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ABSTRACT ARTICLE HISTORY

The injective topic is well known for its influential relevance in module theory Received 4 August 2022
and scholars have worked hard to identify generalizations for it. One of these Revised 21 October 2022
generalizations is M-Mininjective and mininjective, so we extend these notions ~ Communicated by Alberto
to S-act theory as well, since act theory represents the generalization of module ~ Facchini

theory. If every S-homomorphism from a simple M-cyclic subact of Mg into Ng KEYWORDS

can be extended to Mg, an S-act Ns is called M-mininjective. An S-act Mg is Duality of S-act; maximal
referred to as mininjective, if for each simple right ideal A of S and every S- ideals; M-mininjective S-act;
homomorphism from A into Mg can be extended to S-homomorphism from ~ simple subact; uniserial S-act
S into Mg. We looked at the properties and characterizations of‘S—act where 2020 MATHEMATICS

all subacts are M-cyclic and simple and all subacts are merely simple. These SUBJECT CLASSIFICATION
topics are shown using examples. With the provided concepts, we were able to 08B30; 20M30; 20M99
accomplish improved results, obtaining novel characterizations of mininjective

acts in terms of duality conditions. Additionally, the conditions under which

subacts inherit the mininjective and M-mininjective properties are studied. The

connection between the act of maximal right ideals of S and the act of minimal

subact of Ty, is explicated. Finally, the conditions under which the classes of

M-mininjective acts and the classes of mininjective S-acts will coincide are

defined. Our work’s conclusions have been explained.

1. Introduction

Theoretical computer science, the theory of differential equations and functional analysis are all
examples of direct applications of the theory of acts. The action of a semigroup in semigroup theory is a
generalization of group action in group theory, with the semigroup’s elements acting as transformations
of the set. S-systems, S-sets, S-operands, S- polygons, transition systems, and S-automata are only a few
of the names for S-acts [11]. We advise the reader to the references [2, 3, 5-7, 12, 13, 17-20] for further
information on injective acts generalizations.

Throughout this paper, unless otherwise stated, we assume that S is a monoid with zero element
and that every S-act is unitary right S-act with zero element ® which is denoted by Mg. A right S-
act Mg with zero signifies a nonempty act with a function f: MxS—M f(m,s)=ms such that the
following properties hold: (1) m1=m, (2) m(st)=(ms) t, for all meM and s, teS, 1 refers to the identity
element of S. A subact N of an S-act MS, is a nonempty subact of M such that xseN for all xeN and
s€S. An S-act Ag is called a cyclic (or principal) act if it is generated by one element. It is denoted by
Ag=< u > where u €Ag, then Ag =uS ([11], P. 63). Let g refer to a function from an S-act Ag into
an S-act Bg; then, g will be called an S-homomorphism,; if for any a €Ag and s € S following which
we have g(as)=g(a)s [6]. An S-act Bg is a retract subact of S-act Ag if and only if there exists a subact
W of Ag and S-epimorphism f : As—> W such that Bs= W and f(w)=w for every weW ([11], P. 84).
A subact N of a right S-act Mg is referred to as fully invariant if {(N)CN for every endomorphism f
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of Mg and Mg is called a duo act if every subact of Mg is fully invariant [16]. An S-act Mg is called
simple if it contains no subact other than Mg itself; meanwhile, it is called @-simple if it contains
no subact other than Mg and one element subact ®g [11]. An S-act Mg is referred to as principally
self-generator if every x €Ms, there is an S-homomorphism f : Mg —> xS such that x = f(x;) for
x1€Ms [1]. An S-congruence p on a right S-act Mg represents an equivalence relation on Mg such that
whenever(a,b) € p, then (as,bs) € p foralls € S[8]. The identity S- congruence on Mg will be denoted
by Im such that (a,b) €l if and only if a = b [4]. A right annihilator of an S-act Mg is denoted by
ys(T) where T refers to a subact of Mg and is equal to the act{(a, b) € S x S|ta = tb, forallt € T}.
If K is a subact of M x M, then y5(K) = {s € S|las = bs, forall (a, b) € K}is a right ideal of S
and a left annihilator of an S-act Mg is denoted by £y (H), where H denotes a subact of S and it
is equal to the act {(m, n) € M x M|mx = nxforallx € H}but if J is a subact of S x S, then,
Im(J) ={a € M|am = anforall (m, n) € J}and, if £5(J) # O, then, it is a subact of Mg [10].

