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Abstract

In this paper, we deal with the linear infinite dimensional systems in a Hilbert space where the dynamics of the system is governed by
strongly continuous semi-groups. We study the concept of asymptotic (exponential) regional detectability in connection with the structures
of sensors for a class of parabolic distributed parameter systems. For different sensors structures, we give the characterization of the
asymptotic (exponential) regional detectability in order that asymptotic (exponential) regional observability be achieved. Furthermore, we
apply these results to the regional observer for distributed parameter diffusion systems. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction relation between the regional observer and regional detect-
ability and we give an application of regional observer to a
Many real problems in the control and asymptotic obser- diffusion system.

vation of distributed parameter systems can be reformulated
as problems of infinite-dimensional systems, in a domain 2

[1-4]. An extension of detectability, is that of asymptotic 2. The class of considered systems
(respectively exponential) regional w-detectability. This
concept, was introduced recently by Al-Saphory and El Let the following assumptions be given:

Jai [5], and was focused on the state asymptotic (respectively
exponential) detection in a given part @ of the domain €.
The purpose of this paper is to give some results related to

Q2 be a regular bounded open set of R" with boundary 0Q.
[0,7], T > 0 a time measurement interval.

the link between the regional detectability and sensors e o be anon-empty given subregion of £ with boundary I,
structures. We consider a class of distributed systems and We denote Q = Qx]0,T[, 2 = Q2x]0, [, ® = 92x]0,
we explore various results connected with different types of oo and X = 002x]0,T|.

measurements, domains and boundary conditions. The main e X U, O be separable Hilbert spaces where X is the state
reason for introducing the concept of asymptotic (respec- space, U the control space and (@ the observation space.
tively exponential) regional w-detectability, is the possibility We consider X = L*(Q), U = L*(0,00,R") and O =
to construct an asymptotic (respectively exponential) regio- L?(0,00,R?), where p and g hold for the number of
nal observer for the considered system. Section 2 concerns actuators and sensors. The considered system is described
the class of considered systems and the characterization of by the following parabolic distributed parameter system

regional strategic sensors. Section 3 devotes to the introduc-
tion of regional detectability problem. We discuss this notion

with regional observability and structures of sensors. In 6_( ) =Ax(&, 1) + Bu(r), 2
Section 4, we give an application to various situations of x(€,0) = xo( )s Q @b
sensors locations and in the last section, we study the x(n,1) = o
augmented with the output function
* Corresponding author. Tel.: 4+33-4-6866-1760; fax: +33-4-6866-1760.
E-mail address: saphory @univ-perp.fr (R. Al-Saphory). z2(+,1) = Cx(+,1) 2.2)
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where A is a second order linear differential operator which
generates a strongly continuous semi-group (S4()),-, on the
Hilbert space X = L*(Q) and is self-adjoint with compact
resolvent. The operators B € ¥ (U,X) and C € ¥(X,0)
depend on the structure of actuators and sensors. Under the
given assumptions, the system (2.1) has a unique solution
given by

(&) = Sa(H)o() + /0 Su(t — 0)Bu(c) de 23)

The measurements can be obtained by the use of zone, point-
wise or lines sensors which may be located in Q (or 0Q2) [4].

e A sensor is defined by any couple (D, f) where D, a non-
empty closed subset of €, is the spatial support of the
sensor and f € L?(D) defines the spatial distribution of the
sensing measurements on D. According to the choice of
the parameters D and f, we have various types of sensors.
In the case of a pointwise sensor, D is reduced to the
location {b} with b € Q and f = (- — b) where 0 is the
Dirac mass concentrated in b. In the case of g sensors, we
shall consider (D;,f;),<;<, where D; C Q (or D; C 09Q)
and f; € L*(D;), with D;(\D; =0 if 1 <i#j<gq. The
output function (2.2) may be written in the form

2est) = (0.5 oy 2.4)

The sensors may be pointwise, denoted by (b;, J,,) where
b; € Q, the Eq. (2.2) then becomes

(1) = x(bi, 1) 2.5)

Finally the sensors may be pointwise (or zone) with
D; C 0Q. In the case of boundary pointwise sensors,
the output function is similar to (2.5) with b; € 02 and
in the case with D; = I'; are zones subset of 0Q. The
output is given by

2(51) = (1), fi (D) iy (2.6)

e The sensors (D;,f;),;<, are said to be w-strategic if the
system (2.1) together with the output function (2.2) is
weakly regionally observable in w [6].

