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Abstract
The aim of this paper is to find the fuzzy probability characteristics (the fuzzy correlation

function and the fuzzy spectral density function) of the fuzzy solutions of given kind of non-
homogenous fuzzy random linear differential equations with constant coefficients, which is a

single having on it's right hand-side a stationary fuzzy random functions.
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1- Introduction

A fuzzy random differential equation is a fuzzy differential equation in which one or
more of the terms is a random function, thus resulting in a solution is itself a random function,
[1]. The concept of a fuzzy random function is not included in the framework of classical
probability theory, and to study fuzzy random function, a new mathematical apparatus has to
be created. The mathematical theory of fuzzy random function has been an area of
considerable activity in recent years. The earliest work on fuzzy random differential equations
was done to describe Brownian motion in our work. Fuzzy random differential equations arise
in modelling a variety of fuzzy random dynamic phenomena in the physical, biological,
engineering, probability and social sciences. The Numerical solution of fuzzy random
differential equations and especially fuzzy random partial differential equations is a young
field relatively speaking.

2- Fuzzy Stochastic Number

We begin this section by defining the notation we will use in the article, write A(x), a
number in [0,1], for the membership function of A evaluates at x. An & cut of A, written by
A[£], defined as {t| A (t) > &}, for 0< £<1 and A[£] is always closed and bounded. Represent
an arbitrary fuzzy stochastic number by a pair of functions (a (&), a(é)), [2], which satisfies
the following arguments:
1. a (&) is a bounded below continuous non decreasing function over [0,1].
2. a (&) is a bounded above continuous non increasing function over [0,1].
3.a(d<a(d,0<cen

A crisp stochastic number & is simply represented by a(&) = a(é) = & 0 < &<1. For

arbitrary fuzzy stochastic numbers e = (e(&), é(&)), u = (u(é),x (&) and real number k,[1].
1. e=uif e(é =u(é and e(é) =i ().
2. et u=(e(d) tu(s), e + ().

Page 609 R S. Publication, rspublicationhouse@gmail.com



International Journal of Advanced Scientific and Technical Research Issue 5 volume 3, May-June 2015

Available online on http://www.rspublication.com/ijst/index.html ISSN 2249-9954
ke, ku k>0
3. ke= ( = )
(ke,ku), k<0

Let F be the set of all upper semi continuous normal convex fuzzy stochastic humbers
with bounded & level sets, [1].

Definition 2.1: [8]

Let F: (a,b) > F” and t, € (a,b). We say that F is differentiable at to if there are
F(to + h) — F(to), F(to) — F(to — h), then we have right and left differentiable forms as follows:
1. There exist an element F”(tp) € F”such that, for all h > 0 sufficiently near to 0, and the

limits:
Ilm F(tO + h) - F(tO) _ ||m F(tO) - F(tO - h) — F/(to) (1)
h—ot h h—0t h
2. There exist an element F' (t;) € F” such that, for all h < 0 sufficiently near to 0, and the
limits
||m I:(tO + h) - F(tO) — ||m F(tO) - F(tO 4 h) _ Fr(to) (2)
h—0" h h—0" h
Theorem 2.1

Let F: T — F be a function and denote [F(t)]° = [f (1), ge(t)], for each & € [0,1]. Then:
1. If Fisright differentiable, then f:and g, are differentiable functions and

[F/(01°= [f= (1), g = ()] )
2. If Fis left differentiable, then f:and g are differentiable functions and
[F/()1°=[f= (1), g ®], [2]. -.-(4)
Hint: All the fuzzy random functions denoted in this paper has the form remind in the above
theorem.

3- Preliminaries

The mathematical theory of fuzzy probability with observations (experiments, trials),
which can be repeated many times under similar conditions.

