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Abstract
The laminar two-dimensional mixed convection in a trapezoidal enclosure with a rotating inner circular cylinder and a 
sinusoidal bottom wall is studied numerically. The fluid inside the enclosure is a CuO–water nanofluid layer in the top 
space of it, while the bottom space includes a CuO–water nanofluid saturated with a porous medium. Both the right and left 
sidewalls are assumed adiabatic, while the bottom and the top walls of the enclosure are maintained, respectively, at the hot 
and cold temperatures. The dimensionless governing equations are expressed for velocity and temperature formulation and 
modeled by using COMSOL code based on the Galerkin finite element method. Parametric studies on the effects of various 
significant parameters such as Rayleigh number, Darcy number, the inner cylinder radius, the porous layer thickness, the 
angular rotational velocity, the solid volume fraction and the number of undulations on the flow and thermal fields together 
with the heat transfer rate have been performed. The highest value of the stream function for (Ra = 103 and Ra = 105) is seen 
at (R = 0.2 and S = 0.2). The same thing is observed, when the bottom wall is considered wavy. For (Ra = 103 and N = 0) and 
(0.5 ≤ S ≤ 0.8), it can be seen that as the inner cylinder radius increases from (R = 0.1) to (R = 0.3), the stream function values 
increase continuously. It is found that the average Nusselt number increases as the Rayleigh and Darcy numbers, the solid 
volume fraction, inner cylinder radius and the angular rotational velocity of the cylinder increase, while it decreases as the 
porous layer thickness and the number of undulations increase. Comparisons with previously published numerical works 
are performed, and good agreements between the results are observed.
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List of symbols
cp	� Heat capacitance (J kg−1 °C−1)
Da	� Darcy number
g	� Gravitational acceleration (m s−2)
kf	� Thermal conductivity of the fluid (W m−1 °C−1)
L	� Height and width of the trapezoidal enclosure (m)
Nu	� Nusselt number
N	� Number of undulations
P	� Dimensionless pressure

p	� Pressure (N m−2)
Pr	� Prandtl number
R	� Dimensionless radius of the inner cylinder
r	� Radius of the inner cylinder (m)
Ra	� Rayleigh number
Re	� Reynolds number
Ri	� Richardson number
S	� Porous layer thickness (m)
T	� Temperature (°C)
U	� Dimensionless velocity component in x-direction
u	� Dimensional velocity component in x-direction 

(m s−1)
V	� Dimensionless velocity component in y-direction
v	� Dimensional velocity component in y-direction 

(m s−1)
w	� Width of the trapezoidal enclosure (m)
X	� Dimensionless coordinate in horizontal direction
x	� Cartesian coordinate in horizontal direction (m)
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Y	� Dimensionless coordinate in vertical direction
y	� Cartesian coordinate in vertical direction (m)

Greek symbols
α	� Thermal diffusivity (m2 s−1)
β	� Volumetric thermal expansion coefficient (K−1)
θ	� Dimensionless temperature distribution
φ	� Solid volume fraction
ε	� Porosity
�	� Amplitude of the wavy wall
Ω	� Dimensionless angular rotational velocity
�	� Angular rotational velocity (rad s−1)
�	� Kinematic viscosity (m2 s−1)
ρ	� Density (kg m−3)
�	� Dynamic viscosity (kg m−1 s−1)
Ψ	� Dimensionless stream function
λ	� Permeability of the porous medium (m2)

Subscripts
ave	� Average
c	� Cold
eff	� Effective
fl	� Base fluid
h	� Hot
loc	� Local
Max	� Maximum
Min	� Minimum
na	� Nanofluid particle
o	� Center of enclosure
po	� Porous medium
so	� Solid particles

Introduction

Nanofluid is a scientific term which was firstly used by 
Choi [1] in 1995 during his work in Argonne National 
Laboratory in the USA. This term refers to a solid–liquid 
composite material which consists of solid nanoparticles 
with a size of 1–100 nm suspended in a traditional liquid 
[2]. The main function of inventing the nanofluids is to 
overcome the extremely poor thermal conductivity of the 
most famous traditional liquids like water, engine oil and 
ethylene glycol [3]. Due to the amazing properties of the 
nanofluid, it was attracted a high interest from the research 
community especially in the last 10 years. This is of course 
can be go back to the huge applications of it in many 
important fields such as in solar collectors and stills, com-
pact heat exchangers, microelectronics, food and agricul-
tural technologies, automotive cooling system, oil indus-
try, water purification, heat pipes and lubrication oils [4]. 
For an extra information about the nanofluid, the reader 
can be returned to a set of many significant review papers 
such as Hussein [5, 6], Hussein et al. [7] and very recently 