In 1966, P. Berthiaume introduced the concept of injective S-act. An S-act Ms is said to be injective
if, for any S-monomorphism h from S-act Ag into Bg and S-homomorphism f from Ag into Mg, there is
S-homomorphism g from Bg into Mg such thatg o h = f [6].

This paper is subdivided into three parts. Section two is focused on the mininjective (M-simple
injective) S-act. We obtained novel characterizations of this class. Certain classes of subacts that inherit
this property are considered. Examples are given to elucidate this concept. In section three character-
izations of M-mininjective S-act over monoids are investigated. The properties of M-mininjective S-
act over monoids are examined. The relationship between the M-mininjective S-acts and the classes
of mininjective S-acts is exhibited. As a result, the conditions for these classes to coincide have been
specified. In section four, we present the conclusions of our work.

2. M-Simple injective S-acts

Definition 2.1. Let Mg and Ng are S-acts. Ng is called a minimal M-injective act (or M-simple
injective), if every S-homomorphism from simple subact A of Mg to Ng can be extended to S-
homomorphism from Mg to Ng. An S-act Mg is called a minimal quasi-injective act if it is a minimal
M-injective.

The following Propositions 2.2 and 2.3 demonstrate the conditions under which subacts inherit the
property of the minimal M-injective:

Proposition 2.2. Retract of minimal M-injective (M-simple) S-act is minimal M-injective.

Proof. Let A be a retract subact of minimal M-injective S-act Ns and B be a simple subact of Ms.
Let f : B— A be an S-homomorphism. As Ng is a minimal M-injective S-act, there exists an S-
homomorphism g:Ms—>Ng and goi=ja of, where i is the inclusion map of B into Mg and ja
is the injection map of A into Ns. Put h =mp 0g. Thus,h oi=mpogoi=mpojpof =Ipof =f.
Therefore, A is minimal M-injective. O

Proposition 2.3. Every fully invariant subact of minimal quasi-injective act is a minimal M- injective act.

Proof. Let Mg be minimal quasi-injective act and N be fully invariant subact of Ms and « be S-
homomorphism from simple subact A of Mg to N. Since Mg is a minimal M-injective, then there exists
S-homomorphism B : Ms—> Mg such that 8 o ix 0 is =in o @ where i;iN are the inclusion maps of A
into N and N into Mg respectively. We get B(in(N)) Cin(N), thus S(N) € N. Therefore, N is minimal
M-injective. O

Remarks and Examples 2.4. In [1], Abbas M.S. and the author gave the definition of principally quasi
injective as follows: an S-act Mg is referred to as principally quasi injective if every S-homomorphism
from a principal subact of Mg to Mg extends to an S-endomorphism of Mg (in short, PQ-injective act).
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(1) Every principal is simple, so every principally quasi injective is minimal M-injective but the converse
is not true in general; for example, Z with multiplication is a Z-act over itself, then Z is; minimal
Z-injective Z-act but not principally injective.

(2) Every semisimple S-act is minimal M-injective.

(3) Every simple S-act is minimal M-injective S-act.

(4) Every isomorphism of minimal M-injective S-act is minimal M-injective.

The next proposition is a generalization of Lemma 2.1.4, which exists in [17] (which also represents
a generalization of lemma 1.1 in [14]):

Proposition 2.5. Let Mg be an S-act with T=End (Mg). The following conditions are equivalent:

(1) Every S-homomorphism from a simple subact of Mg to Mg can be extended to S-endomorphism;

(2) Lm(ys(mS)) = Tm, where mS is simple subact;

(3) If ys(mS) C ys(nS), then Tn C Tm where mS, nS are simple,

(4) If S-homomorphisms o, f : mS — Mg are given where mS is a simple subact with 8 being monomor-
phism, there exists o € T suchthato o B = a.

Proof. (1—>2) Let am € Tm where o € T. For each s, t € S with ms=mt, we have o(ms) = a(mt),
so am € {p(ys(m)). Thus, we obtain Tm C €p(ys(m)). Conversely, if n € £p(ys(m))), then define
o : mS —Mgby o (ms) = ns; fors € S. If ms=mt, for s, t € S, then(s, t) € ys(mS) C ys(nS); hence
ns=nt, so o is well-defined. It is an easy matter to see that ¢ is an S- homomorphism. By (1), o can
extendtoo € T.Son =o0(m) = ¢ (m) € Tm. Thus, we have £)p(ys(m)) € Tm and this implies to
&ym (ys (m)) = Tm

(2—>3) If ys(mS) C ys5(nS), then n € Tn =Ly (ys(nS)) C Ly (ys(mS)) = Tm, so n € Tm and
henceTn € Tm.