Definition (3.1): [2]

Let (Q2,P,&) be a fuzzy stochastic probability space and let T be an index set. Fuzzy
random function is a real valued function X(tw,&) on TxQ such that for each fixed t,
X(t,w,<&) is a random variable. The function X(t,w,&) can be denoted by X(t,£) and a fuzzy
random function can be considered as a collocation {X(t,$), t € T, & € [0,1]} of a fuzzy
random variables.

At the index set T contains only one element, then the fuzzy random function has a
single random variable, so the distribution function of this fuzzy random function is

Fx a0 (t,9)= PIX 9 < x(1,9)] ..(5)
Definition (3.2): [3]

A fuzzy random function X5(t,£) will be called stationary if all the finite dimensional
joint distribution functions defining X3(t,£) remain the same if whole group of points t, ..., t,
is shifted along the time axis i.e. if
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P ety (ot e ot ) LM X D)ZF® ey OCLE) e XE(E))  ...(B)
or

PS{X(t+,8) < Xg, ..., X(th+t,E)< Xn} = PAIXE(t1,E) < Xq, ...y X5(tn,E) < Xn} .(7)

for any n, ty,..., ty and t. In particular this implies that for a stationary fuzzy random function,
all the one-dimensional distribution functions have to be identical (i.e., F5(x*(t,£)) as given in
equation (5) not depend on (t,£), all the two-dimensional joint distribution functions can only
depend on the difference (t; — t1,§), and so on.

Definition (3.3):

A fuzzy random function {X5(t,£), t € T, & e [0,1]} is called strictly stationary if the
whole family of its finite dimensional distribution is invariant under any translation in
parameter h. Also, that is mean that for every finite sequence of time points {t;, t>...,t;,£}, the
joint distribution function of n random variables {X5(t;+h,£),..., X5(t,+h,£)} should be
independent of h. i.e.

Fe Xy X (t, 0 Kyrees X1 6) = Fe XE (tyth+E)ren XE (g +h &) Koo X 46)

foranyn, ty,..., tyand h.
So if {X(t,£),t € T, & € [0,1]} is strictly stationary fuzzy random functions, then

1. The distribution function of the fuzzy random variable is the same for every point in the
index set T, [4].

2. The joint distribution function depends only on the distance between the elements in the
index set T, [1].

3. If EX{X5(t,£)} < oo, then vars[X(t,£)] < oo, [4].

4- Fuzzy Moments and Fuzzy Correlation Function

There are many problems in mathematical statistics in which it is difficult, or at least not
feasible, to determine completely the fuzzy correlation function of a fuzzy random variable. In
such cases it is often possible to describe the distribution of the fuzzy random variable in
completely. Although usefully by moments and certain functions of fuzzy moments of the
fuzzy random variable, [2].

Definition (4.1): [3]

Consider the finite dimensional distribution function of the function X(t,n)
F3((X1, X2,-.., Xn, 1, to,..., 10),E)
the mixed moment of order (my,m,,...,m,,&) is defined as

oo, (- 18,),8) = EX(X™ (1, ). X (t,,£))

0 oo 8
e XXMM B (X e X et E) ©

§—38

where X5(t1,8), ..., X5(tn,E) represents the family of stationary fuzzy random functions.
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When we have a one dimensional distribution functions, then the fuzzy moments of this
one dimensional distribution functions defined as follow,

15,6, =B (X (1, 9) = [ X" F(x,it,. )

when we have the two dimensional distribution functions F5(xy,X2;t1,t2,£), then the moments
are

i, 10 ) =X (X (0,8) X7 (1,8)) = [ [x X0 F (0 ,it0,),9)

and so on.

Remark (4.2): [3]

If the fuzzy random function X3(t,€) is stationary, then the distribution function of
X5(t,£) does not depend on the index set T and because of that the fuzzy mean value
(first moment) of the stationary fuzzy random function X5(t,) is a fuzzy constant number i.e.

w (€,8) =44 (t,6) =E°[X*(t,&)] =a, ais fuzzy constant number.

