water and nanofluid reach their maximum value for all range 
of the inclination angle. The highest values of the stream function can be seen at [=30°] for both 
water and nanofluid. The reason of this behavior is due to the strong effect of the natural convection 
when the magnetic field is absent. In this case, the buoyancy force becomes the major and the only 
governor of the flow field inside the enclosure. Now, as the Hartmann number increases gradually 
until it reaches (Ha = 75), a severe drop in the stream function values can be noticed compared with 
their corresponding values at (Ha = 0). For example, at [ =30°], the maximum value of the stream 

function (absolute value of the minimum value shown in Figure 2) decreases for water from [max = 

28.96] at (Ha = 0) to [max = 2.209] at (Ha = 75). While, it decreases at the same angle for the 

nanofluid from [max = 27.91] at (Ha = 0) to [max = 1.777] at (Ha = 75). The main reason behind this 
severe decreasing in the stream function values is due to the high effect of the Lorentz force which 
is generated due to the magnetic field acts in the normal direction of the fluid flow inside the 
enclosure. This force acts in the opposite direction of the fluid flow and weaknesses the normal 
velocity component. Therefore, when the Hartmann number becomes high (Ha = 75), the effect of 
this force becomes stronger and exceeds the buoyancy force effect and as a result decreases sharply 
the values of the stream function as shown in Figure 2 which leads to slow the fluid flow inside the 
enclosure. 

From the other hand, it can be seen that for positive values of the inclination angle [i.e., =30° 
and 60°] and as (Ha) increases, the exit fluid from the enclosure begins to leave it horizontally from 
the opening at its right sidewall. While, the inlet fluid stays parallel to the inclined wall. This is due to 
the increase in the applied horizontal magnetic force which leads to decrease the normal velocity 
component as mentioned previously and this obliges the fluid to leave the enclosure horizontally. On 
the reverse manner, for negative values of the inclination angle [i.e., = -30° and -60°] and as (Ha) 
increases, the inlet fluid to the enclosure begins to enter it horizontally. While, the exit fluid remains 
parallel to the inclined wall. This is for the same reason explained above, but in an opposite way due 
to the negative values of the inclination angle. 

With respect to isotherms, it can be seen from the results of Figure 3, that they are irregular in 
their pattern and clustered with a strong intensity adjacent the left sidewall of the enclosure due to 
the existence of the hot spot in this wall. This behavior is noticed when there is no magnetic field 
[i.e., Ha = 0]. The reason of this behavior is very logical since in this case the natural convection is 
strong and leads to make the isotherms non-uniform and curved especially in the core of the 
enclosure. Similar observation can be noticed for both water and nanofluid and for all inclination 
angles. Now, as the magnetic field becomes more effective [i.e., Ha = 75] a clear switch in the 
isotherms pattern can be seen. They become more elegant, uniform and parallel to each other. Again, 
this is a logical result because the strong magnetic field damps highly the natural convection effect 
and as a result makes the heat transferred inside the enclosure via heat conduction only. This 
behavior can be noticed also for all inclination angles and for both water and nanofluid. 
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Fig. 2. Streamline contours for various Hartmann numbers and inclination angles 

at Ra = 105 and  = 0.25 [pure fluid (_____), nanofluid (- - - - -)] 
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Fig. 3. Isotherm contours for various Hartmann numbers and inclination 

angles at Ra = 105 and  = 0.25 [pure fluid (_____), nanofluid (- - - - -)] 
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4.2 Effect of the Non-Dimensional Heat Source Location on the Streamlines and Isotherms 
 

Figure 4 and Figure 5 show respectively the streamlines and isotherms for both water and 

nanofluid at various non-dimensional heat source locations (0.25 ≤  ≤ 0.75) and inclination angles (-
60° ≤  ≤ 60°) when [Ra = 105] and [Ha = 0]. It can be seen that for all values of the heat source 
location and inclination angles, the water or nanofluid enters the enclosure and leaves it parallel to 
the upper and lower inclined walls. For [ = 60°], it can be noted that the maximum value of the 

stream function increases for both water and nanofluid as the heat source location increases from [ 

= 0.25] to [ = 0.75]. Now, when the inclination angle decreases to [ = 30°], the stream function also 

increases up to the location [ = 0.5] and then begins to decrease at the location [ = 0.75]. Now, 
when the inclination angle decreases to [ = 30°], the stream function also increases up to the 

location [ = 0.5] and then begins to decrease at the location [ = 0.75]. For [ = 0°], they begin to 
decrease immediately as the heat source location increases. In addition, the stream function 
decreases as the heat source location increases for the negative inclination angles. Therefore, it can 
be concluded that for negative inclination angles, the natural convection diminishes when the heat 
source location increases. While for the highest value of the positive inclination angles [i.e., = 60°], 
it enhances as the heat source location increases. Also, it can be observed that for negative inclination 
angles only, a vortex will appear inside the enclosure and begins to move towards the left corner of 
the upper inclined wall. This movement is seen as the heat source changes its location from the lower 

position [ = 0.25] to the upper one [ = 0.75]. Moreover, the results presented in Figure 4 indicated 

that the optimum heat source location occurs at [ = 0.5] or when the heat source is located at the 
middle of the enclosure and at [ = 30°]. Since at these values, the stream function reaches its 
highest value for both water and nanofluid. 