(3—>4) Let (s, t) € ys(B(mS)) for s, t € S. Then B(ms) = B(mt). Since B is monomorphism,
ms=mt and o(m)s = a(m)t; hence(s, t) € ys(e(mS)) Then, we have ys(8(mS)) C ys((mS)) By
using (3), we obtain amS € TB(mS). So there is 0 € T such that «(ms) = o (ms) and hence v = 0.

(4—>1) Take 8 : mS — Mg to be the inclusion homomorphism in (4). O]

Proposition 2.6. Let My = M. If Ns is minimal M;-injective (or M;-simple injective) act, then Ng is
minimal My-injective (or M-simple injective).

Proof. Let A be a simple subact of S-act M, and f be S-homomorphism from A to N. Let g be S-
isomorphism from M; to M;. Put B=g(A), itis clear that B is a simple subact of M;. Definea : B — N
by «(g(a)) = f(a), where a € A. It is obvious that « is well-defined. Since Ns is a minimal M; -injective
act, there exists 8 : M —> Ng such that 8 o i = «, thenf(a) = (g(a))= (B oi) (g(a)) = B(i(g(a))) =
B(g(a))= (B o g)(a). Hence, Ng is minimal M;-injective. O]

Proposition 2.7. Let Mg and Ng be two S-acts and M, be subacts of Ms. If N is a minimal M-injective
and then, Ns is a minimal M, -injective.

Proof. Let A be a simple subact of M; and f : A —>Ng be S-homomorphism. As N is a minimal M-
injective act, there exists S-homomorphism g :Ms —> Ng such that go iy, oig= f, where is, and iy,
are the inclusion maps of A into M; and M; into Mg respectively. Define g;:M;—>Ng by g1= goiym;,.
It is clear that g; is S-homomorphism, so g; ois = f and then Ng is minimal M;-injective. O

In [9], Harada defined a mininjective ring, which motivates us to generalize this concept to a monoid
as follows:
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Definition 2.8. An S-act Mg is called mininjective, if for each simple right ideal A of S and every S-
homomorphism from A into Mg can be extended to S-homomorphism from S into Ms. A monoid S is
mininjective; if Sg is mininjective as a right S-act.

Characterizations of the mininjective monoid are clarified in the next proposition:

Proposition 2.9. The following conditions are equivalent for a commutative monoid S.

(1) S is a right mininjective;

(2) If aS is simple, a € S; then, {sys(a) = Sa;

(3) IfbS is simple andys(b) C ys(a), a, b € Sthen, Sa C Sb;
(4) If aS is simple and o : aS — S is S-linear then, ys(a) € Sa.

Proof. (1—>2) Let ® # b elsys(a). Define o : aS —> S by a(as) = bs. If as=at, for s,t € S, then
(s,t) € ys(a) € ys(b); hence, bs=bt, which shows that « is well-defined. As S is mininjective by (1),
then there exists §: S —> S such that 8 o i = «, where i is the inclusion map of aS into S. Thus,
bs = a(as) = (B o i)(as) = B(i(as)) = B(as) = B(s)a € Saand Lgys(a) C Sa.For the other direction,
let wa € Sa. Now, for each s, t € S with as=at, we have « (as) = « (at), so aa € £5ys(a)

(2—>3) Assume that y5(b) C ys(a), then £sys(a) < €sys(b),sincea € Sa, soa elsys(a) = Saby (2),
thena € Sb. Thus, we obtain Sa C Sb.

(3—>4) Let (s, t) € ys(a(a)) fors,t € S. Then (as) = «(at). Since « is monomorphism, then as=at
and B(a)s = B (a) tfor B € S,hence (s, t) €ys(B(a)). Then, ys(x(a)) < ys(B(a). By using (3), we have
Ba € S (a). So thereis 0 € S such that (a) = (0 o «)(a) and hence 8 = o o «a.

(4—>1) Take o : aS — Sg to be the inclusion homomorphism in (4). O]

Definition 2.10. Let Mg be a right S-act with T=End (Ms). The dual hom (Ms, S) of Mg is a left S-act.
If s € Sand @ € hom (Mg, S), then the map s« is defined by (sa)(m) = s(x(m)) for all m € Ms.

Lemma 2.11. If M=mS be a cyclic S-act and A = ys (m), then hom (Ms, S) = Iy (A) = Iyys (m).