3. Asymptotic (exponential) regional detectability

The detectability is in some sense a dual notion of
stabilizability. In El Jai and Pritchard [4] this notion was
considered in the whole domain. In this section, we shall
extend these results to the regional case by considering w as
subregion of 2 (Fig. 1). Regional detectability characteriza-
tion needs some assumptions which are related to the
asymptotic behaviour of the system, i.e. stability.

3.1. Definitions and characterizations

We recall that the problem of stability is one of the most
important in the analysis of control systems.

Fig. 1. Considered domain Q and subregion w.

o The semi-group (Sa(f)),~, is said to be asymptotically
(respectively exponentially) stable if for every initial state
xo(-) € L*(Q) the corresponding solution of the autono-
mous system of (2.1) x(&, 1) converges asymptotically
(respectively exponentially) to zero as ¢ tends to oo. It is
easy to see that the system (2.1) is exponentially stable if
and only if for some positive constants M and o

1S4 ()] 12(0) < Me™, V1 >0

If (Sa(1)),>o is an asymptotically (respectively exponen-
tially) stable semi-group, then for all xo(-) € L?(Q) the
solution of the associated autonomous system satisfies

lim [x(, 00 = m[[S: (0% ()2 =0 B

e The system (2.1) is said to be asymptotically (respectively
exponentially) stable, if the operator A generates a semi-
group which is asymptotically (respectively exponen-
tially) stable. In the finite dimensional linear systems,
the concept of exponential stability is equivalent to
asymptotic stability. It is not the case if the state space
X is infinite dimensional.

e The system (2.1) together with the output (2.2) is said to
be asymptotically (respectively exponentially) detectable
if there exists an operator H : ¢/’ — X such that A — HC
generates a strongly continuous semi-group (Sg (7)),
which is asymptotically (exponentially) stable. -

e If a system is asymptotically (respectively exponentially)
detectable then it is possible to construct an asymptotic
(respectively exponential) observer for the original sys-
tem. If we consider the system

D (e.0) = Ay(E.0) + Bult) + HG(.1) — Co(&), 2
¥(€:0) = ¥0(€); Q
y(n,0) =0, )

(32)

then y(¢&, 1) estimates asymptotically (respectively expo-
nentially) the state x(,¢) because e(&,t) =x(&,1)—
y(& 1) satisfies (Je/0r)(&,t) = (A — HC)e(E,1) with
e(&,0) = xo(&,1) — yo(&, 1) and if the system is asympto-
tically (respectively exponentially) detectable, it is possible
to choose H which realizes lim,_.|le(-, 7)||;2(q) = 0.

e The system (2.1) together with the output function (2.2) is

said to be asymptotically (respectively exponentially)
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observable if there exists a dynamical system which is an
asymptotic (respectively exponential) observer (estima-
tor) for the systems (2.1)—(2.2).

Remark 3.1. In this paper we only need the relation (3.1) to
be true on a given subdomain » C Q

Jim (-, 1) 340y = 0 (33)

We may refer to this as asymptotic (respectively exponen-
tial) regional m-stability which is equivalent for the con-
sidered class of systems to the asymptotically (respectively
exponential) stability.

Definition 3.2. The system (2.1) is said to be asymptotically
(respectively exponentially) regionally w-stable, if the
operator A generates a semi-group which is regionally
asymptotically (respectively exponentially) w-stable.

Definition 3.3. The system (2.1) together with the output
function (2.2) is said to be asymptotically (respectively
exponentially) regionally w-detectable if there exists an
operator

H,: 0 — L*(0)

such that (A — H,,C) generates a strongly continuous semi-
group (Sg,(f)),», which is asymptotically (respectively
exponentially) regionally w-stable.