With respect to isotherms, it can be seen from the results of Figure 5, that they are very 
influenced by the movement of the heat source location. Therefore, it can be seen that the isotherms 
are clustered intensely at the lower region of the left sidewall, when the heat source located at this 

region [i.e.,  = 0.25]. Now, as the heat source reaches the middle of the enclosure [ = 0.5], the 
isotherms are clustered and embedded at this place. After that they are observed at the upper region 

of the left sidewall, when the heat source is located there [i.e.,  = 0.75]. Similar pattern of isotherms 
is found for both water and nanofluid and for the all considered range of the inclination angles. Also, 
it can be concluded that for inclination angles equal to [ = -30°, 0°, 30° and 60°] that the thermal 
boundary layer for nanofluid (dashed lines) is thicker than the corresponding layer for the water 
(continuous lines). While, both layers are approximately symmetrical at [ = -60°] and this can be 
approved by the excellent matching between the dashed and continuous lines at this angle. 
 





















Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 74, Issue 2 (2020) 120-145 

131 
 

 
Fig. 4. Streamline contours for various non-dimensional heat source 
location and inclination angles at Ra = 105 and Ha = 0 [pure fluid (_____), 
nanofluid (- - - - -)] 
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Fig. 5. Isotherms at Ra=105 and Ha=0 for different heat source 
positions and different inclination angles. Pure fluid (_____), 
Nanofluid (- - - - -) 
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4.3 Effect of the Rayleigh Number on the Streamlines and Isotherms 
 

Figure 6 and Figure 7 display respectively the streamlines and isotherms for both water and 
nanofluid at various Rayleigh numbers (104 ≤ Ra ≤ 106) and inclination angles (-60° ≤   ≤ 60°) at [Ha 

= 0] and [ = 0.25]. The Rayleigh number is an excellent indication of the natural convection intensity. 
It can be seen from the results presented in Figure 6, that the flow circulation inside the enclosure 
which is represented by values of the stream function is so weak when the value of the Rayleigh 
number is low [Ra = 104]. The reason of this behavior is due to the dominance of the viscous force on 
the flow circulation compared with the buoyancy force. This notation can be observed for all range 
of the inclination angle. But this behavior is completely changed when the Rayleigh number is 
increased to [Ra = 106]. Therefore, it can be observed in this case that there is a dramatic jump in the 
values of the stream function for both water and nanofluid. For example, at [ = 30°], the maximum 

value of the stream function increases for water from [max = 5.444] at (Ra = 104) to [max = 81.78] 

at (Ra = 106). Also, it increases at the same angle for the nanofluid from [max = 4.581] at (Ra = 104) 

to [max = 78.46] at (Ra = 106). The same thing can be seen for another considered inclination angles. 
This huge increasing in the flow circulation can be go back to the strong effect of the buoyancy force 
for high Rayleigh number which causes to make the natural convection inside the enclosure stronger. 
Moreover, it can be noticed from the results of Figure 6, that the maximum value of the stream 
function for both water and nanofluid increases as the positive inclination angle decreases from [
= 60°] to [ = 30°]. While, it decreases as the negative inclination angle decreases from [ = -30°] to 
[ = -60°]. Furthermore, it is useful to mention that when the Rayleigh number increases, a vortex 
will appear and begins to move towards the left sidewall, and this occurs for the negative inclination 
angles. From another side, the isotherms for both water and nanofluid are illustrated in Figure 7 for 
the same considered range of the Rayleigh numbers and the inclination angles. When the value of 
the Rayleigh number is low [Ra = 104], the heat is transferred inside the enclosure by the conduction 
heat transfer. 