Proof. For any x € {p(A), let ax:Ms—> S by ax(ms) =xs. Then, we obtain that ay is well-
defined S-homomorphism. Then, define 8 : £p(A) —> hom (Ms, S) by B(x) =ay. Thus, B is a left
S-isomorphism. O

The next theorem affords a significant characterization of the mininjective monoid in terms of duality
(also it is considered a generalization of Proposition 2.2 in [15]):

Theorem 2.12. The following conditions are equivalent for a monoid S

(1) S is right mininjective monoid;
(2) Hom (Ms, S) is a simple left S-act for all simple right S-act Ms;
(3) €m(A) is a simple left S-act for all maximal right ideals A of S.

Proof. (1—2) Let o € Hom(Ms, S), where Mg is simple, and assume that o # ©. Then, B o a1
a(M) —> S is homomorphism. Since a(M) is simple, 8 o @~ can be extended to an endomorphism
o of Sby (1). Thus 8 =0 o a.

(2—>3) Let Mg =mS (m € M) be cyclic S-actand then take A =y5(m). Thus £ (A) = Hom (Ms, S)
by Lemma 2.11, which implies that €y(A) is simple by (2). (3—>1) Let @ : mS — S be an
S-homomorphism, where mS is simple and let i : mS — S be the inclusion map. Put A =yg(m).
Then, A is the maximal right ideal of S, so £);(A) = Hom (mS, S) by Lemma 2.11. Hence (mS,S) is
simple whence ¢ = 8 o ifor some 8 € S. O
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Definition 2.13. An S-act Mg is called Kasch if £)\;(A x A) # O for any maximal right ideal A of S.
Important properties of a minimal injective Kasch act are given in the next theorem:

Theorem 2.14. Let Mg be a right mininjective S-act that is right Kasch with T=End (Ms). Then, map
a: A — (A x A) from the act of all maximal right ideals A of S to the act of all minimal subacts of
Typ. Then:

(1) « is one-to-one.
(2) o is bijection if and only if Lpys(B) = B for all minimal subacts B of Ty In this case a L
vs(B).

B—

Proof. (1) Let A be maximal right ideal. Then, we have £p(A x A) # O (since Mg is Kasch). Thus
IMm(A x A) is simple by Theorem 2.12. Since A x A CysfMm(A X A) # S X S5,50 A x A =yslym
(A x A), because A is maximal.

(2) If « is onto and B is a minimal subact of T\f, where B =¢p(A x A), where A is the maximal right
ideal of Sand A x A C S x §, then, &yys(B) =lmysMm(A x A) =fM(A x A) = B. Conversely,
assume that £)1ys (B) = B for all minimal subacts B of Ty, so the proof is complete when we establish
the following claims: O

Claim (1): ys (B) is a maximal right ideal of S for all minimal subacts B of T.

Proof. Let Abe maximal rightidealof Sand ys(B) € A x A.Then,® #{m(A x A) Clmys(B) =B
(since Mg is Kasch). As B is minimal, so B =¢);(A x A).Thus, y5(B) =ysfm(A x A) 2 A x Aand
then ys(B) = A x A. O

Claim (2): £)(A x A) is a minimal subact of Tyfor all maximal ideals A of S.

Proof. Let A be maximal ideal of S. As Mg is Kasch S-act, so {pm(A x A) # ©. Thus, there exists
m € {pm(A x A) which implies that A =ys(m) and hence £pm(A x A) =€pys(m) = Tm by Proposi-
tion 2.5. By Theorem 2.12 Tm is a minimal subact of Ty. It implies that £y1(A x A) is minimal. O]

Proposition 2.15. If M is an S-act that contains a simple S-subact essential in Mg, then Mg is mininjective.
Proof. It is obvious so it is omitted. O

The next proposition illustrates under which condition on minimal M-injective act to be principally
quasi injective:

Lemma 2.16. [16] Over a monoid S, the following statement holds: a right S-system Ms is duo if and only
if for each endomorphism f of Mg and for each element a of Ms, f(a) = as for some s € S. In particular, if
S is commutative and Mg is duo right S-system, then End (Ms) is a commutative monoid.

Proposition 2.17. Let Mg be a multiplication S-act. If Mg is minimal M-injective S-act, then Mg is PQ-
injective.