It is clear that:

1. A system which is asymptotically (exponentially)
detectable, is regionally asymptotically (exponentially)
w-detectable,

2. A system which is exponentially regionally -
detectable, is asymptotically regionally w-detectable,

3. A system which is asymptotically (exponentially)
regionally w-detectable, is asymptotically (exponen-
tially) regionally w,-detectable, for every subset w; of w.

3.2. Regional detectability and regional observability

It has been shown that a system which is exactly obser-
vable is detectable [4]. This interesting result remains non-
constructive because it is related to the choice of the operator
H in (3.2). The autonomous system associated to (2.1) with
output function (2.2) may be written by the form

Ox

E(éﬂ‘) :Ax(évt)a Q

x(¢,0) = x0(&), Q (3.4)
x(n,t) =0 z

Z('vt) = Cx(W[)a 0

where x(&,0) is supposed to be unknown. Define now the
operator

K:xeX > Kx=CSs(t)x€ 0 (3.5)

then z(-,¢) = K(#)xo(-). We denote by K*: 0 — X the
adjoint of K given by

K*Z*(',I):/S*(S)C*z*(~,s)ds (3.6)
0

Consider a subdomain o of Q and let y, be the function
defined by
Lo+ L2(Q) = ()

‘x_>XUJ:‘x|

(3.7)

19)

where x|, is the restriction of the state x to w.

o The system (3.4) is said to be exactly (respectively
weakly) regionally observable in o if

Imy,K* = L*(w) (respectively Imy, K* = L*(w))

o If the system (3.4) is weakly regionally observable in @
then x(&,0) is given by

x(¢,0) = (K'K)"'K"z(-,1)

where (K*K )711( * is the pseudo-inverse of the operator K
[6,7]. These definitions have been extended to regional
boundary case [8—10]. However, one can easily deduce
the following important results.

Corollary 3.4. A system which is exactly observable, then it
is asymptotically (exponentially) observable.

Corollary 3.5. If the system (2.1) together with output
function (2.2) is exactly regionally w-observable, then it
is regionally asymptotically (respectively exponentially)
w-detectable.

From this result, we can easily deduce that there exists
y > 0 such that

NCSa(Ox(, DMz 07,00 2 7
Vx € L*(w)

Lo Sa (DX (D)2 0):

Thus the notion of regional detectability is far less restrictive
than that of exact regional observability in .

3.3. Sensors and regional detectability

As in El Jai and Pritchard [4], we shall develop a
characterization result that links the regional detectability
and sensors structures. For that purpose, let us consider the
set (@,) of functions of L?(Q) orthonormal in L*(w) asso-
ciated with the eigenvalues /; of multiplicity m; and suppose
that the system (2.1) has J unstable modes. Thus the
sufficient condition of asymptotic (respectively exponential)
regional w-detectability is given by the following theorem.

Theorem 3.6. Suppose that there are q sensors (D, f;), << g
and the spectrum of A contains J eigenvalues with non-
negative real parts. The system (2.1) together with output
function (2.2) is asymptotically (respectively exponentially)
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regionally w-detectable if and only if

l.g>m
2. rank G;=m;, Vi, i=1,...,J with
G = (Gy)
(0,()-S:(Niz(oyys for zone sensors
=2 @ b)), for pointwise sensors
((pj(-),ﬁ(-)hz(r/_), for boundary zone sensors
where sup m; =m < ocoandj=1,...,00.

Proof. The proof is limited to the case of zone sensors.

1. Under the assumptions of Section 2, the system (2.1) can
be decomposed by the projections P and I — P on two
parts, unstable and stable. The state vector may be given
by x(&,1) = [x1(&, 1) x2(&,1)]" where x| (&, 1) is the state
component of the unstable part of the system (2.1), may
be written in the form

5“1(§t) Awxi(E,1) + PBu(t), 2
x1<¢,o> = x1,(8), Q 38
xl(nat) = Oa e

and x,(&,¢) is the component state of the stable part of
the system (2.1) given by