This fact can be approved by the uniform and parallel symmetrical lines which accumulated near 
the left sidewall of the enclosure. This intense accumulation of the isotherms in this spot is due to 
the severe temperature gradient in it. As the isotherms move far away from the hot spot, their 
intense accumulation begins to decrease step by step and this observation can be indicated by the 
clear diverge between the isotherms especially in the center of the enclosure. Now, when the value 
of the Rayleigh number increases until it reaches [Ra = 106], an evident twisting in the isotherm 
patterns can be noticed for both water and nanofluid. The main source of this change is of course 
due to the enlarge and the significant contribution of the natural convection at [Ra = 106] which leads 
to break the uniform shape of isotherms and make them more irregular as seen in Figure 7. This 
isotherms style can be noticed for all positive and negative inclination angles. When the value of the 
Rayleigh number is low [Ra = 104], the heat is transferred inside the enclosure by the conduction heat 
transfer. This fact can be approved by the uniform and parallel symmetrical lines which accumulated 
near the left sidewall of the enclosure. This intense accumulation of the isotherms in this spot is due 
to the severe temperature gradient in it. As the isotherms move far away from the hot spot, their 
intense accumulation begins to decrease step by step and this observation can be indicated by the 
clear diverge between the isotherms especially in the center of the enclosure. Now, when the value 
of the Rayleigh number increases until it reaches [Ra = 106], an evident twisting in the isotherm 
patterns can be noticed for both water and nanofluid. The main source of this change is of course 
due to the enlarge and the significant contribution of the natural convection at [Ra = 106] which leads 
to break the uniform shape of isotherms and make them more irregular as seen in Figure 7. This 
isotherms style can be noticed for all positive and negative inclination angles. 
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Fig. 6. Streamline contours for various Rayleigh numbers and inclination angles at 

Ha = 0 and  = 0.25 [ pure fluid (_____), nanofluid (- - - - -)] 
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Fig. 7. Isotherm contours for various Rayleigh numbers and inclination 

angles at Ha = 0 and  = 0.25 [ pure fluid (_____), nanofluid (- - - - -)] 
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4.4 Average Nusselt Number Results 
 

The present study evaluates the effect of the cavity inclination and heat source position on the 
heat transfer performance in the presence of both magnetic field and nanoparticle at various 
Rayleigh numbers. This section demonstrates these effects on the average Nusselt number ad in 
following subsections. 
 
4.4.1 The effect of magnetic field (Hartmann number) 
 

Figure 8 and Figure 9 display the average Nusselt number variation with the inclination angle for 

both water ( = 0) and nanofluid ( = 0.04) at different Hartmann numbers and heat source locations 

((a)  = 0.25, (b)  = 0.5 and (c)  = 0.75) for Rayleigh numbers (Ra =104, Ra =105 and Ra =106) 
respectively. In general, it can be observed that the highest value of the average Nusselt number 
occurs for the case of the negligible magnetic field or (Ha = 0) and as the Hartmann number increases, 
the values of the average Nusselt number begin to diminish clearly until they reach their lowest value 
at (Ha = 75). So, it can be concluded that the minimum average Nusselt number corresponds to the 
maximum Hartmann number and vice versa. This behavior is returned to the damping effect of the 
magnetic field which causes a severe slowdown in the flow circulation inside the enclosure as clearly 
shown in streamline contours in Figure 2, Figure 4 and Figure 6. On the other hands, it can be seen 
that the isotherms contours accumulate strongly adjacent the hot left sidewall as the Hartmann 
number decreases indicating a reduction in thermal boundary layer thickness due to increasing in 
flow circulation as shown in Figure 3. The lowest Nusselt number achieved (0.98) at Ra=104 with 
Hartmann number (Ha=0.75). While the maximum Nusselt number reached (6.46) at Ra=106 with 
Hartmann number (Ha=0). 

 
4.4.2 The effect of nanoparticles 

 
Figure 8, Figure 9 and Figure 10 illustrate the effects of adding nanoparticles to the water. In 

general, the results revealed that adding nanoparticles reduces the flow circulation due to enhancing 
in nanofluid density as seen in Figure 2, Figure 4 and Figure 6. However, the Nusselt numbers of 
nanofluid show more enhancement compared with that of pure water. This can be attributed to the 
higher thermal conductivity of the nanoparticles which leads to increase the transport of the thermal 
energy inside the enclosure. The above behaviors of the average Nusselt number are seen for all 
values of the inclination angle and the heat source locations. 
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Fig. 8. Variation of average Nusselt number and absolute max. value of stream function with the 

inclination angle for both water ( = 0) and nanofluid ( = 0.04) at different Hartmann numbers 

and heat source locations [(a)  = 0.25, (b)  = 0.5 and (c)  =0.75] and when [Ra = 104] 
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4.4.3 The effect of tilt angles 
 