Definition (4.3): [3]

The first fuzzy moment of the stationary fuzzy random function X5(t,&) describe the
coarsest properties of X5(t,£), to know much more description of X5(t,£) is given by its second
moment, SO

o (t,8,8) =E°[X™(t, &) X™ (s, )]
=B*(t,s,&) t,s eT,&€[0,1]

the function B%(t,s,) is called the fuzzy correlation function of X5(t,£) when m; = m, = 1
which is depending on the differencet—s, i.e.

o, (6,5,8) =BP[XE (t,£) XE(5,6)] =B (t —s,&) =B (7, &)

The fuzzy correlation function of any stationary fuzzy random function can be represented in
the form of an integral

B (r,£) = [e'd F (4,8) )
where F5(),£) is a real non-decreasing function continuous to the right, [5].
or, BE(r,&) = e (L, &E)d A, [5]. ...(10)

formula (9) is the same of formula (10) and F*(4,&) = Tf “(4,£)d A and it is clear that

F'5(\,E) = £5(A,E), where 5 (A,) is the spectral density function of the fuzzy random function
X5(t,), F5(1,€) > 0.

More generally, when X3(t,€) is a complex strictly stationary fuzzy random function with
ES[I X5(t,€) 7], ES[X5(t,€)] = a, a is fuzzy constant. i.e. X5(t,£) have a finite fuzzy variance and
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constant fuzzy mean. Because the stationarity of X(t,£), we consider that E5[X>(t,£)] = 0 and
the fuzzy variance which gives more precise description of X(t,£) can be defined for t; # t, as
follows:

Var X ()] = EXIX(1.8) - X (O] [X () -X ¢, )1}

= EXE(t, &)X (t2.8)] - 0 = Bt — t2.8) = B((tut2).& = B(x,8)
where B(t,£) = B%(t, — t,,£) is the correlation function of X°(t,£), so by Schwartz inequality
|BS (1 — t,8) |2 < B X3(t1,8) — X5(t2,) |2 B X¥(t2,8) — X 5(t2,€) |2

which means that the correlation function BS(t; — t5,) is finite for all ty, t,. Furthermore
B5(ty — t,,E) has the following two properties:

1. B5(ty — 1,8) = BE(t, —t,,&) or B (t,1,8) = B(t,.1,,8) ...(11)
2. B%0,8) = ES[IX5(t,£)[?]> 0 foranyt

A fuzzy random function {X3(t,£)} is said to be stationary in the wide sense if the
following conditions are hold, [6]:

1. EY[IX5(tE) |2 < oo, forallt e T, & e [0,1].
2. ES{X5(t,£)} = a, a is constant.

3. EYIXH(t+ 1,6 — X4t + 18] [X°(t,&)-X (t,9)]} = Bx8)
or
ES[X5(t + 1,8) X(t,&)] = B(1,€) ...(12)

where BS(t,£) is the fuzzy correlation function of X(t,£) and does not depend on t.
Furthermore B®(t,£) has the following properties:

1. B%(0,8) = EX[X%(t+0,8) X*(t,&)]
= EIX4tg)171>0
2. The fuzzy correlation function of X(t,£) is an even function i.e. B%(t,&) = B*(~z,&)

3. The fuzzy correlation function of the stationary random function is positive semidefinite.

Definition (4.3): [3], [7]
A fuzzy function f 5(x,£) defined to be semi definite if it satisfies
h n
3
le kZﬂajakf (t, -t..%)
for any set of real numbers ay,ay, ..., a, and any (i, to,..., t;) such that
t—t e X forallj,k=1,2,...,n.