%(i,t) = Ay (&, t) + (I — P)Bu(t), 2
x2(¢, 0) = 22 (&), Q (3.9)
x2(”la t) - 07 e

The operator A; is represented by a matrix of order
(Elemi,zl!:]m,-) given by A, =diag[l,..., A,
.y As, ..., 4] and PB =[GY,GY,...,GY]. By using
the condition (2) of this theorem, we deduce that the
suite (Dy,fi);<;<, of sensors is w-strategic for the
unstable part of the system (2.1), the subsystem (3.8)
is weakly regionally observable in ®, and since it
is finite dimensional, then it is exactly regionally
observable in w. Therefore it is asymptotically (respec-
tively exponentially) regionally w-detectable, and hence
there exists an operator H! such that A; — H! C which
satisfies the following:
!

[0

ol > Osuch that [[e —HuC) lr2() < M(Le’“(lv(’)
and then we have

||xl('7 t>||L2((n) < M(lo )||Px0(')”L2((u)

Since the semi-group generated by the operator A, is
asymptotically (respectively exponentially) regionally
w-stable, then there exist M2, a2 > 0 such that

[be2 (5 )] 2) DN = P)xo()ll 2w

/Mf; I = P)xo ()| e llu(o) | de

M2 —o<

and therefore x(&,1) — 0 when ¢ — oco. Finally, the
systems (2.1)-(2.2) is asymptotically (respectively
exponentially) regionally detectable in w.

2. If the system (2.1) together with the output function
(2.2) is asymptotically (respectively exponentially)
regionally detectable in w, there exists an operator
H, € Z(L*(0,00,R?),L*(w)), such that A — H,,C gen-
erates an asymptotically (respectively exponentially)
regionally stable, strongly continuous semi-group
(S, (1)),~o on the space L?(w) which satisfies the
following

M., 0, > Osuchthat ||y, Sm,, (1)]|12() < M, e %

Thus the unstable subsystem (3.8) is asymptotically
(respectively exponentially) regionally detectable in w.
Since this subsystem is of finite dimensional, then it is
exactly regionally observable. Therefore (3.8) is weakly
regionally observable and hence it is w-strategic, i.e.
[Kyix*(-,1) = 0= x*(-,1) = 0] [6]. For x*(-,1) € L*(w),
we have

Ko (1) =
J

(Ze’-ﬂ«o (),
=1

If the unstable system (3.8) is not w-strategic, there
exists x*(+,7) € L*(w), such that Ky x*(-,1) =0, this
leads

J
> (@)

J=1

QU CION AQNEY )

Lz((u)<¢j( ) f()>L2(Q) =0

The state vectors x; may be given by

xi('at) = [<(Pl(')7x ( )>L2((u)<(p1( )

we then obtain Gyx; =0 for all i, i=1,...
therefore rank G; # m;. e

(D))" #0
,J and

4. Application to measurements structures

In this section we give the specific results related to some
examples of sensors structures and we apply these results to
different situations of the domain, which usually follow
from symmetry considerations. We consider the two-dimen-
sional system defined on Q =]0, 1[x]0, 1] by the form

o 2 2

67);(517627 ) 851 (51,52 ) 662 (617527 )+x(61752al) 2
x(ny,1p,1) =0 >0
x(&1,62,0) = x0(&1,¢2) Q

.1

together with output function is given by (2.4), (2.5) or (2.6).
Let w =|oy, f;[X]e2, B[ be the considered region is subset
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of ]0, 1[x]0, 1[. In this case the eigenfunctions of the system
(4.1) for Dirichlet boundary conditions are given by

0i(E1,8) = ((ﬁ] —a1)4(ﬁ2 _a2)>1/2

X sin m(éj - z‘l ) sinjn (ii - Zz’) (4.2)

associated with eigenvalues

l'2 j2 5
— N )
: ((ﬁl —a) (B >>

In the case of Neumann or mixed boundary conditions, we
have different functions. We illustrate some practical exam-
ples of the linear parabolic system (4.1).

(4.3)

4.1. Case of a zone sensor

Consider the system (4.1) together with output function
(2.2) where the sensor supports D are located in Q (or 0Q).

