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q-Analogue of Ruscheweyh Operator and its Applications to
Certain Subclass of Uniformly starlike Functions
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“School of Mathematics Sciences, Faculty of Sciences and Technolog ,University Kebangsaan Malaysia
43600 Bangi, Selangor Darul Ehsan, Malaysia

Abstract. Motivating by g-analogue theory, we define here g-analogue of Ruscheweyh differential operator. Also, we
introduce a new subclass of uniformly starlike functions with negative coefficients and obtain the coefficient bounds,
distotion theorem for functions belonging to this class.

Keywords:g-analogue of Ruscheweyh differential operator, uniformly starlike function.
AMS Subject Classification: 30C45, 33D15, 05A30
PACS: 02.30Fn,02.30.Gp,0230.Px

INTRODUCTION

The theory of g-analogues is an active field of research to day since it has assumed of significant importance for
studying g-calculus (g-differentiation and g-integration).This theory of g-analogues or g-extensions of classical
formulas and functions based on the observation that

. 1-q°
lim =a.
q-1 1-— q
Therefore, the number ((ll_jq)) is sometimes called the basic number [a],.

The theory of g- analogues find applications in a number of areas including combinatorial theory, g-deformed
superalgebras, hypergeometric orthogonal polynomials, dynamical systems and physics. This paper is an attempt to
give a connection of g-analogues theory and geometric function theory by obtaining the g-analogue of Ruscheweyh
differential operator using basic hypergeometric function and defining a new
class of uniformly starlike functions.

Let A denote the class of functions of the form

f(@) =z + %o a2", (1)

which are analytic and univalent in the open unit disk U = {z € C: |z| < 1} . Also, denote by T the subclass of A
consisting of functions of the form

f(2) =z %o a2", (a, 20) O]

A function f is uniformly convex (uniformly starlike) in U. if f is in CV(S*) and has the property that for every
circular arcy contained in U, with center £ also in U, the arc f(y) is convex(starlike) with respect to f(§). The class
of uniformly convex functions is denoted by UCVand the class of uniformly starlike functions by US™. Analytically,

2" |2f"(@)
f’(Z)}> o I'”

In [1,2], Ronning introduced a new class of starlike functions related to UCV defined as

zf '(Z)}
f(@)

e U.

f(z) € UCV & Re{1 +

#f' @
f@

f(z) €S, @Re{

1‘,26[{].
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Note that, f € UCV < zf' € §,. These classes have been extensively studied by Goodman [3,4], Kanas and
srivastava[S], Ma and Minda [6] . Moreover, Shams, Kulkarni and Jahangiri [7] introduced the subclass US, (@, B)
of uniformly f3-starlike functions of order a,consisting of functions which satisfy

2f'(2) 2f'(@)
relroy — > f g

for some 0 < a < 1,8 = 0. Later, the class was studied by Nishiwaki and Owa[8].

—1|,ZEIU,

Let f, g € A, where f is defined by (2) and g is given by

o0

g(z)=z— Z by z*.
k=2
Then, the Hadamard product (or convolution) f * g of the functions f and g is defined by

o0

Fr @) =2-) ab*.

k=2

One of the most important summation formulas for hypergeometric series is given by the binomial Series is

F _ _ (a)k k _ —a
2 1(a,c,c;z) =1 Fo(a,—;Z)— TZ —(1—Z) , aE]R,
k=0

where |z| < 1. The g-analogue of this formula is defined by

0 (a;q9)
190(a, =5 0;2) = Tz " 202" 1zl <119l < 1,(2)

which was derived by Cauchy (1843), Heine (1847) and by other mathematicians. (a, q), is the g-analogue of the
Pochhammer symbol (a), defined by

_ 1’ k= 0;
(@@ = {(1 —a)(1-aq)(1 —aq?)...(1 —aq*"), keN.

It is clear that
@k
lim————— = (a),.

By using the ratio test, one recognize that, if |q| < 1, the g series (3) (also called basic hypergeometric series)
converges absolutely for |z| < 1. For more details concerning the g-theory may refer to [9,10].

Replacing a by (1 + 1,4 > —1) in (3), we now define the g-analogue of Ruscheweyh differential
operator .'D,;l f:A — A as follows:

DIf(z) =1 ¢o(a,—q:2)* f(2)
w  (A+Lq)k—1 k
= L, -1 1 1.
Z+ Y5, - apz®, 1>-1,]z| < 1,|q| <

(3)
Observe that if 1 + 1 = g#*1,u > —1, we have

© y+1; B > +1),_
Z Makzkl =z+ Z %akzk =D"f(2),
T k=2 '

. A _ .
él_r)r}i)qf(z) =z+ }Ilir}

(CH )=
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where D* f(z) is Ruscheweyh differential operator[11].