by Mahian et al. [8, 9]. From the another side, the mixed 
convection heat transfer is a very important phenomenon 
which received an intense attention in the last decades due 
to their wide applications in the industry and the real life. 
Some of these applications include building design, solar 
heating and cooling, air conditioning, material processing, 
fire control in buildings and electronic cooling [10–13]. 
Therefore, the mixed convection can be used as an effec-
tive and an efficient tool to enhance the heat transfer rate. 
The mixed convection comes from the combined simulta-
neous effect of the natural convection and the forced con-
vection. The first one comes from the buoyancy force 
which caused by the temperature difference between the 
hot and cold surfaces, while the second one comes from 
the mechanical effect or some times called the shear force. 
There are many examples of the mechanical effect such as 
fans, rotating cylinder and the lid-driven wall(s). These 
important and practical applications motivated many 
authors to investigate the mixed convection in enclosures 
especially in the last 2 years. The first group of researchers 
studied this phenomenon in enclosures filled with classical 
fluid. Examples of these researches include Hussein and 
Hussain [14], Saha et  al. [15], Gangawane et  al. [16], 
Chakravarty et al. [17], Taghizadeh and Asaditaheri [18] 
and Alsabery et al. [19]. The second group of them were 
investigated the mixed convection in classical or compli-
cated enclosures filled with nanofluid under different situ-
ations. The MHD mixed convection in a lid-driven square 
enclosure with a thin center heater and filled with 
Ag–water nanofluid was investigated numerically by 
Mahalakshmi et al. [20]. The finite volume method and 
SIMPLE algorithm with a power-law scheme were utilized 
to solve the governing equations. The enclosure was iso-
thermally cooled at the vertical oppositely moving side-
walls, whereas an isothermal heat source was maintained 
at the bottom wall. The remaining parts of the bottom wall 
together with the top wall were assumed adiabatic. The 
center heater was kept at both horizontal and vertical posi-
tions in the enclosure. The results were illustrated for a 
wide range of the Richardson number (0.01 ≤ Ri ≤ 100), 
Har tmann number (0 ≤ Ha ≤ 50),  heater length 
(0.25 ≤ Γ ≤ 0.75) and solid volume fraction of nanoparti-
cles (0 ≤ � ≤ 0.09). They concluded that the heat transfer 
rate was enhanced by increasing the Grashof number, solid 
volume fraction and the heater length, while it was 
decreased by increasing the Hartmann number. The dou-
ble-diffusive mixed convection in an inclined lid-driven 
enclosure filled with a water-saturated nanofluid in the 
presence of the internal heat generation was investigated 
numerically by Yu et al. [21]. Both the left and right side-
walls of the enclosure were assumed fixed and heated as a 
sine wave, while the top and bottom walls were assumed 
adiabatic and moved in an opposite direction. It was found 
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that both the average Nusselt and Sherwood numbers were 
varied periodically inside the enclosure. Zhou et al. [22] 
utilized the lattice Boltzmann method (LBM) to perform 
a numerical study of the mixed convection in a cubic cav-
ity filled with alumina–water nanofluid. The left sidewall 
of the cavity was kept at a uniform or non-uniform hot 
temperature, while the right one was considered cold. Both 
of them were considered moving in an upward or down-
ward direction. All the remaining walls were assumed 
insulated. They deduced that the heat transfer was 
enhanced by decreasing the Richardson number and 
increasing the solid volume fraction. Mamourian et al. 
[23] investigated numerically the mixed convection opti-
mization with an entropy generation in a square lid-driven 
cavity with a wavy surface and filled with Cu–water nano-
fluid by using the Taguchi approach. The effects of the 
Richardson number, solid volume fraction and wave-
lengths of the wavy wall on the flow and thermal fields 
together with the Nusselt number were investigated. They 
concluded that the mean Nusselt number was decreased by 
increasing the Richardson number and the solid volume 
fraction. Cho [24] investigated numerically the mixed con-
vection and the entropy generation in a lid-driven wavy-
wall cavity filled with a copper–water nanofluid. The hot 
left sidewall of the cavity was considered lid-driven and 
flat, while the right one was assumed stationary, cold and 
wavy. The top and bottom walls were assumed adiabatic 
and flat. He concluded that the increase in the solid volume 
fraction, amplitude of the wavy surface, Richardson and 
Reynolds numbers led to increase in the mean Nusselt 
number and the total entropy generation. Pal et al. [25] 
carried out a numerical study about the conjugate mixed 
convection and the entropy generation of Cu–water nano-
fluid in a lid-driven enclosure with a thick wavy heated 
bottom wall. The adiabatic top wall was assumed slide to 
the right, while both the left and right sidewalls were 
maintained at a constant cold temperature. The effects of 
the wavy fluid–solid interface, solid-to-fluid thermal con-
ductivity ratio and nanoparticle volume fraction on the 
heat transfer characteristics were analyzed for various val-
ues of the Richardson number. They deduced that the 
effect of the wavy surface became significant when the 
solid conductivity was equivalent to the fluid conductivity. 
Alsabery et al. [26] performed a numerical study by using 
the Galerkin finite element method of the mixed convec-
tion and the entropy generation in a wavy-walled cavity 
filled with Al2O3–water nanofluid and involved a rotating 
conductive cylinder. Both the top and bottom walls were 
considered adiabatic, except the heat source segment 
located at the bottom wall. The vertical walls of the cavity 
were assumed cooled and wavy. The effects of the Ray-
leigh number, number of undulations, solid volume frac-
tion, the heat source length and the angular rotational 

velocity on streamline and isotherm contours together with 
the Bejan and Nusselt numbers were analyzed. They con-
cluded that the Nusselt number was improved by increas-
ing the heat source length and the solid volume fraction. 
Also, they found that the rotating cylinder was enhanced 
the heat exchange rate for Rayleigh number less than 
5 × 105. Very recently, Alsabery et al. [27] carried out a 
computational study of the transient mixed convection in 
a double lid-driven wavy cavity with a centered solid cir-
cular cylinder by using the non-homogeneous nanofluid 
model. The cavity was filled with the Al2O3–water nano-
fluid. The top wall of the cavity was assumed stationary, 
wavy and adiabatic, while the bottom wall of it was kept 
flat, stationary and adiabatic also. Both the hot left and the 
cold right vertical walls were considered moving upward 
in the positive and negative directions. The results indi-
cated that the increase in the average Nusselt number was 
connected by the moving parameter. Moreover, as the 
inner cylinder diameter and the number of undulations 
were increased, the thermal transmission intensity was 
diminished. Alsabery et al. [28] performed a numerical 
study of the conjugate mixed convection in a double lid-
driven square cavity with a square solid inner body. The 
cavity was filled with Al2O3–water nanofluid based on 
Buongiorno’s two-phase model. The hot bottom wall of 
the cavity was moved to the left, while the cold top wall 
of it was moved to the right. They presented the results for 
a wide range of the Richardson number (0.01 ≤ Ri ≤ 100), 
Reynolds number (1 ≤ Re ≤ 500), the size of the inner body 
(0.1 ≤ D ≤ 0.7), the solid volume fraction (0 ≤ � ≤ 0.04), 
the  ther mal  conduct iv i ty  of  the  inner  body 
(0.01 ≤ kw ≤ 1.95 W m−1 oC−1) and four cases of the inner 
body location. It was found that the big size of the inner 
body was improved the heat transfer for high Richardson 
and Reynolds numbers. Nayak et al. [29] studied numeri-
cally the effects of nanoparticles dispersion on the mixed 
convection and the entropy generation in a skewed enclo-
sure filled with Cu–water nanofluid. The insulated upper 
wall was assumed moved horizontally to the right, while 
both the stationary left and right sidewalls were main-
tained at a constant hot and cold temperature, respectively. 
With respect to the lower wall, it was considered insulated 
and stationary also. The effects of the Brownian diffusion, 
solid volume fraction, nanoparticles size and thermopho-
retic diffusion on the mixed convection were studied. They 
concluded that the Brownian motion and thermophoresis 
had a negligible effect on the mixed convection and the 
entropy generation inside the cavity. Very recently, Garm-
roodi et al. [30] numerically simulated the MHD mixed 
convection of copper–water nanofluid inside a lid-driven 
square cavity in the presence of multiple adiabatic rotating 
cylinders with four different configurations. A two-phase 
mixture model was adapted to simulate the nanofluid flow 



2064	 A. K. Hussein et al.

1 3

and the heat transfer. The upper wall of the cavity was 
assumed lid-driven and cold, while the lower wall was 
considered hot and fixed. Both the left and right sidewalls 
were assumed stationary and thermally insulated. It was 
found that the vertical arrangement of the cylinders led to 
a maximum heat transfer rate inside the cavity. Other use-
ful references about the mixed convection in cavities filled 
with nanofluid can be found in [31–35].