4.1.1. Internal zone sensor
We discuss this case with different domains.
Rectangular domain: the output function (2.2) can be
written by the form

z(1) = /x(fhfzaf)f(fhfz)déldéz 4.4
D

where D C Q is the location of the zone sensor and

f € L*(D). In the case of (Fig. 2), the eigenfunctions and

the eigenvalues are given in the Egs. (4.2) and (4.3). How-

ever, if we suppose that

(B —“1)2
——=¢0Q
(ﬁz - 061)2§7é

then m = 1 and one sensor may be sufficient for asymptotic
(respectively exponential) regional w-detectability. The

measurement supports is rectangular with D = [&; —
L, &, + L] x [&, — b, &, + L]. We then have the result.

(4.5)

Corollary 4.1. Suppose that f is symmetric about &, = &,
and f is symmetric with respect to &, = &, . The system (4.1)
together with the output function (4.4) is not asymptotically
(respectively exponentially) regionally w-detectable if
i(&1, —o)/(By —on) and (o) —02)/(By —2) €N for
some i,i=1,...,J.

Circular domain: consider the systems (4.1) and (2.4). So,
this system may be given by the following form

2 2
%(H@J) O°x 0°x

9 =5 (r 0.0+ o (r,0,1) +x(r,0,1)
x(r, 0, 0) = X()(ra 9)
x(1,0,1) =0

2

0 e

167

Fig. 2. Domain Q, subdomain @ and location D of internal zone sensor.

and with output function

alr) = / x(rs, 00, 1)f (1, 01) dr do),
D;

1

1
0<6; <2m, —r,'w<r,~<§7 2<i<gq 4.7)

2
where Q = D(0, 1) is defined as in (Fig. 3). So, the eigen-
functions and eigenvalues concerning the region w =
D(0,r,) C Q, Vr, €]0, 1] are defined by

2
2y =P,

where f3; are the zeros of the Bessel functions J; and

QDOj(rve) :JO(ﬁOjr)v j=>1
(p,-jl(r, 0) = J,-(ﬂljlr) cos(if)), i,j; >1
(pijz(rﬂ 0) = Ji(ﬁijzr) Sin(i6)7 i7j2 2 1

with multiplicity m; = 2 for all i,j # 0 and m; = 1 for all
i,j = 0. In this case, the asymptotic (respectively exponen-
tial) regional detectability in o is required at least two zone
Sensors (Di7ﬁ)2§i§q where D; = (rivgi)zgigq [4]. Thus we
have the result.

i20, j=1 (4.8)

(4.9)

Corollary 4.2. Suppose that f; and D;, are symmetric with
respectto 0 = 0;, forall i,2 < i < q. Then the system (4.6)—
(4.7) is not regionally asymptotically (respectively exponen-
tially) w-detectable if iy(6) —62)/mn € N for some
o, ip=1,...,J.

4.1.2. Boundary zone sensor

We consider the system (4.1) with the Dirichlet boundary
conditions and output function (2.6). We study this case with
different geometrical domains.

The domain 10, 1[x]0, 1[: now the output function (2.2) is
given by

10)
200 = [ G Oy ) (4.10)
r ov

(4.6)

[0,27], ¢ >0
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Fig. 3. Domain Q, subdomain « and locations D;, D, of internal zone
Sensors.

where I" C 0Q is the support of the boundary sensor and
f € L*(I'). The sensor (D, f) may be located on the bound-
ary in I' = [i,, — I,i;, — I] x {1}, then we have.

Corollary 4.3. If the function f is symmetric with respect to
N =My, then the system (4.1) together with the output
function (4.10) is not regionally asymptotically (respectively
exponentially) w-detectable if i(1,, —o1)/(f; — o) € N
for some i, 1 <i<J.
When the sensor is located in I = [ij;, — 1, 1]x

{0} U{1} x [0,75, + L] =T Uy where T C 0Q (see
Fig. 4). We obtain the following result.

Corollary 4.4. Suppose that the function f is symmetric
with respect to 1, =1, and the function f is symmetric
about 1, =1,,. Then the system (4.1) together with the
output function (4.10) is not regionally asymptotically
(respectively exponentially) w-detectable if (i, —o1)/
By —o) and (75, —%2)/ (P —2) €N for some
ih1<i<lJ.