5- Fuzzy Cross-Correlation Functions

For describing any system of two (or more) fuzzy random function, the fuzzy cross-
correlation function of one fuzzy random function which describes completely behavior of the
fuzzy random function.
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Definition (5.1): [8]

Let X5(t,€), Y5(t,£) be two fuzzy random functions, then the cross-correlation function
of X5(t,€), Y5(t,£) defined by the equality

B, (t,.t, &) = E{[X°(t, &) —E[X°(t, HIY (t,, &) —E[Y(t,. &) -

5.1 Some Properties of the fuzzy Cross-Correlation Function:

1. ny (t11tz7§) = ny(t?’tl’é:)

2.

ny(tl,tz,é)‘ < \/kf(tl,tz,é)kf(tl,tz,f), where ky, ky, are the variances of the random
functions X5(t,£), Y(t,£) respectively. which has the properties

1. B, (z,8)=B; (-7,£) complex
B;, (7,§)=B; (-7,&) real

B, (r.£)| < {B:(0.9)B; (0,%) |.

2.

5.2 Derivative of a Fuzzy Random Function [5]

A fuzzy random function X3(t,) is differentiable or is mean square at a point t. If for any
given sequence of numbers hy, ..., hy, ... converges to zero, the sequence of random variables
X (t+h 8)-X(t3)
h.

]

j=1...,n,...

Converges in the mean to a unique random variable.

We call this unique random variable the derivative of X5(t,£) at the point t, and denoted by
X'5(t,8).

The preceding definition is a general for all random functions X5(t,€) for a stationary
random function X5(t,&). It is easy to show that this stationary random function is
differentiable for any t, but under the condition that a correlation function B5(t) of X(t,£)
must has a continuous second derivative with respect to t, and X'(t,£) must be continuous
stationary function with correlation function

B: (.6) =-BL.(r.4) (13)

and (13) means that B"*(t,) is a correlation function of X'5(t,€) and B%(z,£) always has a
continuous second derivative, [2].

5.3 The fuzzy Spectral Density Function of a Derivatives Fuzzy Random Function, [5]:

Let X5(t,£) be a stationary random function, then
VitE) = X8 = £ X 1) )

here V/5(t,£) is also a stationary random function and the correlation function of V(&) can be
determined by
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B(1,§) = - (B"(v,€)) ...(15)
Also, since

Bi(z,6) ="t {(0,&)dw
Bi(z,£)=|iwe"™t }(w)dw

Bl{r.)=— et (0. &)dw

By (13), since

Bi(r.&) = [e“ o (0.)dw .-.(16)
But V5(t,£) is stationary

Bi(n.9) = [e"f (@ ddw - 17)
where f ¢ (»,£) is a spectral density function of V&(t,€) and by comparing (16) and (17)

f (@8 =0 (0,8) ..(18)

6- Spectral Representation of Fuzzy Random Function

Definition (6.1): [8]

Every stationary X5(t,£) can be assigned a function with orthogonal increments, such that
for each fixed t that spectral representation

XE(t,E) = ie”‘f {(A,E)d A ...(19)

6.1 The Spectral Density Function of Stationary Fuzzy Random Function: [3]

Given the following analytic expression of a fuzzy random function {X5(t,£),- oo <t < o}
by

XA(t,E) = x  © (1,8) ...(20)
where ES(X5(t,£)} = 0, x is a fuzzy random variable and f (t,£) is a numerical function of t.
For the purpose that X5(t,£) is a stationary function, it must be that [3]
fa(t,ﬁ) —re 1(t+0)
where r, A, 0 €R, € € [0,1].
Thus, the fuzzy random function (20) is stationary if it has the form
Xg(t,ﬁ) —xre 1OtH0) —y 010 iRt

So, by including the numerical factor r e ' ? in the fuzzy random variable x, the fuzzy random
function (20) is stationary iff it has the form
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X5t,e) =xe '*t
the correlation function of the stationary function X=(t,£) is

Bi(7,&) =Ex(t+1.8) X°(t,,&)] ,©>0,&€[01]

=Efxe *r ) xe O =EY|x x | e '*T]
=Efflxl?e 7]
:Ei|x|2e—ikr
So, Bi(r,&)=c%e "7, 1>0,& € [0,1]
or
Bi(r,&)=ce 7l 1] <o0, & € [0,1] ..(21)
where E°[|x|?] = o? is the mathematical expectation of the square of the amplitude.

