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Abstract. In this research, some of Pareto properties from the first class are studied beside some of its theories and Pareto
distribution parameters were obtained using a median amount. The amount of shape parameter contains a very complex
model and its properties are difficult to know. In this paper, we approximated the mean and the variance using Tyler
series of second degree derivation to obtain a mathematical model.

INTRODUCTION

Pareto distribution of two parameters is widely used as a model in many applications such as population
distribution over residential complexes, economy and global oil reserves. this distribution was named after the
Italian economist professor Vilfredo Pareto (1848 — 1923) Pareto proposed this distribution for first time, when a
comprehensive law was drawn up to deal with income distribution for a specific community and had the Pareto
principle known as rule 80 — 20 in administration science [1-3].

He is also has the two economic theories of Pareto optimization Pareto preference. In this paper, estimation of
Pareto distribution parameters of the first type was obtained using the median estimator.Then the mean
approximation and variance of the median estimator of the Pareto distribution was extracted.

e Definition:

Let X be a random variable of a statistical community, defined as a Pareto dist. of type I if it has a probability
density function pdf as follows [4]:

o

ac
- >
f(x 0,C) = { 5 Xzc¢,c>0,0>0
0 otherwise

(M

Where o is the shape parameter and c is the scale parameter of the Pareto distribution, and the maximum

distribution value can be obtained when x = ¢
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Figure (1) represent different forms of distribution with different values for each a and c:

FIGURE 1. Pareto pdf’s.

Cumulative Distribution|[4]:

©)

The kth moment about origin:

“4)

In the case of Pareto distribution, moment r can be found by the relation:

)

a#r

When r = 1, the first moment represents the mean:

azl

(6)

=2 then

For k

a#2

™)

Thus the variance can be found by the relationship:
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var(x) = E(x* )~ (E(x)) ®)
By butting eq.(4) & eq.(5) in eq.(6), we get:

aC2

Var(x)= m a>2 o)
e Median [5]:
The median of the dist. is value of x for a r.v X so that F(x): pr(X<x) = % ie, it represents the value of x, which
is located in the center of the data after their order.
In the case of Pareto dist., the broker represents:
Md =c%2

(10)
e Mode [5]:
The mode of dist. is value of x for a r.v X so that the value of the p.d.f, f (x) maximizes.

For the Pareto dist., it is clear that the value of x that makes the p.d,f f (x) the greatest value is when x is the
smallest value, that is, when x = c.

Mode =c (1)

e Median Method [6]:

This method is used to measure the shape parameter ¢x by assuming the scale parameter ¢ is Maximum
Likelihood Estimator, MLE

This method is used to determine the estimator of the shape parameter ¢ assuming that the scale parameters
estimator is the MLE that is:

¢ =min{X, X,, X;..., X, | = X, (12)
From eq.(8) we get:

Xy = es/2
or de = X(I)Q/E
Taking the logarithm of both

InX,y =Inx, +$In2

X 1
In=™ = —|n2
X(l) a
A In2

a:

In[x’"dj
X0 (13)
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SOME THEORIES CONCERNING THE DISTRIBUTION OF PARETO TYPE |

e Theorem (1):
"If the r.v. X ~par(a,c) then the r.v. Y=bX~Par(a,bc), b is constant" [7,8].

Proof:

Y=bX= X =y/b

1
b
g(y)=ac“/(y/b)<““>[%j

—ac” (ba / y(a+l))

a(ch)*/y“)  ch<y<owo
0 e.w

:>g(y)={

which is the p.d.f. of Pareto dist. with parameters a, tc.

e Theorem (2):

Let X, X,,X5,..., X, bear.sofsize nfrom par(a,c) then:

1-  The first order statistical Y, = min(Xl, ) ST Xn)~ par(na,c)
2- The limiting distribution of 'Y;Deg(c).