The domain D(0, 1): here, we consider the system (4.6)
with output function

ox
0= [ e 0000700 a0,

0<0;,<2m, t>0

4.11)

In this case, it is necessary to have at least two boundary
zone sensors (I’ ,,f)2<l<q with I'; = (1,0;),<;, and if the
function f| is symmetric with respect to 0 = (0i)5;<, asin
Fig. 5. So, we have.

Corollary 4.5. The system (4.6) together with the output
function (4.11) is not regionally asymptotically (respectively
exponentially) w-detectable if i(0; — 0,)/n € N for some
ih1<i<J.

Fig. 4. Rectangular domain and locations I', I of boundary zone sensors.

Fig. 5. Circular domain and locations I'y, I, of boundary zone sensors.

4.2. Case of a pointwise sensor

Let us consider the case of pointwise sensor located inside
of @ or on the boundary of 0Q.

4.2.1. Internal pointwise sensor

We can discuss the following.

Case of Fig. 6: the system (4.1) is augmented with the
following output

() = /Q MG )(E — by & —by)dErdEs  (412)

where b = (b1, b,) is the location of pointwise sensor in € is
defined asinFig. 6.If (f, — o1)/(f, — o1 )¢Qthenm = 1 and
one sensor (b, §,) may be sufficient for asymptotic (respec-
tively exponential) regional w-detectability. Then we obtain.

Corollary 4.6. The systems (4.1)-(4.12) is regionally
asymptotically (respectively exponentially) w-detectable if
i(by —o1)/(By — o) and i(by — 02)/(By — 2)EN,  for
everyi,i=1,...,J.

Case of Fig. 7: consider the system (4.6) with the function
defined by form

%(t) = /X(Viaei,f)ﬁ(ri,ei)d"i do;
Q

where

2<i<q,0<0; <2n,(1/2)r;, <r; <(1/2),t>0. The
sensors may be located in p; =(r,0;) and
p2 = (r2,0,) € Q (see Fig. 7).

4.13)

Corollary 4.7.

1. The system (4.6)—(4.13) is regionally asymptotically
(respectively exponentially) w-detectable if i(0; — 0,)/
N foralli=1,...,J.

b\

o\
-

Fig. 6. Rectangular domain and location b of internal pointwise sensor.
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Fig. 7. Circular domain and locations py, p, of internal pointwise sensors.

2. If ry = ry, the system (4.6)—(4.13) is regionally asymp-
totically (respectively exponentially) w-detectable if
i(6) — 0)/n¢N foralli=1,....J.

4.2.2. Filament sensors

Consider the case where Q =]0,1[x]0,1] and o =]
o, Bi[X]en, Bo[C Q. Suppose that the observation on the
curve ¢ = Im(y) with y € C'(0,1) (Fig. 8), then we have.

Corollary 4.8. If the observation recovered by the filament
sensor (6,0,) such that ¢ is symmetric with respect to the
line & = &y. The system (4.1)—(4.12) is regionally asympto-
tically (respectively  exponentially) w-detectable if

i(C1y — o) /(B — o) and (& —o2)/(By — 02)EN, for
everyi,i=1,...,J.

4.2.3. Boundary pointwise sensor

Let us consider the system (4.1) with Dirichlet boundary
condition, so, we can study the following.

Case of Fig. 9: in this case the sensor (b, J,) is located on
0L (Fig. 9). The output function is given by

ox
Z(t):/ 8_(7117712»t)5(’71 —blﬂ’lz_bz)d’?] dg, (4.14)
aQ OV

Then we can obtain.

Corollary 4.9. The system (4.1)—(4.14) is regionally asymp-
totically (respectively exponentially) w-detectable if
i(by —on)/(By —ou) and i(by —2)/(By — 2)EN,  for
everyi,i=1,...,J.

The case of Fig. 10: in this case we consider the system
(4.6) with

Zi(t) = / ?(I,Gi,t)f(l,ei)dﬂi, 0; € [O,ZTC], t>0
oQ OV
4.15)
A S\ :
) \’V\
= !
=
= |

o

Fig. 8. Rectangular domain and location ¢ of internal filament sensors.