The spectral density function is the Fourier transformation of B5(t). Hence, if the
correlation function B5(t,£) is known, the spectral density function can be obtained by using
the formula for the inversion of a Fourier transformation, [3].

B, &) =f (\N,§):%zeiWTB§(r,§)dr (22)

6.2 The fuzzy stochastic Probability of the Solutions of a Single F.R.L.D.Eq with
Stationary Fuzzy Random Function on the F.R.H.S:

Consider the following non-homogenous R.L.D.Eq with constant coefficients

ai, a, ..., an Where ay, ay, ..., @ is fuzzy numbers

d™y i@, |

d" Py (.8
dt”

grnt Ay S (L) =X, ) ..(23)

&
where y3(t,£) is fuzzy random function and X5(t,&) is a stationary fuzzy random function with
given spectral density function

Fi() =1 A>0 .24)

zA?

It is known that, the complete solution y5(t,&) of equation (23) for initial condition t = to is the

sum of the complementary solution y: (t,£) of the corresponding homogenous equation and a

particular integral yf(t,&) of the non-homogenous equation with zero initial condition t =t
[3]. (i.e.)
yeE, &)=y t.5)+y;(t.&) ...(25)

To find y ¢ (t,£), we consider the corresponding homogenous equation of (23) which is
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d(n) ét’ d(nfl) ‘):t,
Y n( §)+a1 yn_f é‘E)+ +ayet,£)=0 ...(26)
dt dt
or

(D"+a; D"t + ... +a,) y(tE) =0
or the auxiliary equation
m" +am"*+...+a, =0 Y@, E) =0 ...(27)

So, we have n distinct values of roots which are m;, j = 1, 2, ..., n and according to these

roots, we get
y;t, & =c,e™ ,y; .5 =c,e™ ..y (.5 =c,e™" .. (28)

and therefore, the complementary solution of (26) will be

yf(t,§)=jilcjem“ ..(29)

or

yf(t,§)=icj(cosmjt +sinm;t) ...(30)
j=1

By considering that the given differential equation (23) is stable if all roots of equation (27)

and having non negative real parts and for t — oo, the complementary solution y; (t,n) can be
neglected. Therefore the solution of the given differential equation (23) can be considered

only as a solution of the particular integral yg(t,&,) which can be found by the formula (9),

yit. &) =[pit —t, &)X, St .--(31)

To find completely y g (t,€), we first find the function p5(t — t1 &) as follows:
By differentiating Yy :(t,£) with respect to t under the initial condition W:O for
t

t = tp, we obtain

dy s (t,<%) _tg B s
T—{)d [pf(t —t,,&) X4 (t,, £)]dt,
= [Pt —t,, X', (tl,af)—p t —t,, )]dt,

t

- .f pé(t _tl’g)Xé(tl’g)dtl +t.[ Xf(tl,g")a p(:(t _t11§)dt1

to
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dy ;(t.$) . de, [ ¢ d
—E_7 = t —t X (t - X (t — p(t —t dt
- Pt —t, H XU, ) G+ [ XSG P —t, Dty
& & dt s & dt,
= PEt —t, X, ) 5 — P —1o, )X, &) O+
t d
J-X‘f(tl, é:)a pé(t _t1’ é)dtl
to
or
w = pi@t —t,&)X(t,E) + ]‘ X‘f(tl,é:)d— pe(t —t,, &) ...(32
dt to dt
)
ay = (T, . . .
By hypothesis ypd(;) = O for t = ty and since the integral on the right hand-

side of equation (32) vanish when t = t;, moreover p(ty — to,£)X(to,&) = 0. Also, ...(33

since X5(t,£) is an arbitrary random function for any t = t; = 0 and can not be equal to )
zero, the function po(t—1t,E) =0