Proof:

1- by using eqgs (1), (2):

Y, = min{X, X, ....., X, }

1-P(y, >y) yy<C
P(y,<y)=
(v, <y) {0 y2e
P <y)=1-P(x >Y) =1,2,.. ,n
We have:
y c a
P(xiSy)zjf(xi,c,a) dx:l—{—]
c y
Therefore:

070040-4



p(Y, 2 y)=I1 p(x, 2y) {%j

Pon<y)=1—[3j a
y

d (CJHQ
— |1 = ,CSYy<oo
h(y)= dy{ y }

0 e.w
nacna <
h(y)={ynet CSY<o
0 ew

Thatis Y, ~ par(ne,c)

2- Y, ~ par(ne, c), then c.d. f of Y, is :

0 Y, <c
GY _ na
(%) 1{3} c<Y, <o
Yl
Then:
0 Y, <cC
lim G(Y,) = :
n—o 1 Y, >c¢C

“This mean that the limit dist. of Y, is Degenerate Dist. with Parameter c, the mean of r.v Y, is”:

nac

E(Yl): no —1

and The variance of r.v Y| is:

nac’

Varl )= (e e —2)

Let X,, X,,..., X

n

(14)

(15)

r.v of size n follow the Pareto dist., We will approximation the mean & the variance of the

median estimator method by using the Tyler series of the quadratic variable x and y at point (,ux,uy) up to 2™

order which is given by[8]:
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"E[9(X,Y)]= 9y, 14,) %

0 1 o
g(X,Y* o g(X,Y)< .
2 2 oY’ n

2
+Cov[X,Y 0 g(X,Y), |"
OXoY i 16

warlg(X.Y )| Var[x {8_9()( Y)L T +Var[\({aiY g(x,v*,x T v

Hy

0 0
2Cov|X,Y | —0(X,Y — 9(X,Y )
ot gt | o, | o

By butting X = X and Y =Y, ineq.(1) and eq.(2), we get:

1 o o
(X, Yl*l+2Var[Yl]8Y2 g(x,qﬂx

Hy, 1 Hyy

2
+Cov[X.Y, g ——g(xy,), I
OXoY, i

elg (€ ] ol )+ X2

(18)

and

var[g(X,Y,)]= Var[X{ = a(X, Yl*, Twar[vl{@%g(x Yl*lx T

Hy, Hy,

10 o 0 (o .
2Cov[X,Y{a—Xg(X,YI*X}[aY g(x,Y%} .
! 19

We have the MED estimators given by eq.(10) and eq.(11) is:

¢ = min{XI,Xz,---,Xn}: X(l)
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Ln2
Ln( Xmed ]
Xa)

By the relationship between the mean, median and mode:

a=

Mode = 3 median - 2 mean

And from eq.(9) we have: Mode = C then we get:

2X +¢
Xmed =
3
A In2
o =——"=<
2X +cC
In 3
Yi
. In2
= o= —
In(2X+le
3y,
From equation (4) & (7), we have:
. ac
Hg = H —a—l
2 2
Var[X]|=Z- = a;
N nla-1)(z-2)
From equation (12) and (13), we get:
le nac , ¥ = ac
na —1 a-—1
A . In2
Let g X,Y == —
o 9X.Y) | [2X+y1
3y,
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o} )= =——22—
(2)( + le
Inf ——+
3y,

In2
200 NacC
— +

In| =1 na-1
3nac

na -1

Q(ﬂi’ﬂ\ﬁ )=

In2
2ac(na —1)+nac(a -1)
n _(@=na-1)
n
3nac
na —1

g(ﬂiJ‘Y] ):

In2
2na’c—2ac +na’c—nac x (na-1)
(a—l)(na—l) 3nac

g(ﬂx,ﬂn):I (

0t 11, )= In(3nazclizac(n + 2))

3nac(a 1)

g(:“)?"qu ): In{ac(3nlan i (n+ 2)))

3nac(a 1)

ol )= ,(c”(z»j

3n(a—1)