From the another side, limited researchers studied the 
mixed convection in an enclosure filled a nanofluid satu-
rated with a porous medium. Rajarathinam et al. [36] inves-
tigated numerically the mixed convection of copper–water 
nanofluid in an inclined fluid-saturated porous cavity. Three 
different cases depended on the direction of moving wall(s) 
were considered. The results were presented for various 
parameters such as the solid volume fraction, Darcy and 
Richardson numbers, inclination angle and the direction 
of moving wall(s). It was found that the heat transfer rate 
was enhanced by decreasing the Richardson number and 
increasing the inclination angle and the Darcy number. 
Astanina et al. [37] investigated numerically the mixed con-
vection of alumina–water nanofluid in a lid-driven cavity 
which had two different porous layers located on the hot 
bottom wall. The upper wall of the cavity was considered 
lid-driven and maintained at a constant cold temperature. 
The vertical sidewalls were assumed adiabatic. The results 
were illustrated for a wide range of the Richardson num-
ber (0.01 ≤ Ri ≤ 10), Darcy number for the first porous layer 
(10−7 ≤ Da ≤ 10−3), porous layers thickness (0.1 ≤ � ≤ 0.3) 
and nanoparticles volume fraction of (0 ≤ � ≤ 0.04), while 
the Reynolds number, Prandtl number and Darcy number 
for the second porous layer were considered constant at 
Re = 100, Pr = 6.82, Da = 10−5, respectively. It was found 
that the addition of nanoparticles was reduced the heat 
transfer in the mixed and forced convection regimes, while 
an opposite behavior was noticed in the natural convection 
regime. Very recently, Xu et al. [38] presented an excellent 
review about the convection heat transfer of the nanoflu-
ids saturated with a porous medium. On the same manner, 
a very limited paper which deals with the mixed convec-
tion problem in a trapezoidal enclosure filled a nanofluid. 
Kareem et al. [39] studied numerically the effect of using 
four types of nanofluids (Al2O3, CuO, SiO2 and TiO2 with 
pure water) on the mixed convection in a lid-driven inclined 
trapezoidal enclosure. Both the vertical sidewalls of the 
enclosure were assumed adiabatic. The upper wall was 
considered cold and moved either in a positive or negative 
x-direction, while the hot lower wall was considered station-
ary. The results were computed for the Richardson number 
(0.1 ≤ Ri ≤ 10), Reynolds number (100 ≤ Re ≤ 1200), nano-
particle diameter (25 ≤ dp ≤ 70 nm), the solid volume frac-
tion (0.01 ≤ � ≤ 0.04), the rotational angles (30° ≤ Φ ≤ 60°), 
enclosure aspect ratios (0.5 ≤ A ≤ 2) and inclination sidewalls 

angles (30° ≤ γ ≤ 60°). They concluded that the Nusselt num-
ber was increased by increasing the solid volume fraction 
and the aspect ratio, while it was decreased by increasing 
both the rotational and inclination angles and the nanopar-
ticle diameter. The MHD mixed convection in a lid-driven 
trapezoidal cavity filled with a copper–water nanofluid was 
carried out by Chamkha and Ismael [40]. Both the horizontal 
walls were considered adiabatic and stationary, while the 
cold left and the hot right vertical walls were assumed fixed 
and moved upward or downward, respectively. The stream-
lines, isotherms and Nusselt number results were illustrated 
for a wide range of the Hartmann number (0 ≤ Ha ≤ 100), 
Richardson number (0.01 ≤ Ri ≤ 10), the inclination angle 
of the cavity sidewalls  ( � = 66°, 70° and 80°) and the solid 
volume fraction (0 ≤ � ≤ 0.05). It was found that the average 
Nusselt number was maximum at higher inclination angles 
of the cavity sidewalls. Selimefendigil and Oztop [41] car-
ried out a numerical study of the MHD mixed convection 
in a lid-driven trapezoidal cavity filled with alumina–water 
nanofluid for various electrical conductivity models. Both 
the fixed left and right sidewalls of the cavity were assumed 
thermally insulated. The hot bottom wall of the cavity was 
assumed fixed, while the cold top wall of it was moved to 
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Fig. 1   a Schematic diagram of the present problem, b Mesh distribu-
tion of the computational domain
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the right at a uniform velocity. Numerical computations 
were performed for various electrical conductivity models 
and different values of the Hartmann number (0 ≤ Ha ≤ 40), 
Richardson number (0.01 ≤ Ri ≤ 25), magnetic field incli-
nation angle (0° ≤ � ≤ 90°) and the solid volume fraction 
(0 ≤ � ≤ 0.03). They concluded that as the solid volume 
fraction increased, the differences between average Nusselt 
numbers were increased for various electrical conductivity 
models. Other useful references about the mixed convection 
and the nanofluid can be found in [42–54]. Therefore, it can 
be concluded from the previous recent literature review and 
according also to the authors’ best experience in this field 
that no available paper at all deals with the mixed convec-
tion phenomena in a trapezoidal enclosure with a sinusoidal 
bottom wall which filled with two layers of nanofluid and 
porous media and including a rotating circular cylinder.

