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Abstract:

The aim of this paper is to develop an approach based on state asymptotic estimator. More precisely, we extend the
notion of regional asymptotic observability as in ref. [1] to the case where the dynamical systems are uncontrolled (F-
systems). For different sensors, we give the characterizations of regional asymptotic free observer in order that
asymptotic free observability can be achieved. Furthermore, we show that, there exists a dynamical F-system for
distributed diffusion F-system is not asymptotic F-observable in the usual sense, but it may be regional asymptotic F-

observable.
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1. Introduction.

In system theory, the asymptotic observability is related
to the possibility to estimate the state from the
knowledge of system dynamics and the output [2-5]. The
notion of regional analysis was extended by El Jai et al.
[6-7]. The study of this notion motivated by certain
concrete-real ~ problem, in  thermic,  mechanic,
environment [8-11]. The concept of regional asymptotic
analysis was introduced recently by Al-Saphory and El
Jai in [1,12,13], consists in studying the behaviour of the
system not in the entire domain €2 but only on particular
region @ of the domain. The principle reason behind
introducing this concept is that it provides a means to
deal with some physical problems concern the
determination of laminar flux conditions, developed in
steady by vertical uniformly heated plate (Figure 1).
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Figure 1: Profile of the active plate.

This asymptotic approach can be extended to find
unknown boundary convective condition on the front
face of the active plate, as in [9]. The reconstruction is
based on knowledge of the dynamical F-system (regional
asymptotical observer) and the measurement given by
internal pointwise sensors (that by means by the
thermocouples).

The paper is organized as follows. Section 2 devotes to
the introduction of asymptotic regional approach. We
give the formulation problem and preliminaries. We need

some notions concern the asymptotical behaviour (@, -

strategic  sensor, @, -detectability, @, -observer).

Section 3 related to the characterization notion of @,; -
observable by the use of strategic sensors. In last section,
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we illustrate applications with many situations of sensors
locations.

Regional Asymptotic Approach

2.1 Considered systems

Let QQbe an open bounded subset of R", with
boundary O€2 and [0,T], T >0 be a time
measurement interval. Suppose that ¢» be a connected
non-empty given subregion of €2. We denote
®=Q0x(0,00) and JI=002x(0,). The
considered F-systems is described by the following
parabolic equations

2 (E0 = AED ®
x(£,0) =x.(&) o @b
xX(n7,t) =0 Il

where A is a second order linear differential operator,
which generates a strongly continuous semi-group

(SA(t))., onthe Hilbert space X = L2(€2) and

is self-adjoint with compact resolvent. The spaces X
and O be separable Hilbert spaces where X is the state
space and O =L*(0,0,R?) Iis the observation space,
where ( are the numbers of sensors. Under the given
assumption [16], the F-system (2.1) has a unique
solution:

x () =S,(x.(5) 22
The problem is that, how to construct an approach which
estimate asymptotically the current state in a given
region @ (see figure 1).
2.2 Regional strategic sensors
The purpose of this subsection is to give the
characterization for sensors in order that the system (2.1)
is regionally approximately observable in @ .
= Sensors are any couple (Q;, fi)1zizq where o,

denote closed subsets of €2, which is spatial supports of

sensors and  f, e L*(€2;) define the spatial
distributions  of measurements on €2;.
The measurements may be given by ( sensors

(€2, fi)1sizq and then, the output functions are
given by the form
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YO =60 v 0y, GO
where

Y, () =< x(.,t), f, () > 20,

and in the case of pointwise

Vi) =< X 0,8, () > g

Thus, these equations may be given the augmented
output function of the F-system (2.1) by

y(,t)=Cx(,t) (2.3)
The operator C € L (R%, X), depend on the structures of
sensors [14-15].

* According to the choice of the parameters

Q.

1

and f, , we have various types of sensors. These sensors
may be types of internal zones when . — Q. The
output function (2.3) can be written in the form

y(.,t) =<x(., 1), f,() > 20, (2.4)

Sensors may also be internal pointwises when
Q ={b}jcQ and f =5, (x—b) where 5, is
Dirac mass concentrated in bi with i =1...,q. Then,
the output function (2.3) can be given by the form
V() =<X(, 1), 8, () >y =X(b;, 1), Vi=1,...,q (25)

* In the case, of internal pointwise sensors the operator
C is unbounded and some precaution must be taken in
[14-15].

» For X(&,t)=S,(t)x. (&), defines the operator
Kh =CS,(t)h by the form

K:X->0

h —-CS,()h

where is in the case of internal zone sensors is linear and
bounded [17]. The adjoint operator K* of K is defined
by

K*y:jo‘s;;(s)c*y(s) ds

* For the region @ of the domain (), the restriction

operator y, is defined by
Zo 2 (Q) » (o)

X—> y, X=X

where X|  isthe restriction of X to @.

Definition 2.1: An F-system (2.1) augmented with
output function (2.3) is exactly @ -observable if:
Imy, K" =L*(w)

Definition 2.2: An F-system (2.1) augmented with
output function (2.3) is approximately ¢ -observable if:
Imy, K" = L*(w)

Definition  2.3: A sequence of  sensors
(€2, f)1zi—qis @ -strategic if the F-system (2.1)-
(2.3) is approximately @ -observable [6].