1)

g% .Y)=d=— 22
(2x +le
Inf =——~L

3y,

and
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- [3%.6%% )
ag()(’Yl)_ 2X +yl 9y12

oX e 2
3y,

2In2
ag(Xy,)_ 2K +y,
vl —_ 2
ox (.,{MJJ
3y,
a(X.y) 2In2
ox - 2
(2)?+ yl{ln[zx Y D
3y,
ag(X’YI) __ 2In2
X [ [(3nazc—ac(n+2))] ’
3na’c—ac(n+2)) | (e —1)na—1)
(a—l)(na—l) 3nac
na —1
89()?,Y1) _ 2In2
X B

" e )

J— j— 2
2In2 (2)?+y1)2ln(2x Y J( 3Y, j oy, +2(|n£2x+le
829()7,Y,) 3y, 2X +Yy )9y, 3y,

(22)

ox* 2X + !
2X +y, Flm| 22N
Xy (X%
(o 4In2|n£2x+le{2+ln2X+y‘}
0 g(X’Yl)_ 3y, 3y,
x> - 4
X +y,) In(2x+ylj
3y,
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B 4In2 In(MJ+2
ag(X.Y,) _ 3y,

X Tey T
3y

2ac nac

4In2| 2+In| @=L _na-1
3nac

_ na -1

, %4_ nac
[2ac+ nac) a—-1 na-1
a-1 na-1 3nac
na —1

] 4In 2{2+ m[m(r{ff - 11))(:2?61()0[_1)' (n“‘l)ﬂ

3nac

iy, (2ac(r(1a_—11))(+ nicl()a _l)jz(ln 2ac(na —1)+nac(a—1) (na —1)]3

(a@—1)na-1) " 3nac
2~ 2~ _
Al 2{2+|n((2na c—2ac+na’c—nac) (na l)ﬂ

(@-1)\na-1) " 3nac

w  (2na’c—2ac+na’c—nac) In (2na’c—2ac+na’c—nac) (na—1))
(a—l)(na—l)

azg()T,Yl)

ox?

Hx
Hyy

829()?,Y1)

ox?

Hx

azg()?’Yl)
ox?

(a—1)na-1) " 3nac
24'”2[2*'”(2?&2]2)ﬂ |
" ey )

(lnz\ EY1 (3)/1—3(2)?4'}/1)]
ag()?,Yl) _ /2X+y1 9y12

— 2
S CE)
3y,

In2(3yI (
6g()T,Y1):_( 3y,(2X +y,

+
A 2X + y1
3y,

*9(X,Y,)
oX?

(23)

))j
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[In 2(3y, —6X -3y, )]
8g()?,Y1):_ 3y,2X +y,)

oY X ’
1 In(zx +ylj
3y,

ag(X.Y,) _ 2X In2
oY, X ?
- yf{mﬁzx Y j]
3y,
B (2In2)ac
ﬁg(X,YJ _ a—1
M |w (2ac nac  nla’c (a +n— 2) ’
. + In
a-1na-1 (na-1y 3n(a —1)
B (2In2)ac
ag(X’YJ _ a—1
N | 2na’c’ | onetc? ) 3na—(n+2))
(na—l)(a—l) (na —1) 3n(a —1)
B (2In 2)ac
ag(X.y)| _ o —
o |m  (2ne’cP(na - 1), ne’c’(a- ) ( 3na—(n+2)J ’
(na-1f(a-1) (na-1)f(a-1) 3n(a—1)
B (2In2)ac
Gg(X,YJ _ a—1
N | (20°a’c® —2na’c + n’a’c’ — Pa’c In(ln 3na—(n+ 2)} ’
(na —1)2(0: —1) 3n(a—1)
ag(X.y,) (2In2)ac
i (3n°a’c —na’c(n+2) il n 3na—(n+2)\|
(na—1) 3n(a—1)
ag(X.Y,)| 2In2
oY, -

ny 3n*a’c—nac(n+2) In(ln MMJ i
(na -1y 3n(a—1)

(24)
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— — — 2
JaXIn2| 2Ky, +y?)- [33’1 _3(23( i yl)J[ln[zx A D+[|n[2x A D (2X +2y,)
GZQ(X,YI) 2X +Y 9y1 3y1 3y1
8Y2 - _ _ 4
1 (2Xy1 + ylz)z[ln[MD
3y,