Mathematical modeling

Governing equations and geometrical configuration

Figure 1a, b shows, respectively, a schematic diagram and 
the mesh distribution of a two-dimensional trapezoidal 
enclosure of height and width (L) together with the impor-
tant geometric parameters. The fluid inside the enclosure 
is a CuO–water nanofluid layer in the top space of it, while 
the bottom space includes a CuO–water nanofluid saturated 
with a porous medium. Both the right and left sidewalls are 
assumed thermally insulated, while the bottom and the top 
walls of the enclosure are maintained, respectively, at the 
hot and cold temperatures. An adiabatic rotating circular 
cylinder is placed in the center of the enclosure and rotates 
about its centroidal axis. The nanofluid is assumed to be 
incompressible, and the flow is assumed to be two-dimen-
sional, laminar and steady. It is assumed that the base fluid 
(i.e., water) and nanoparticles are in a thermal equilibrium 
state. The thermo-physical properties of the base fluid and 
nanoparticles are included in Table 1. The Rayleigh num-
ber is varied as (Ra = 103, 105 and 106), the Darcy number 

is varied as (10−5 ≤ Da ≤ 10−2), the inner cylinder radius is 
varied as (R = 0.1, 0.2 and 0.3), the porous layer thickness 
(S) is varied as (S = 0.2, 0.5 and 0.8), the angular rotational 
velocity is varied as (0 ≤ Ω ≤ 6000), while the solid volume 
fractions ( � ) are varied as (0 ≤ � ≤ 0.06) and the number of 
undulations are varied as (1 ≤ N ≤ 3).

The thermo-physical properties of both the base fluid and 
nanofluids are assumed to be constant except for the density 
variation, which is modeled using Boussinesq model. Under 
these assumptions, the dimensional governing continuity, 
momentum and energy equations are, respectively, expressed 
as:

The set of Eqs. (1–4) was transferred to a dimensionless 
form after considering the following specifications:

1.	 Dimensionless scales

2.	 Dimensionless numbers
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Table 1   Thermo-physical properties of base fluid (pure water) and 
(CuO) nanoparticles

Properties Pure water CuO

cp/J kg−1 k−1 4179 540
k/W m−1 k−1 0.6 18
ρ/kg m−3 997.1 6500
β/k−1 21 × 10−5 0.85 × 10−5

dp/nm 0.384 29
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The density and the heat capacity of CuO–water nano-
fluid are determined as follows:

The coefficient of thermal expansion of CuO–water nano-
fluid is defined as:

The viscosity and the thermal conductivity of CuO–water 
nanofluid are expressed as:

Then, the dimensionless form of Eqs. (1–4) is given by:
Continuity equation:

X-component momentum equation:

Y-component momentum equation:

Energy equation:

It is useful to mention that the movement within the 
porous layer follows the Darcy–Brinkman approach. The 
porosity of the porous layer is taken as (ε = 0.398), while 
the thermal conductivity is taken as (kpo = 0.845 W/m.K). 
The values of ε, σ and αeff for two layers of the nanofluid 
and the porous medium are given by:

For nanofluid layer (ε = 1, σ = 0, αeff = αf,)
For porous medium layer (ε = ε, σ = 1, αeff = αeff)
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The flow pattern through the enclosure was described by 
streamlines which are determined by the following equation:

Boundary conditions and Nusselt number 
computation

The boundary conditions of the present study can be 
expressed as follows:

1.	 For the top horizontal wall

2.	 For the bottom horizontal wall

3.	 For the left and right inclined walls

4.	 Around the rotating cylinder surface

5.	 On the interface wall between the nanofluid and the 
porous media layers

The local and average Nusselt numbers along the sinu-
soidal bottom hot wall are calculated from the following two 
equations:
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The amplitude of the wavy wall

The wavy bottom wall is considered sinusoidal and its 
amplitude is given by:

where � is considered constant as ( � = 0.1).

Numerical method and verification

The governing dimensionless equations [i.e., Eqs. (8–11)] 
are solved numerically by using Galerkin finite elements 
approach to determine the stream function and the dimen-
sionless temperature distribution inside the enclosure. 
Lagrange finite elements were employed to discretize the 
velocity in the X and Y directions, pressure and tempera-
ture through the domain. The variables within the domain 
are divided into non-flapping zones through employing 
initiation functions. After replacing the variables into the 
dimensional governing equation, residual will product and 
it resolved to reinforce equals to zero up the computational 
region as:

where (W) expressed the mass function in Galerkin 
approach; it is selected from the equivalently arranged 
functions called the trial function. The production is so 
that each node on the element have a nonlinear residual 
equation where calculated by using the Newton–Raphson 
scheme. The iteration of the present study is assumed to 
be convergence solution when the corresponding error of 
each variable equals or less than 10−6. Non-homogeneous 
distribution, triangular mesh element is chosen to mesh 
both nanofluid and the porous medium domains. To check 
the grid sensitivity for the present model, different types 
of mesh size, number of elements, boundary elements and 
time elapsed to solve were achieved as shown in Table 2. 
An average Nusselt number of the bottom hot wall in the 
case of (S = 0.5, R = 0.2, Ra = 105, Ω = 3000, φ = 0.02 and 

(15)y = � sin x

(16)∫
�

WDd�

Da = 5 × 10−5) was considered. The less percentage error is 
selected which equals to (− 0.064) at an extremely fine mesh 
with number of elements equals to (22,251) and boundary 
elements equals to (837), and time elapsed was about 22 s. 
Table 2 shows an increase in the time required to solve the 
problem with increasing number of mesh elements. This is 
due to the increase in the number of nodes in order to reach 
the accurate solution. To provide the accuracy of the numeri-
cal approach of the present code, the fluid flow structure 
represents by streamline contours, the heat transfer repre-
sents by isotherm contours and the average Nusselt num-
ber is computed and compared with the previous numerical 
study performed by Selimefendigil et al. [42] as shown in 
Fig. 2 and Table 3. It is noticeable that there is a very good 
agreement between the two results. Therefore, the results of 
the present numerical code are verified by this comparison.  

Results and discussion

In this section, the results obtained from the numerical 
simulation of the two-dimensional laminar mixed convec-
tion in a trapezoidal enclosure filled with two layers of 
nanofluid and porous media with a rotating circular cylin-
der and a sinusoidal bottom wall were presented and dis-
cussed in more details. The effects of the Rayleigh number 
(Ra), the Darcy number (Da), the inner cylinder radius (R), 
the porous layer thickness (S), the solid volume fraction 
( �), the angular rotational velocity (Ω) and the number 
of undulation (N) on the flow and thermal fields together 
with the average Nusselt number have been illustrated and 
discussed also. In the present work, the solid volume frac-
tion ( � ) is varied as (0 ≤ � ≤ 0.06), the Rayleigh number is 
varied as (103 ≤ Ra ≤ 106), the Darcy number is varied as 
(10−5 ≤ Da ≤ 10−2), the inner cylinder radius is varied as 
(R = 0.1, 0.2 and 0.3), the angular rotational velocity is var-
ied as (0 ≤ Ω ≤ 6000), the porous layer thickness (S) is varied 
as (S = 0.2, 0.5 and 0.8) and the number of undulations is 
varied as (1 ≤ N ≤ 3).