Hence, equation (32) can now be written as

dy ,f(t ’ 5) . t 5 d < —

T—{(‘; X (tl’é:)ap t —t,,5)dt, ...(34)

By the same way, the successive derivatives of yf(t,&), (n—1) times under the initial

condition d ' Py £ (£, &) _ o fort=to(j=34,....n) give us

dt’

d’y; .8 _d .q & T~ a2 e

d"tz =at P t—-t.5)X (t,§)+t£ X ('tl,cf)dt2 p-(t —t,,5)dt,
dy .8 d? .. £ T oscs a° eq

T T t—-t,.5H)X (t,§)+t£ X (tl,é)dta p-( —t,5)dt,
d(nfl) & t, (n—2) t . (n—1)

e = S Pt DX D+ ] X ) Gy Pt S,

...(35)

and by the same reasons of obtaining equations (33) and (34)
a d- d o2
&t _tE) = §t _tr)y= = Et _te)=
dtp(t t,€) dtzp(t te)=... ErCETe (t-t8=0 ...(36)

the system of equation (35), will be
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d?y (@, &) ¢
dptz _I Xg(tl’f) 2 P (t _tl’f)dt
d’y ;@,&)
p—s_f Xé(tlv"vg) z P (t _tl’é)dt
dt dt
d (-~ & (t , c_"f) d (n—1)

= X (4. ) Sy PEE —t, ),

dt (n—1) dt (n
...(37)
Finally, by taking the n-th derivative of y (t €), or directly the derivative of de 1)y (t, 77)
dtn -1
we get
d®ys.&) ¢ : deo tiag
dt—”_t{,[ (t, —t,,&) + X (t,, f)dtn S P —t, 5) ] t,
t (n) (n—1)
X OGPt Dt ¢ | X ) G PRt ) S,
_ [ x< d "
= JX (t,. €. gz P° Tt —t,8) —
(n—-1)
X (6, e:)dtn G
and by assuming that
d (n-1) d (n-1)
dtn_l p (t _t f) 1 dtn -1 p (t to’g) O
the n-th derivative of yj (t,€) can be written as
d(n) 4 t,
W: tj Xe(t,, & ?j —t,,E)dt, + X°(t, &) ...(38)
to

Now, by substituting the equations (31), (34), (37) and (38) into the given equation (23), we
get

t [gm d ™ N .

J acn +a1W+"'+an X, Ep @ —t,,8)+X(t,8) =X(t,%)
to | ]

t _d(n) d ™D 7] ;

t{) atn TRgpet Tt X (t,E)p @ —t,,£) =0
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t dm d®Db P -
Ilgrm tagrre © 2 [PTE—16,8) =0, X7, 5) #0 ..(39)

and by solving the differential equation (39) by the same way of solving the differential

equation (26), we get
Pt —1,&)=>bet ..(40)
where bj are constants and 2; are the roots of the auxiliary equation (j =1, 2,..., n)
AM+al" 4+ +a,=0

Hence, the particular integral y’f (t,€) which represent the complete (general) solution of
the given differential equation (23) is (see equation (31)).

yi@E) =X, Ebe“Wd, A4 > 0 j = 1 2., n
to j=1

...(41)

6.3 Fuzzy Correlation Function of the Solution or(of yy(t,)):

By putting T =t —ty, for all > 0 into equation (42), it becomes
Y. =Xt —7.8)p(r.H)d7 .(42)
and by solving this integral by parts, we get
Y5t =pi @O X U~ Hdr—[p'(r. Xt —7,&)d7
but, by equation (33) p(t — t1,£) = p*(zE) = 0, so
Y& =c] p(eHX(t —7.&)dr .c =1 .(43)
Now, multiply y‘“‘; (tE) by Y g (t+h,E), h>0and by [7] the fuzzy correlation function of this

product can be found as follows:

B (h&=E|y . & y;t+hq)]

y

_E* {[CTprﬁ(rpf)Xs‘(t —va)dfl}[ch'é(rz,g)xf(t h —rz,g)dfz]}
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B; (0, &) =[][ P (0, )P (. ) |B [ Xt — 7, HX(t +h — 7, &) [drd ry .00 =1

...(44)
then, by (9),

B[ Xt -0, )Xt +h—7,8) [=Bi(h—7, +7,8) = [e' "7 f()d 4

where T (4) is the spectral density function of the random function X5(t,&).