— f

Fig. 9. Rectangular domain €2 and location b of boundary pointwise sensor.

When the pointwise sensors at the polar coordinates
pi = (1,6;) where 6; € [0,27] and 2 < i < g. We have the
following result.

Corollary 4.10. Then the system (4.6)—(4.15) is regionally
asymptotically (respectively exponentially) w-detectable if
i(6; — 0,)/ngN for every i, 1 <i<J.

These results can be extended with boundary Neumann
conditions.

5. Regional observer and regional detectability

In this section, we give an approach which allows to
determine a regional asymptotic (exponential) estimator of
Tx(&,t) in w, based on the regional asymptotic (exponential)
w-detectability. This approach derives from Luenberger
observer type as introduced by Gressang and Lamont
[11]. For that purpose, we recall that some definitions
concerns the regional observer and the regional detectability.

5.1. Definitions and characterizations

Definition 5.1. Suppose that there exists a dynamical sys-
tem with state y(&,7) € Y (a Hilbert space) given by

%(é; t) = me(é, t) + Gwl/t(l> + sz(-’ [)7 9
y(n,1) =0, o

where F,, generates a strongly continuous semi-group which
is asymptotically (respectively exponentially) stable on the
space Y, G, € ¥(U,Y) and H,, € Z(0,Y). The system

Fig. 10. Circular domain and locations p;,p, of boundary pointwise
Sensors.
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(5.1) defines a regional asymptotic (respectively exponen-
tial) estimator for y,Tx(&, 1) if

L lim, oo [g, Tx(E, 1) —y(E,1)] =0, &€ w,
2. x,T maps D(A) into D(F,,) where x(&,t) and y(&, ) are
the solutions of (2.1)—(2.2) and (5.1).

Definition 5.2. The system (5.1) specifies an asymptotical
(respectively exponential) observer for the system (2.1)-
(2.2) if it satisfies the following conditions:

1. There exists M, € Z(0,L*(w)) and N, € Z(L*(w))
such that M,,C + Ny, T = I,.

2. 3,TA — Foy,T = G,,C and H,, = y,,TB.

3. The system (5.1) determines a regional asymptotic
(respectively exponential) estimator for y,Tx(&,¢).

Definition 5.3. The system (5.1) is said to be an identity
asymptotic (respectively exponential) regional observer for
the system (2.1)—(2.2) if y,T =1, and X =Y.

Definition 5.4. The system (5.1) is said to be an asymptotic
(respectively exponential) regional reduced-order observer
for the system (2.1)-(2.2) if X =0 &Y.

Definition 5.5. The system (2.1)—(2.2) is asymptotically
(respectively exponentially) regionally observable in w if
there exists a dynamical system which is asymptotic (expo-
nential) regional observer for the original system.

Proposition 5.6. Suppose that the system (2.1) together
with output function (2.2) is an asymptotically (respectively
exponentially) regionally w-detectable then, the dynamical
system described by the following parabolic equation

D (€.1) = AV(E0) + Bul) — Ho(CY(E D) — (1)), 2
¥(&,0) =0, Q
y(n,1) =0, &

(5.2)

is an asymptotically (respectively exponentially) regional
observer of the system (2.1)—(2.2), if

lim[x(¢,1) (¢, 0)] =0, Ce€o

Proof. Let e(&,1) = x(&, 1) — y(&,¢) where y(,1) is the
solution of the system (5.2). Deriving the above equation
and inserting the Eqgs. (2.1) and (5.2), we obtain

Oe Ox Qy
— (& 1) == (&1) — = (&t
(60 =5 (60 -2 (&)
— Ax(&,1) + Bu(t) — Ay(¢, 1) — Bu(1)
+ H(Uc(y(éa t) - x(" t)) = (A - ch)e(év t)'
Since the system (2.1)—(2.2) is asymptotically (respectively
exponentially) regionally w-detectable, there exists an

operator H,, € #(L*(0,00,R?),[*(w)), such that the
operator A — H,C generates asymptotically (respectively
exponentially) regionally stable, strongly continuous
semi-group (Su, (¢)),-o on L?(w) which is satisfied the
following relations.