The effects of tilt angle on the flow circulation are illustrated in Figure 6. The flow is observed 

having great difficulty penetrating the cavity at (λ = -60) regardless of Rayleigh number value and 
heat source position. At such high inclination, the farther the flow intrudes into the cavity, the greater 
work it must do against buoyancy forces in order to escape. In another words, the cold water which 
enters from open side is faced by buoyancy force near heat source that prevents to exchange hot 
water by cold water to form a flow circulation. However, with increasing tilt angle, the effect of the 
Rayleigh number becomes more pronounced as the flow is better able to enter the cavity and flow 
strength increase. This can be obviously seen in Figure 7, where the isotherms contours accumulate 
strongly adjacent the hot left sidewall indicating that the heat is transferred by convection due to the 
increasing in flow circulation. The lowest Nusselt number achieved (2.34) at Ra=106 with Hartmann 

number (Ha=0.75), angle λ= -60, heat source position  = 0.05 for pure water. While the maximum 
Nusselt number reached (6.46) at Ra=106 with Hartmann number (Ha=0), angle λ=0, heat source 

position  = 0.05, and Nano concentration (=0.04). 
At low Rayleigh number numbers (i.e., Ra = 104), the flow circulation is weak, and tilt has a 

minimal affect in increasing the flow strength (Figure 8). This phenomenon is attributed to dominance 
of the viscous force on the flow circulation compared with the buoyancy force and as described 
previously the conduction mode is prominent mode. So, the Nusselt number behavior is affected by 
the heat source position. The lowest Nusselt number achieved (0.98) at Ra=104 with Hartmann 

number (Ha=0.75), angle λ=0, heat source position  = 0.05 for pure water.  
 

4.4.4 Relation between Nusselt number and absolute maximum value of stream function 
 
As mentioned before, the intensity of flow circulation is increased with increase in Rayleigh 

number which leads to enhancement in heat transfer. Figure 9 and Figure 10 show that the behavior 
of Nusselt number has the same trend of stream function where the highest value of stream function 
corresponds to the highest value of Nusselt number and vice versa for Ra=105 and 106. But at Re=104, 
there is no compatibility between both of Nusselt number behavior and that of stream function 
value. This is attributed to the reduction of flow circulation that leading to the dominant of 
conductive heat transfer. 
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Fig. 9. Variation of average Nusselt number and absolute max. value of stream function with the 

inclination angle for both water ( = 0) and nanofluid ( = 0.04) at different Hartmann numbers 

and heat source locations [(a)  = 0.25, (b)  = 0.5 and (c)  =0.75] and when [Ra =105] 
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Fig. 10. Variation of average Nusselt number and absolute max. value of stream function with 

angle of inclination at Ra=106, for different Hartmann numbers and for pure fluid (=0), and 

nanofluid (=0.04) at heat source positions (a) =0.25, (b) =0.5, and (c) =0.75 

 
5. Conclusions 
 

In this study, a numerical investigation of magneto-hydrodynamics (MHD) natural convection 
flow and heat transfer in a fully opened parallelogrammic enclosure filled with copper–water 
nanofluid and subjected to a straight magnetic field. Both the upper and lower inclined walls of the 

(a) 

(b) 

(c) 
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enclosure are kept cold, while its right sidewall is considered fully opened to the environment. The 
left sidewall of the enclosure is heated partially, while the remaining parts of it are considered 
thermally insulated. The results are presented in terms of Nu profiles, and also for the streamline, 
and isothermal. The predictions included the effects of different values in the dimensionless 
parameters, specifically, Hartmann number (0 ≤ Ha ≤ 75) , non-dimensional heat source location (0.25 

≤  ≤ 0.75) , Rayleigh number (104 ≤ Ra ≤ 106 ) and inclination angles (-60° ≤ λ ≤ 60°) on the flow , 
thermal fields and the average Nusselt number. The results show that 

i. The magnetic field results in the Lorentz force causes a severe slowdown in the flow 
circulation inside the enclosure due to the damping effect. This phenomenon causes a serious 
deterioration of the heat transfer process for all ranges of Rayleigh numbers, angles of 
inclination, heat source location and for both types of fluid; nanofluids and water  

ii. The Nusselt numbers of nanofluid show more enhancement compared with that of pure 
water regardless of Rayleigh number, inclination and heat source location. This can be 
attributed to the higher thermal conductivity of the nanoparticles which leads to increase the 
transport of the thermal energy inside the enclosure.  

iii.  The flow is observed having great difficulty penetrating the cavity at α = -60 regardless of 
Rayleigh number value and heat source position. However, with decreasing tilt angle, the 
effect of the Rayleigh number becomes more pronounced as the flow is better able to enter 
the cavity and flow strength increase. 

iv. For negative inclination angles, the natural convection diminishes when the heat source 
location increases. While for the highest value of the positive inclination angles [i.e., 𝜆 = 60°], 
it enhances as the heat source location increases. 

v. The lowest Nusselt number achieved (0.98) at Ra=104 with Hartmann number (Ha=0.75), 

angle λ=0, heat source position  = 0.05 for pure water. While the maximum Nusselt number 

reached (6.46) at Ra=106 with Hartmann number (Ha=0), angle λ=0, heat source position  = 

0.05, and Nano concentration (=0.04) 
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