_ 2)?In2(2Xyl+y2\l 2y, (yl—(2)?+yl)J_(ln(z)gWD(2>T+2yl)

2*g(X.Y,) 2K +y, yr Y,
ale = 2 2>Z+y1 ’
(2Xyl+yl )2 Inj ———+
3y,
- - 2X +y -
2XIn2[{4X )| In] =—L | ((2X +2y
*g(X.Y,) _ {( )( ( 3y, D( 1)}
aYl2 A 2 2>Z+y1 ’
(2Xy1+yl )Z(In(”l]
2ac nac
2(In2)ac| 4ac In a1 na-1 (2050 . 2nacj
a-1 |a-1 3nac a-1 na-1
o*g(X.Y,) _ na —1
oY’ i 20 nac
2na’c’ n‘a’c’ a—1 * No —1
+ | m| @=L _na=1
(@-1)na-1) (na-1) 3nac
na —1
2(In2)a22 [ 30 - (n+2) 2(ner 1) . 2n(a 1)
og(Xy) = e-l -1 3n(a —1) (a-1)na-1) (na-1)a-1)
o | na D+n*(a-1)Y (3na-(n+2) ’
(a— 1)(na 17 3n(er —1)
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OXOoY.
@f+y)(
2In2l (2X + \M—(ln[”T VID
Fo(X.Y) {( W3y 3
OXaY, - of (22X +y
R m[m( & ]
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- 2[4(3nozzc —ac(n+2) In(?ana —(n+ 2))}

- 6n(c—1) 2 3n(a—1)3
LR

In general X converge stochastically to z¢, and according to theorem (1.6), Y, converge stochastically to c.

0’g (X’ Yi )
OXoY,

(26)

So )?Y1 converge stochastically to £,C, [23], therefore

oC
=
vV ()(C2
E[XV,]= u.c= g
ac? ac nac

CovlT Y] = EXR ~ EIRIEN] = 5 ~ =5 o = 1

—ac?

COU[Y, Yl] = m

(25)

Butting eq. (19), (18), (21), (13), (23), (24), (25) in eq. (16)

2 4In2[2+1n an+(:_—2
elo(%.v - In[(snaln—z(rwrz))] +% o _;‘){;(a ) (3na2COlC(E +2)J(2Elr(] 3n015)ﬂ(n +2)j3

3n(e-1) (a-1\na-1) 3n(a-1)

af el e
2\ =1) (e = r r a+n—2))
e [(a_f)(m_l)—(m_l)zJ['“[M(a_f)ﬁ

21 2{4(3”05% —ac(n+2)) _ |n[3”“ —(n+ 2))}

{ - o j 6n(a 1) 3n(a-1)
(2 -1fner—1) [3na2c—ac(n+2)jz(m(3na—(n+2)jf

(a-1)na-1) 3n(a —1)

Butting eq. (18), (20), (13), (22), (26) ineq. (17)
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aC

2In2

Var(g(X.Y, )|=

BRI D)
N nizc2 — 2In2 |42 a__arf;_
(he-1)(ne —2)_(3n o E:ﬂ;n_o;c)ﬁn +2)J{In(ln 3n30:1(_a(r_h1L)2)H | [( X I)J
~ 2In2 : 2In2 2
e L) |y o)
varlgO) ka2 L 22 2
B )

+

3na’c— nac (r+2)

(r—1)

3na —(m+2)
" (1)

[+

2

I

na’c+ac (n-2)

3na —(r+2)

(=) (-2)" (a_l{

I

37 (a—l)

(a-1)(m-1)

)

CONCLUSIONS AND RECOMMENDATIONS

We can conclude the following:
1. We can expand using the approximation method to find the mean and the variance of other capabilities for
Pareto distribution or other distributions.
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2.

The presence of the function g()? Y In2 is difficult in the process of finding the mean

3y,

approximation and variance due to the difficulty of separating X from Y, and thus the difficulty of simplifying the
equation.

1.

>

o0 3 O\ D
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