My, 0, > Osuchthat ||y, Sm,, (1)]|12(0) < M, e %

Finally, we have

lleCs D) < M1%eSH, (1)]

with eg(-) = xo(+) — yo(+) and therefore e(¢, 7) converges to
Zero as t — 00.

Thus the dynamical system (5.2) may be considered as an
(identity) asymptotically (respectively exponentially)
regionally observer for the system (2.1)—(2.2) without need-
ing the stability of the system (2.1).

2ol < MoV leo ()]

Remark 5.7. It is easily to show the following:

1. A system which is exactly regionally observable in w, is
asymptotically (exponentially) regionally observable in
.

2. A system which is asymptotically (exponentially)
observable, is asymptotically (exponentially) regionally
observable in .

3. A system which is asymptotically (exponentially)
regionally observable in o, is asymptotically (exponen-
tially) regionally observable in every subset w; of w.
These results can be extended to (general case and
reduced-order) of regional observer as in [5].

5.2. Application to a regional observer for distributed
parameter diffusion systems

Consider the case of two dimensional distributed para-
meter diffusion system described by the parabolic equations

Ox 9*x 8x

a, 76 ) =2 16 )+ 9 €2, 1) + 9 1“ ,1), 2

o (&, 8,1) 85% (&,8,1) 85% (&1, &0, 1) + Bx(&y, &r1)
x(n17’127t):07 t>0
x(flvéZao):xo(élviz)v Q

(5.3)

where the above-stated equations in discussing heat-con-
duction problems [12]. Let o be a subregion of
Q =]0,1[x]0, 1] and suppose there exists a single sensor
(D],f) with D; = [d] —li,dy + l]] X [dz —b,dy + 12] C}O,
1[x]0, 1[. Thus the augmented output function is given by

Z(f):/DX(fufz,f)f(fl,fz)dfldfz 5.4

The eigenfunctions of the operator ((9?/0&}) 4 (9°/
O&3) + P) for the Dirichlet boundary conditions are defined
by

@;(&1, &) = 2sinin(d,) sinjn(da)
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associated with the eigenvalues
A =B — (@ + )’

The system

Oy B %y %y
5(6135270 78_5%(61,52’1‘) +8_€§
y(’hﬂ?zal) :Oa

¥(&1,8,0) = y0(&1, &),

together with the system (5.3)—(5.4) are equivalent to the
system (2.1), (2.2)—(5.2) with the operator A = ((9*/9¢&3)
+(9?/9E2) + P). Using the Proposition 5.6 and Corollary
4.1, the system (5.5) is a regional observer for the system
(5.3)-(54) if

/Dx(fh &, t)f(€1,&5)dE dE, #0 (5.6)

Equivalently, if i(dy —ay)/(fy —o1) and i(dy — o)/
(B, — 22)¢N. Under this condition, there exists an opera-
tor H, € Z(1*(0,00,RY),L*(w)) such that A — H,C
generates a regionally exponentially stable, strongly
continuous  semi-group  (Sy, (#)),»o on L*(w) and
weobtain -

lim[x(&, 1) —y(&,1)] =0, (cew

1—00

We can easily extend this application to the case of pointwise
sensor and to the case of boundary zone (or pointwise)
sensor with different boundary conditions.

6. Conclusion

In this paper we have presented the existence of the
sufficient condition of regional asymptotic (respectively
exponential) w-detectability and we have discussed the
regional asymptotic (respectively exponential) detection
problem for a class of distributed parameter systems with
regional observability and regional observer. Many inter-
esting results concerning the choice of sensors structures
are explored and illustrated in specific situations. We have
shown that it is possible to construct a regional observer for
distributed parameter diffusion system by using the con-
cept of regional asymptotic (respectively exponential) -
detectability. An extension of these results to the problem

of regional stabilizability in connection the actuator struc-
tures is under consideration.

(&1, 80,1) + By(&r, &nst) + Bu(Ey, 8o, t) — Ho(Cy (&4, &n,t) — 2(2)),

2
o (5.5)
Q
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