Effects of the inner cylinder radius and the porous 
layer thickness when the Rayleigh number is low 
(Ra = 103)

When the effect of the number of undulation is negligible 
(N = 0)

Figure 3 displays streamlines (left) and isotherms (right) 
for various inner cylinder radius and the porous layer 
thickness when (Ra = 103, Da = 5 ×10−5, Ω = 3000, 
N = 0 and ϕ = 0.02). The flow field inside the trapezoi-
dal enclosure was produced due to the temperature dif-
ference between the hot bottom wall and the cold upper 

Table 2   Grid sensitivity check for the case (S = 0.5, R = 0.2, Ra = 105, 
Ω = 3000, φ = 0.02, Da = 5 × 10−5)

Mesh size Mesh ele-
ments

Boundary 
elements

CPU time/s Nu Error%

Normal 1546 178 7 1.5749 –
Fine 2319 223 9 1.5802 0.33
Finer 6826 438 11 1.5507 − 1.9
Extra fine 19,033 837 20 1.5473 − 0.219
Extremely 

fine
22,251 837 22 1.5463 − 0.064
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one. Therefore, the flow vortices start from the bottom 
wall due to its high temperature and move by the buoy-
ancy force effect to the adjacent insulated left sidewall. 
After that, they change their direction to the insulated right 
sidewall after impacting with the cold upper wall. This 
cyclic movement leads to produce the convection vortices 
inside the enclosure. It is very useful to mention that the 
mixed convection in the enclosure is due to the two effects. 
The first one is due to the shear force which comes from 
the rotation of the insulated circular cylinder, while the 
second effect is due to the buoyancy force as mentioned 
above. It can be noticed from the flow field pattern that as 
the porous layer thickness increases, the stream function 

values begin to decrease. This behavior is observed for all 
considered range of the inner cylinder radius. For example, 
when the inner cylinder is small (i.e., R = 0.1), the stream 
function decreases from (Ψmax = 33.617) when (S = 0.2) 
to (Ψmax = 3.200) when (S = 0.8). The same behavior can 
be observed for medium and large cylinders. Therefore, 
it can be concluded that as the porous layer thickness 
inside the enclosure increases, it leads to reduce the rapid 
increasing in the strength of the flow circulation and to 
decrease also in the effect of increasing the inner cylin-
der radius. With respect to the effect of the inner cylin-
der radius on the flow field, it can seen from the results 
that as the inner cylinder radius increases from (R = 0.1) 
to (R = 0.3), the stream function values increase. This 
behavior can be seen for medium and large thickness of 
the porous layer (i.e., 0.5 ≤ S ≤ 0.8).   For example, when 
the porous layer thickness is medium (i.e., S = 0.5), the 
stream function increases from (Ψmax = 3.4531) when 
(R = 0.1) to (Ψmax = 11.662) when (R = 0.3). This means 
that the strength of the flow circulation is high when the 
cylinder radius is high and vice versa. The reason for this 
behavior is due to the high reduction of the free space or 
gap between the enclosure walls and the rotating cylinder 
surface when its radius is high. This makes the convection 
currents move much faster between the hot bottom and the 
cold top walls and leads to increase in the stream function 
values. With respect to the flow field pattern, it can be 

Fig. 2   Comparison of the 
thermal and the fluid patterns 
for different Rayleigh numbers 
with Selimefendigil et al. [42] 
at (R = 0.2, Ω = 3000, ϕ  =  0.02)

Present study

Ra = 103

Ra = 105

Ra = 106

Selimefendigil et al. [42]
Isotherms

Present study
Flow pattern

Selimefendigil et al. [42]

Table 3   Comparison of the average Nusselt number along the hot 
wall for different Rayleigh numbers (Ω = 3000, φ = 0.02, Da = 5 ×10−5 
and R = 0.2)

Ra Average Nusselt number at the hot bottom 
wall

Error/%

Present study Selimefendigil et al. 
[42]

103 1.93 1.9 − 1.57
104 1.94 1.91 − 1.570
105 1.95 1.915 − 1.827
106 2.01 1.99 − 1.005
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observed that it consists of two major vortices around the 
inner cylinder and their size of course decreases as the 
cylinder radius increases. But, when the thickness of the 
porous layer is small (S = 0.2), it can be noticed that as the 
inner cylinder radius increases from (R = 0.1) to (R = 0.2), 
the stream function increases from (Ψmax = 33.617) to 
(Ψmax = 42.740) and then decreases to (Ψmax = 18.388) at 
(R = 0.3). Furthermore, the flow field pattern consists of 
multi-cellular vortices which cover all the domain of the 
enclosure. With respect to the thermal field, it can be seen 
from isotherm contours that the convection effect is domi-
nant for low and middle values of the porous layer thick-
ness (i.e., S = 0.2 and 0.5). This behavior can be confirmed 
from the confused and non-uniform pattern of isotherms 
especially in the core of the enclosure and around the inner 
cylinder. This observation is noticed for all considered val-
ues of (R). But, as the porous layer thickness increases to 
(S = 0.8), the isotherm contours begin to change its behav-
ior to be much uniform and linear shape style than that the 
corresponding isotherms which are noticed at (S = 0.2 and 
0.5). This indicated that the increase in the porous layer 
thickness inside the enclosure weakens the heat transfer by 
the convection and makes the heat conduction inside the 
enclosure more dominant. Again, this notation is seen for 

all values of (R). From the another side, similar observa-
tion for both the flow and thermals fields can be noticed at 
(Ra = 105) as presented in Fig. 4.