Proof. Assume that Mg is minimal M-injective and multiplication S-act. Let N be S-subact of Mg and
f be S-homomorphism from N into Ms. Since Mg is multiplication system, so N=MI for some right
ideal I of S. Since, every multiplication act is duo, so by using Lemma 2.16 and since every principal
is simple, then by the minimalist property of the injective, we have for each endomorphism g of Mg
and each element a of Mg, g (a)=as for some s € S. Now, for each n € N and s € S, we have ns € N
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(since N=MI); thus, ns =f(n) =g(n), which means that g is an extension of f and Mj is principally quasi
injective. N

3. M-mininjective S-acts

Definition 3.1. Let Mg and Ng be S-act, N is called M-mininjective, if for every S- homomorphism
from a simple M-cyclic subact of Mg into Ng can be extended to Mg. A monoid S is a right mininjective
if and only Ss is minimal injective as S-act.

Proposition 3.2. Let A be a simple M-cyclic subact of Ms. If A is an M-mininjective act, then A is a retract
subact of M.

Proof. LetIx: A — A be the identity map. Since A is M-mininjective, there exists S-homomorphism
f: Mg —> A such that fi =I5, where i is the inclusion map of A into Ms. This means that i has left
inverse, so A is retract of Mg. O

Proposition 3.3. Let N = @;cN; where N;|i € I and I is finite index act be a family of S-acts. Then, N is
M-mininjective if and only if N; is M-mininjective.

Proof. Assume that Ng= @je; Nj is M-mininjective. Let X be a simple M-cyclic subact of Mg
and f be S-homomorphism from X into Nj. Since Ng is M-mininjective S-act, there exists S-
homomorphism g :Ms—>Ng such that goix=j o f, where ix is the inclusion map of X into Mg,
and j is the injection map of Nj into Ng. Define h : Mg —>N; such that h =m;0g, where m; is
the projection map of Ng onto Nj, then hoix=mjogoix=mjoj o f =f. That is for all a € X,
h(a) = h(ix(a)) =mi(g(a)) =mi(g(ix(a))) =mi(j(f(a))) = (mwioj)(f(a)) = f(a). Figure 1 explains that:

Hence N; is M-mininjective S-act. Conversely, assume that N; is M-mininjective for each i € Tand
f is S-homomorphism from a simple M-cyclic subact X of Mg into Ng. Since N; is M-mininjective, S-
homomorphism B;: Ms—>N; exists such that fj o ix=m; o f, where 7; is the natural projection of Ng
onto N;j. So there exists S-homomorphism g : Mg—> Ng such that gi=m; o 8. We claim that S oix= f.
For this since fj oix =mj 0 B oix, thenmjof =m0 B oix, so we obtain f = § oix. Figure 2 illustrates
that:

Therefore, N is M-mininjective. O

Corollary 3.4. The retraction subact of M-mininjective S-act is M-mininjective.
The following theorem elucidates characterizations of the M-mininjective act:

Theorem 3.5. Let Mg be an S-act with T= End (Ms). The following conditions are equivalent.

Z
ua

Figure 1. lllustrates that Ng is M-mininjective S-act.
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X —ix—=Ms

Ng B

Figure 2. Explains that N; is M-mininjective act.

(1) Mg is M-mininjective;

(2) Foralla € Tif o (M) is simple then, £1(kera) = Ta;

(3) Keree € Ker B implies that T8 € To foranyw, B € Tand 8 # ©, where «(M) is simple;

(4) Foralle € T, if o (M) is simple and B8 : & (M) —> Mg is an S-homomorphism, then fo € Ta.
(5) Lr((BM) x B(M)) (kera) =€r(BM) x BM)) | Ta, foreach«, B € T with «(M) is simple.

Proof. (1—>2) Let B € Ta, then B = o« for some o € T. For each s,t € S with ms=mt, we have
B (ms) = B(mt), so B €lr(kerar). Conversely, let B € {€1(kere), then define o : o (Ms) —> Ms
by o(a¢(m)) = B(m) for some m €Ms. It is clear that o is a well-defined S-homomorphism with
Kera C KerB. In fact, if «(m;) = a(my), then (mj,m;) € kera C kerf. So (m;,my) € ker8 and
then B(m;) = B(m;y). Therefore o (x(m;)) = o(a(my)). Since Mg is M-mininjective, there exists an
S-homomorphism f : Mg—> Mg such that f o i = o, where i is the inclusion map of «(Ms) into
Ms. Thus, S(m) = o (a¢(m)) = fi(e(m)) = f(e(m)) = (fo)(m), where m eMs. Hence, 8 € Ta and
Lr(kerar) € Ta. Then, we have Tae = £ (kera).

(2—>3) Assume that Kera C Kerp, then £1(Kerp) < €r(Kerer). Hence, we have T8 C Tu for any
o,p eT.