So, the equation (44) can now be written after interchanging the order of integration as
follows:

B, (&)= e | [p & ez x| [pe e *dr, |fi(da
...(45)

and by using the integration by parts method to solve the two integrals inside curly bracket

regarding that p*(z,€) = p(t — t1,€) = 0.

y

B, (h.&) = fe [ (1] p (e, H ez |«
[(i /1)?? pé(z,,&)e2d 1'2] fE)d A
= [ A% [I;yf(rl,g)e”fld q}[‘i’ pé(z,,&)e " *2d fz} fi(A)da
and from 7; = » = rand by substituting equation (24)

B (h,&)= 1 Fein [Im e d r:| [1" ps(z,&) e *d r]d/l

y IT “

or

2

dAa

y

B (h,&)==fe'™
P s

Jpé(r,He'dr

—o0

where p>(z,n) is defined by equation (40) such that 7=t —ty,

2

BY (h,&)="=[ei* dAa

[>b eti“e*dz
.

J

or
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© ) n ) o 2
B! (h,&)=—Te | $b Je% P dr da
T —o j=1 0

Yp

2
n 1 (Aj +i )z
El (7/1 +|A)Ie (4, +iddz| dAa

100 iAh

A

7T

but since z=t—t; and when t — ty, then (A; + iX)t — 0, so that

2

b,
5 _ ih I
By (h 5) '[e j=1 J.+Iﬂ, dA
1 = n b;
Bc (h, 5)——je"”‘2—d/‘t
Yp T i +|ﬁ,‘
1 n o eI/'Lh
= b2 =
72'12:: ’L AP+ A2
1 n o= ei2h
Bip (h’é)_;,zzlbj ,{O(A—izj)(znuiﬁ,j)dﬂ ---(46)

For finding completely, the fuzzy correlation function of yi (tE),weletz=A = dz=dr

and use the Cauchy formula (6) to evaluate the integral of equation (46), so,

eizh
B‘i (h, (f)_zb J;O( —ia,)(z —|—iﬂ.j)dz

Iet - eizh
T D= o) @ +via)

which is analytic inside on a simple closed contour C except for isolated singular points

(simple poles) at z = £ i A, and the residues of f (z) at these two simple poles are respectively

—Ai h
e J
R, = Ilm z+|ﬂv f (z)=
L=, lim ( ) @)=—57
R | A,) f e’
= lim (z —i z)=
> =,1im ( ) @)=

|

So that by Cauchy formula (6)

o eizh
Iteod =], Az +id,)

= 27i (R, +R,)
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7/1]' h

_eljh

A

J

Jf@.odz ==(° ) 4)

Therefore, by substituting equation (47) into equation (46), we get the fuzzy correlation
function of the solution of the given differential equation (23), which is
—ﬂj h . ﬁ.j h

A.

]

),ﬂj>0

B (h,&)=3b?(°
P ji=1
6.4 Fuzzy Spectral Density Function of the Solution or (of Y “; (t,€)):

By the formula (9), equation (46) can be written as follows:

i1h

e} i n x® e
Je ™2 (DdA=3Db7 ] p)

=t _w(z—izj)(zﬂﬂj)d

5 N p?2 1
fyp(ﬂ)_jzﬂbj[(A—i;tj)(zﬁui;tj)}
n b2
& _ J
fyp(ﬂ“)_jzzll 12_'_1]2 , >0 ...(48)

which represent the fuzzy spectral density function of the solution of the given differential

equation (23).
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