When the effect of the number of undulation is considered 
(N = 1)

Figures 5 and 6 illustrate, respectively, streamlines (left) 
and isotherms (right) for various inner cylinder radius and 
the porous layer thickness at (Da = 5 ×10−5, Ω = 3000, N = 1 
and φ = 0.02) for (Ra = 103 and 105). It can seen that the 
stream function values begin to decrease when the bottom 
wall of the enclosure is considered wavy (i.e., N = 1) com-
pared with their corresponding values when it considered 
flat as shown previously in Figs. 3 and 4. This difference is 
large for smaller cylinder and the porous layer thickness (i.e., 
R = 0.1 and S = 0.2) and begins to decrease as both of them 
increase. Therefore, it can be concluded that the existence 
of undulations in the bottom wall leads to decrease in the 
intensity of the flow circulation compared with the flat one. 
The reason behind this behavior is due to the narrow space 
between the hot wavy wall and the cylinder surface which 
leads to restrict the rise-up of the hot fluid and makes the 
flow circulation more slow. It is useful to mention that this 

min = – 33.762 max = 33.617Ψ

R = 0.1 R = 0.2 R = 0.3

S = 0.2

S = 0.5

S = 0.8

min = – 45.205 max = 42.740Ψ min = – 36.417 max = 18.388Ψ

min = – 13.08 max = 3.4531Ψ min = – 25.941 max = 7.2316Ψ min = – 32.327 max = 11.662Ψ

min = – 4.947 max = 3.200Ψ min = – 10.714 max = 6.570Ψ min = – 28.391

, Ψ , Ψ , Ψ

, Ψ , Ψ , Ψ

, Ψ , Ψ , Ψmax = 10.034Ψ

Fig. 3   Streamlines (left) and isotherms (right) for different inner cylinder radius and porous layer thickness at Ra = 103, Da = 5 × 10−5, Ω = 3000, 
N = 0 and φ = 0.02
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S = 0.2

S = 0.5

S = 0.8

min = – 33.762 max = 33.617 min = – 45.06 max = 42.74 min = – 36.499 max = 18.432

min = – 14.54 max = 3.399 min = – 26.24 max = 7.2335 min = – 32.372 max = 11.692

min = – 4.94 max = 3.24 min = – 10.706 max = 6.618 min = – 28.465 max = 10.07

, ΨΨ , ΨΨ , ΨΨ

, ΨΨ , ΨΨ , ΨΨ

, ΨΨ , ΨΨ , ΨΨ

Fig. 4   Streamlines (left) and isotherms (right) for different inner cylinder radius and porous layer thickness at Ra = 105, Da = 5 × 10−5, Ω = 3000, 
N = 0 and φ = 0.02
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Fig. 5   Streamlines (left) and isotherms (right) for different inner cylinder radius and porous layer thickness at Ra = 103, Da = 5 × 10−5, Ω = 3000, 
N = 1 and φ = 0.02
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effect is more severe for (S = 0.2) and decreases gradually 
as the porous layer thickness increases. The same notation 
can be seen for (Ra = 105) except for (R = 0.1 and S = 0.2) 
case. On the other hand, it can be observed from the flow 
field pattern that the stream function values decrease as the 
porous layer thickness increases. With respect to the inner 
cylinder radius effect, it can be noticed that for (S = 0.2), 
the stream function increases as the inner cylinder radius 
increases and then decreases at (R = 0.3), while for (S = 0.5 
and 0.8), it increases as the inner cylinder radius increases. 
Furthermore, the existence of the undulation in the bottom 
wall leads to trap the flow circulation in the wavy wall and 
reduces the effect of the convection. Moreover, the iso-
therm patterns are affected also by the undulated wall. They 
converge at the crests of the wavy wall and diverge at the 
troughs of it, so it plays also as an additional factor to make 
the conduction more dominant especially in the lower half 
of the enclosure.

Effect of the Darcy number on the flow and thermal 
fields

The streamlines (top) and isotherms (bottom) for vari-
ous Darcy and Rayleigh numbers at (Ω = 3000, φ = 0.02, 
R = 0.2, N = 1 and S = 0.5) are presented in Fig. 7 for 
the trapezoidal enclosure with a wavy bottom wall. It 
can be seen that for both considered values of the Ray-
leigh number (i.e., Ra = 103 and 105), the stream func-
tion decreases as the Darcy number decreases from 
(Da = 10−2) to (Da = 10−5). So, it decreases at (Ra = 103) 
from (Ψmax = 53.58) when (Da = 10−2) to (Ψmax = 3.15) 
when (Da = 10−5). The same behavior can be observed at 
(Ra = 105). Therefore, it can be seen that when the Darcy 
number is high (Da = 10−2), the strength of the flow cir-
culation is high also and the flow field can be represented 
by a major rotating vortex which lies near the inner cyl-
inder and covers all the size of the enclosure. Moreover, 
minor vortices can be observed also at the edges of the 
straight cold top wall and the wavy hot bottom one. In 
fact, for high Darcy number (i.e., Da = 10−2), the viscous 
effect on the flow circulation related with the porous 

R = 0.1 R = 0.2 R = 0.3

min = – 33.907 max = 33.83 min = – 44.242 max = 42.674 min = – 38.794 max = 18.022

min = – 14.643, Ψmax = 3.368
min = – 26.169 max = 7.1905 min = – 32.505 max = 11.572

min = – 5.127 max = 3.227 min = – 10.708 max = 6.611 min = – 28.478 max = 10.063

, ΨΨ , ΨΨ , ΨΨ

Ψ
, ΨΨ , ΨΨ

, ΨΨ , ΨΨ , ΨΨ

Fig. 6   Streamlines (left) and isotherms (right) for different inner cylinder radius and porous layer thickness at Ra = 105, Da = 5 × 10−5, Ω = 3000, 
N = 1 and φ = 0.02
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media term is significant. Therefore, the permeability of 
the porous media is also high, since the permeability of 
the porous media is directly proportional to the Darcy 
number. Therefore, for these reasons the strength of the 
flow circulation is high when the Darcy number is high as 
shown in Fig. 7. Now, as the Darcy number decreases to 
(Da = 10−5), a severe reduction in the stream function val-
ues can be noticed. So, it can be concluded that the flow 
circulation becomes weak for small values of the Darcy 
number. Also, a clear change in the flow field pattern can 
be noted, since it consists of two rotating vortices around 

the inner cylinder, while the minor vortices which are 
noticed previously disappear completely. The maximum 
value of the stream function can be observed at high val-
ues of the Darcy and the Rayleigh numbers (i.e., Ra = 105 
and Da = 10−2). With respect to the thermal field, it can 
be seen from the isotherm contours that when the Darcy 
number is high (Da = 10−2), a clear confusion in their 
pattern is seen. They are started from the hot bottom wall 
and move inside the enclosure until they reach to the cold 
top wall. From the opposite side, as the Darcy number 
decreases, the reduction in the flow circulation makes the 