For—1<a <1, =0, weletS;(q,a,B) be the subclass of A consisting of functions of the form (1) and
satisfying the analytic criterion

'

Z(Déf(z)), z(‘D%f(Z))
Re{—Dgf(Z) —a;>f —Dgf(z) — 1|,z € U,4)
where D,;lf(z) is given by (4). We also let TSy (q,a, B) = S,(q,a,B) NT.
BASIC PROPERTIES

In this section we obtain a necessary and sufficient condition for functions f in the classes Sy (g, @, f) and
TS;(q, a, B).

Theorem 1. A function f(z) of the form (1) is in S;(q, @, B) if

Sz [k +B) = (@ + R o < 1-a,(5)

where -1 <a<1,>20and0 <y <1

Proof. It suffices to show that

2(Dyf(2))’ 2(Dyf(2))’
ﬁli(?)éf(z) —-1] - Re{i@éf(z) -1}<1—-a.
We have
2(Dyf(2))’ 2(Dif(2))’ 2(Dif(2))’
ﬁl—Dgf(z) -1 - Re{—%f(z) -1}<(1+ ﬁ)l—n;f(z) -1
o At L@
_A+A i k=D Trpltia
- I Lt (A + 1 q)k—l
L2 gy, 1%
This last expression is bounded above by (1 — a) if
N A+ 1 Qs ~
D QL+ B) = @@+ ) S < 1w,

k=2

hence the proof is complete.
Theorem 2. A necessary and sufficient condition for f(z) of the form (2) to be in the class TS, (q, «, B) is that

A+1;9)-
> 1+ )~ (a+ g LDt

: lag| <1 —aq,
] (CH=

where -1 <a<1,8 >0.
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Proof. In view of Theorem 1, we need only to prove the necessary condition. If f € TS;(q, @, B) and z is real then

o A+ L@k k-1
1oy A+ Ldia
Zic=2 (@ D1 i .
o (’1 +1 q)k—l k—
1=y  ~———frxd 1
k=2 (4 Qi 4z
S (k- LDy
[CHOr=
=
1—Yy® (A+1;q)k—1|a|
k=2 (4 i k
Letting z — 1 along the real axis, we obtain the desired inequality
N A+ L q)k
D k(4B ~ (@t Ol g s | < 1-a

k=2

The next theorem shows that the class TS, (q, @, B) is closed under linear convex combination.
Theorem 3. Let f;(z),i = 1,2 defined by (2) in the class TS, (q, &, B). Then, the function F(z)is defined by

F() = 1-nA@ +0h@ =2~ ) o

k=2
where (¢, = (1 —=n)ag, +nae;),0 <n < 1lisalso in the class TS, (q, a, ).

Proof. Since

0

@) =7= ) @ur, e, 20i=12,
=2
inTS;(q,a,B), so that

F)=2= ) [ag +1-ma,l#, 0<n<t
k=2

An easy computation with the aid of Theorem 2 gives

2 A+ L)k
k(1+B) — LTkt
Zkzz[ A+5) = (@ + B 5=y
o A+ 1)
+Zk=2[k(1 +pB)—(a+ ﬁ)]m(l -y,

snl-a)+(1-nN(l-a)<1-agq

which implies that F € TS, (q, a, B). Hence TS, (q, @, B) is closed under linear convex combination.

Theorem 4. Let the hypotheses of Theorem 2be satisfied. Then, forz € Uand —1 < a < 1,8 = 0, we have

A < _ 1—a 2 2 = 1-a 2
D f (D] < |z| = oy 2P andI D f ()] = Nzl +
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Proof. By using Theorem 2, one can verify that

0

A+ L@k A+ 1,q)
— k — - -
2 a+ﬁ]2 Tl S,Zz[ R e L
<1-a,
then
N (A+1:Q)k—1|a < l1-a
— (6D T R-a+p]
Thus we obtain
A+ L q)k
Dif@)] < Iz +Z izl

( »Q)k 1
<|z|+z o 1212

Q-1

< |zl + |z?

1_
2-a+p]”

The proof of the second assertion is similar to the proof of the first assertion.

10.
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