(3—>4) Define g : «(M) —> Mg by B(e(m)) = o(m), for each m € Mg, then, it is clear that 8 is
well-defined since Kerae € Kero. Since, o € To, by (3) we have o € Ta and hence fa € Ta.

(4—>5) Let o €l1(B(Ms) x B(Ms) [kerw). We claim that Keraf C Kerof, for this let
(mp,my) € KeraB,soa(B(m;)) = a(B(my)). Thisimplies that (8(m), f(mz)) € (B(Ms) x B(Ms)
() Kera) , then o (8(m;)) = o(B(my)). Thus, we have (m;,my) € Kerop. By (4), we have Tof C
TaB,ando o B =u o « o B for some u € T, and therefore, there isu € T such thato o § = u o «
o B for each «, B € T, in particular 0 = u o «. Thus, 0 €£41(B (Ms) x B (Ms) ). This means that
o €lr(B(Ms) x B(Ms)) UT.

Conversely, leto € £1(8 (Ms) x B (Ms) ) | Te, so thismeanso € £r(8(Ms) x B(Ms))oro =uo
a for some ueT. If 0 €f1(B (Ms) x B(Ms)), this means o(8(m;)) = oc(B(my)), Ymy,m, €
Ms. Now, for each mj, m; € Mg, we have (mmj) € (kera N B (Ms) x8 (Ms) ), which implies that
a(m;) = a(my) and B(m;) = B(m;y). Since u is well-defined, so u o @ (m;) = u o « (my). If
0 = u o «, then this implies that o (m;) = o (m;). Thus, we have 0 € £1(B(Ms) x B(Ms) [ Kerw).
If o elr(B (Mg) x 8 (Ms) ), then we have o8 (m;) = o8 (my). Hence, we have o €l1(8(Mg) x
B(Ms) () Kera).

(5—>2) By taking B =), identity map of M.

(4—>2) Let B elr(kerxr). Then, we obtain Kera € KerB. Define o :a (Ms) —Ms by
o(a(m)) = B(m) for some m eMs. It is clear that o is a well-defined S-homomorphism. In fact, if
a(m;) = a(m;y), then (m;mj;) € keraw C kerf8. So (m;m;) € ker and then S(m;) = B(m;). There-
fore, o (@(m;)) = o (x(my)). By using (4), we have oo € Ta, again by using(4),8 € Ta. Therefore, we
have £1(kera) C Ta. On the other hand @ € Ta, then o €f7(kera). Hence, Tae C £y(kera)and then
Ta = br(kera).

(3—>1) Let N be an Mg-cyclic subact of S-act Mg, so there exists S-epimorphism o : Mg—> N
such that «(Mg) = N. Let ¢ be S-homomorphism from N into Mg and i be the inclusion map of
N into Mg. It is clear that ¢« is S-endomorphism of Mg. Since Keree C Kergpw, whence for each
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(%,y) € Kera implies «(x) = a(y) and since ¢ is well-defined, so ¢(x(x)) = ¢(a(y)). Thus, we have
(%, y) € Ker(¢ o ). By (3), wehave Tor € Ta. Thus,¢ o @ € Twandsog o o = ¢ o « for some
o € T. This shows that Mg is M-mininjective S-act. O

Definition 3.6. An S-act Mg is called uniserial; if its subacts are linearly ordered by inclusion. A monoid
S is called a uniserial monoid if it is uniserial as an S-act.

Proposition 3.7. Let MS be a uniserial S-act and T=End (MS). If MS is M-mininjective, then T is left
uniserial monoid.

Proof. Let N and H be left ideals of T. Assume that H & N. To prove N C H. Let « € N, 8 € H and
B ¢ N.Ifkera C ker B,then T8 C Tw, by Theorem 3.5 and hence 8 € T € N which is a contradic-
tion. Since Mg is uniserial, it follows that Ker C Kera and therefore Te € TS by Theorem 3.5, this
implies that N € H. Therefore, T is left uniserial monoid.

M-mininjective S-act coincided with minimal M-injective (or M-simple injective) S-act by using
some conditions, and this will be clarified in the next proposition: O

Proposition 3.8. Let Mg be principal self-generator S-act. Then, Mg is minimal M-injective S-act if and
only if Mg is M-mininjective.

For the future work, this article can be generalized for the notion of almost min-quasi-injective act
and this is satisfied when for any simple subact mS of S-act Ms, there exists subact Xy, of Mg such that

Evys(m) = Tm{ JXp.
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