Da = 10–2

Streamlines

Isotherms

Isotherms

Streamlines

Da = 10–3 Da = 10–5

Ra = 103

Ra = 105

min = – 53.63 max = 53.58
min = – 37.419 max = 30.705 min = – 24.242 max = 3.15

min = – 55.55 max = 55.55 min = – 38.376 max = 31.080 min = – 24.467 max = 3.150

, ΨΨ , ΨΨ , ΨΨ

, ΨΨ , ΨΨ , ΨΨ

Fig. 7   Streamlines (top) and 
isotherms (bottom) for various 
Darcy and Rayleigh numbers 
at (Ω = 3000, φ = 0.02, R = 0.2, 
N = 1 and S = 0.5)
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isotherms symmetrical and parallel to each other espe-
cially in the porous media region, while the conduction 
becomes dominant. Again, similar observations can be 
seen at (Ra = 105).

Effect of the solid volume fraction on the flow 
and thermal fields

Figure 8 illustrates streamlines (top) and isotherms (bottom) 
for various Rayleigh numbers and solid volume fraction (red 
line for the nanofluid with (φ = 0.06) and green line for the 
water (φ = 0)) and (Da = 5 × 10−5, Ω = 3000, R = 0.2, N = 2 
and S = 0.5). It can be noticed from the flow field pattern 
that there is a slight variation in the stream function values 
between the base fluid (i.e., water) and the nanofluid (i.e., 
CuO–water). Moreover, a similar flow field pattern which 
consists of two rotating unsymmetrical vortices around the 
inner cylinder can be seen for both base and nanofluids. This 
behavior can be observed for both considered values of the 
Rayleigh number (i.e., Ra = 103 and 105). Therefore, it can 
be deduced that for both considered values of the Rayleigh 
number (Ra = 103 and 105), a slight variation in the flow 
field pattern can be observed by increasing the solid volume 
fraction especially in the pure nanofluid region. With respect 
to the isotherm contours, it can be noticed again from the 
results in Fig. 8 that the increasing of the solid volume frac-
tion does not alter their pattern significantly. This behavior 
can be seen for both top and bottom regions of the enclosure.

Effect of the angular rotational velocity on the flow 
and thermal fields

The streamlines (top) and isotherms (bottom) for various 
Rayleigh numbers and angular rotational velocity of the cyl-
inder at (Da = 5 × 10−5, φ = 0.02, R = 0.2, N = 3 and S = 0.5) 
are displayed in Fig. 9 for the trapezoidal enclosure with a 
wavy bottom wall. The results referred that the stream func-
tion increases as the angular rotational velocity increases, 
and this behavior is seen when the Rayleigh number is low 
(i.e., Ra = 103).This increasing is due to the high interac-
tion which occurs between the cylinder surface and the 
hot fluid which comes from the bottom wall. This leads to 
make more flow crosses toward the upper cold region of 
the enclosure and increases the stream function values. For 
example at (Ra = 103), when the inner cylinder is consid-
ered stationary (i.e., Ω = 0), the stream function is very low 
(Ψmax = 0.00538) and it increases gradually with the increase 
in the angular rotational velocity of the cylinder until it 
reaches (Ψmax = 14.525) at (Ω = 6000). When the Rayleigh 
number becomes high (i.e., Ra = 106), it can be seen that the 
stream function value is high, when the inner cylinder is con-
sidered stationary (i.e., Ω = 0). But, as the cylinder begins 
to move, the stream function decreases from (Ψmax = 8.181) 
at (Ω = 0) to (Ψmax = 4.85) at (Ω = 2000). This decreasing is 
due to the opposite directions of rotation between the cyl-
inder and the flow that leads to a decrease of the stream 
function value. After that, as the angular rotational veloc-
ity increases gradually, the stream function values begin to 
increase secondly. With respect to the effect of the angular 
rotational velocity of the cylinder on the flow field pattern, 
it can be seen from the results which are illustrated in Fig. 9 
that there is a clear change occured in it. The flow pattern 
switches their shape from a multi-cellular vortices which 
are noticed around the cylinder at (Ω = 0) into a two unsym-
metrical major rotating vortices when the cylinder is con-
sidered to rotate (2000 ≤ Ω ≤ 6000). Also, it can be noticed 
that vortices in the nanofluid region (upper half of the enclo-
sure) are more intense than the corresponding vortices in 
the porous region (lower half of the enclosure) especially 
for the rotating cylinder case. This behavior can be returned 
to the existence of the porous layer which leads to decrease 
in the effect of the cylinder rotation and makes the vortices 
less intense. The another point which is necessary to clarify 
it is that the multi-cellular vortices which are noticed in the 
porous region disappear when the cylinder is considered 
fixed, while they diminish completely in the same region by 
the rotation of the inner cylinder as mentioned above. Also, 
it can be seen that the vortices begin to confuse and clustered 
strongly by increasing the Rayleigh number especially in the 
porous region. This is of course due to the high effect of the 
convection by increasing the Rayleigh number. With respect 

Fig. 8   Streamlines (top) and isotherms (bottom) for various Rayleigh 
numbers and solid volume fraction (red line, φ = 0.06 and green line, 
φ = 0) and Da = 5 × 10−5, Ω = 3000, R = 0.2, N = 2 and S = 0.5
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Fig. 9   Streamlines (top) and isotherms (bottom) for various Rayleigh numbers and angular rotational velocity of the cylinder at Da = 5 × 10−5, 
φ = 0.02, R = 0.2, N = 3 and S = 0.5)
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to the thermal field, it can be seen from the isotherms pat-
tern that when the cylinder is considered stationary, the heat 
is transferred inside the enclosure by the conduction. This 
conclusion is based on the uniform structure of isotherms at 
(Ω = 0). But, when it considered to rotate (2000 ≤ Ω ≤ 6000), 
the isotherms begin to confuse clearly especially in the nano-
fluid region. This refers that the convection becomes more 
effective in this case.

Average Nusselt number results

Figure 10 displays the variation in the average Nusselt 
number along the hot wavy wall for various Rayleigh num-
bers and solid volume fraction at (Da = 5 × 10−5, Ω = 3000, 
S = 0.5, N = 1 and R = 0.2). As illustrated in this figure, the 
average Nusselt number increases as the Rayleigh number 
and the solid volume fraction increase. The reason for this 
behavior is due to the enhancement in the convection heat 
transfer inside the enclosure with increasing the Rayleigh 
number, and this leads to increase in the average Nusselt 
number results. Also, the same result can be found by 
increasing the solid volume fraction. This is due to the high 
enhancement in the thermal conductivity of the base fluid 
by adding a nanoparticles, and this leads to improve the heat 
transfer rate inside the enclosure and increases the average 
Nusselt number. Therefore, it can be concluded that the 
highest values of the average Nusselt number correspond 
to the highest values of (Ra) and (φ). Also, it can deduced 
from the results that the using of CuO–water nanofluid leads 
to enhance the heat transfer process compared with the pure 
water (φ = 0) especially for high values of the solid volume 
fraction (i.e., φ = 0.06) as mentioned previously. Figure 11 
displays the variation in the average Nusselt number along 
the hot wall for various Rayleigh and Darcy numbers at 
(Ω = 3000, φ = 0.02, S = 0.5, N = 0 and R = 0.2). Again, it 

can be found that the average Nusselt number increases as 
the Darcy number increases. Therefore, it can be concluded 
that the heat exchange process is better for the highest value 
of the Darcy number (i.e., Da = 10−2). This is a logical result 
due to the positive effect of the convection when the Darcy 
number is high. The reason for this behavior is due to the 
increase in the permeability of the porous media by increas-
ing the Darcy number. This leads to decrease in the resist-
ance of the porous layer against the flow circulation and 
enhances the activity of the convection inside the enclosure 
which leads as a result to increase in the average Nusselt 
number values. Figure 12 depicts the variation in the average 
Nusselt number along the hot wavy wall for various Rayleigh 
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numbers and the angular rotational velocity of the cylinder 
at (Da = 5 × 10−5, φ = 0.02, S = 0.5, N = 2 and R = 0.2). It can 
be observed that the average Nusselt number increases as the 
angular rotational velocity of the cylinder increases. This 
is of course due to the increase in the shear force effect by 
increasing the angular rotational velocity. This causes an 
improvement in the mixed convection role inside the enclo-
sure and leads to a significant improvement in the average 
Nusselt number. Therefore, it can be seen from Fig. 12 that 
the maximum average Nusselt number occurs for the highest 
angular rotational velocity of the cylinder (i.e., Ω = 6000).

The variation in the average Nusselt number with the 
Rayleigh number along the hot wall for different porous 
layer thickness, radius of inner rotating cylinder and num-
ber of undulations at (Ω = 3000, φ = 0.2 and Da = 10−5) is 
illustrated in Fig. 13. It can be seen from this figure that 
the average Nusselt number decreases as the porous layer 
thickness increases from (S = 0.2) to (S = 0.8). It is to be 
noted that the resistance of the porous layer against the flow 
circulation increases as its thickness increases. This weakens 
the influence of the convection and decreases the average 
Nusselt number. From the another side, it can be seen that 
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the average Nusselt number increases as the inner cylinder 
radius increases. Since, the flow circulation is much higher 
for a larger cylinder radius increases and the flow circula-
tion is more intense for larger cylinder diameter. The reason 
for this enhancement can be returned to the reduction in the 
gap between the enclosure horizontal walls and the cylinder 
surface which makes the convection heat transfer more faster 
and enhances the average Nusselt number. With respect to 
the effect of the number of undulations on the average Nus-
selt number results, it can be seen that they decrease as the 
number of undulations increases. The reason behind this 
behavior is due to the drag effect caused by the protruding 
segments of the wavy bottom wall which leads to decrease in 
the average Nusselt number. Therefore, it can be concluded 
that the average Nusselt number reaches it maximum value 
when the bottom wall of the enclosure is considered flat 
(i.e., N = 0).

Conclusions

The laminar mixed convection in a trapezoidal enclosure 
with a rotating inner circular cylinder and a sinusoidal 
bottom wall is studied numerically. The fluid inside the 
enclosure is a CuO–water nanofluid layer in the top space 
of it, while the bottom space includes a CuO–water nano-
fluid saturated with a porous medium. It was found that for 
(Ra = 103 and N = 0), as the porous layer thickness increases, 
the stream function values begin to decrease sharply for 
(0.1 ≤ R ≤ 0.2) and slightly for (R = 0.3). For (Ra = 103 and 
N = 0) and (0.5 ≤ S ≤ 0.8), it can be seen that as the inner cyl-
inder radius increases from (R = 0.1) to (R = 0.3), the stream 
function values increase continuously. But, for (S = 0.2), a 
different behavior is noticed. Also, it can be noticed that for 
(Ra = 103 and N = 0), when the porous layer thickness inside 
the enclosure increases, it leads to reduce the rapid increas-
ing in the strength of the flow circulation and to decrease 
also in the effect of increasing the inner cylinder radius.

For (Ra = 103 and N = 0) and all considered values of (R), 
the isotherm lines in the porous layer region are much linear 
and uniform than the corresponding isotherms in the pure 
nanofluid region. Also, they become much slim for high val-
ues of the porous layer thickness (i.e., S = 0.8). This gives a 
clear indication that for high values of (S), the conduction 
mode of the heat transfer is dominant. From the another side, 
for both (Ra = 103 and 105), a slight variation in the flow 
and thermal fields can be observed by increasing the solid 
volume fraction for the wavy enclosure especially in the pure 
nanofluid region. The strength of the convection inside the 
wavy enclosure increases as the Darcy number increases. 
In addition, the isotherms become more distorted and the 
convection is dominant when the Darcy number is high. The 
effect of the increasing of the angular rotational velocity of 

the cylinder in the porous layer region is small than its effect 
in the nanofluid region. Also, the convection is dominant by 
increasing the angular rotational velocity. The existence of 
undulations in the bottom wall leads to decrease in the inten-
sity of the flow circulation and makes the conduction effect 
more dominant. The average Nusselt number increases as 
the Rayleigh and Darcy numbers, the solid volume fraction, 
inner cylinder radius and the angular rotational velocity of 
the cylinder increase, while it decreases as the porous layer 
thickness and the number of undulations increase. In order to 
add some future directions and outlook of the present work, 
one can study the entropy generation or consider the three-
dimensional investigation for the same geometry.
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