The concept of @ -strategic has been extended to the
regional boundary case as in [18]. Assume that the set

Ydo
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(qonj) of eigenfunctions of L*(QY) orthonormal in

L*(w) associated with eigenvalues A, of multiplicity

I, and suppose that the F-system (2.1) has J unstable
modes. Then we have the following result:
Proposition 2.4 Suppose that supl, =T <oo. Then

suite of sensors (€2;, f;),, is @ -strategic if and

only if:
1.q=r
2.rank G, =r,, Vn, n=1.., J where
<@, f.() >y < P f.() >0y
G, = :
<O 100> < 0, 100>

with J =1,...,1,.

Proof: The proof of this proposition is similar to the
rank condition in [17], the main difference is that the
rank condition

rank G, =r,, Vn
For the proposition 2.1. need only hold for rank
G,=r,, vn,n=1.. J. In the case where the

sensors are pointwise, then, we have

<@,,6() > 2y < P, 0, () >\20)
G .

n

<@,16,() >y < P, 10, () >0

2.3 Regional asymptotical approach behaviour
Regional asymptotic F-observability characterization
needs some notions which are related to the asymptotical
behaviour (stability, detectability and observer). The
concept of asymptotical approach has been extended
recently by Al- Saphory as in [13]. In this subsection, we
need to extend these results to F-system.

Definition 2.5: A semi-group regionally

asymptotically free stable in L*(@) (or @, -stable) if

is

for every initial state X_(.) € L*(€Q), the solution of the

dynamical F-system (2.1) converges asymptotically to
zerowhen t — 0.

Definition 2.6: The F-system (2.1) is said to be
asymptotically free stable on @ (or @, -stable), if the
is

operator A generates

asymptotically free stable in L(®). It is easy to see

a semi-group which

that the F-system (2.1) is @, -stable if and only if, for

some positive constants M and ¢, such that:

S, (. <
H o, Sa() L2(Q), L2 ()

(S A (t) )tZO

X_(.) € L*(€Q), the solution of F-system (2.1) satisfies

gyt

e t>0 (26)

Wyt

If is @, -stable, then for all

H X(t) HLZ(M)) = H ZWSA(')XOHL(LZ(Q), L2(@)) < Mwaf e XH

and then

[K3())
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!'_[2 H X(t) H Cw) 0

Definition 2.7: The F-system (2.1) augmented with then
output function (2.3) is said to be asymptotically free
detectable on @ (or @, -detectable) if there exists an

operator H, ‘R"— L* () such that

(A—HwafC) generates a strongly continuous semi-

group (SH% (t)) , which is @,; -stable.

t>

Definition 2.8:  Consider the F-system (2.1)-(2.3)
together with the dynamical F-system

%(f,t) = Fwaf X(é:’t) + Hwaf y(t) @

2(£,0) = 2,(£) Q

2(7,8) = 0 I
2.7)

where wa generates a strongly continuous semi-group
a

(SF (t)) which is stable on Hilbert space Z and
@af =0
H eL(R",Z). The F-system (2.7) defines an

Wyt

@, -estimator for y, TX(&,t) if:
@ Itl_,nl” 2(,8) =2, TX(1) "L(L @, %) 0

@ x,T maps D(A) in D(F) where
Z(&,1) is the solution of the F-system (2.7).

Definition 2.9: The F-system (2.7) specifies an @,; -

observer for the F-system (2.1)-(2.3) if the following
conditions hold:
(1) There exists M, eL(RL*(w) and
N, €L(L* () suchthat M, C+N,, 7,T
@ x,JA+F, x,T=H, C

(3) The F-system (2.7) defines an w,; -

= Iwaf

observer.
Definition 2.10: The system (2.7) is said to be @, -

observer for the F-system (2.1)-(2.3) if X =Z and
X,1 =1, inthiscase, we have F, =A-H, C.

a

Then the dynamical F-system (2.7) becomes

S =RED-H,, CHED- YD) ©

z2(£,00=0 Q
2(n,1) =0 IT
(2.8)
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Definition 2.11: The F-system (2.1)-(2.3) is @y -
observable, if there exists a dynamical F-system which is
,; -observer, for the original F-system.

Now, the approach which is observed the current state
X(&,1) asymptotically is given by the following section:

3. Regional state reconstruction method
In this section, we give an approach which allow to

construct an @, -estimator of ~ X(&,t). This method

avoids the consideration of initial state [7], it enables to
observe asymptotically the current state in @ without
needing the effect of the initial state of the considered F-
system .

Theorem 3.1: Suppose that the sequence of sensors

(D, fi)icicqis @-strategic and the spectrum of A

contain J eigenvalues with non-negative real parts.
Then, the F-system (2.1) augmented with the output

function (2.2) is @, -observable by the following
dynamical F-system

Z(EN=AED-H,CaED-Y) ©

2(£,0) =z.(¢) Q
z(n,t) =0 I1
(2.9)

Proof: The proof is limited to the case of zone sensors
in the following steps:

Step 1. Under the assumptions of subsection 2.1, the F-
system (2.1) can be decomposed on two parts, unstable
and stable. The state vector may be given by

X(E D) =[ X, (E D)+ %, (&E,1) [ where x,(&,1) s
the state component of the unstable part of the F-system
(2.1), may be written in the form

%(«:,t) — AX (&) o

X (£0) =x,(&) 0

X, (7,t) =0 [1
(2.10)

and X, (&,t) is the component state of the part of the F-
system (2.1) given by

%(f,t) — A, (&) o

Xz(f,O) =on(§) Q

X, (77,'[) =0 H
(2.12)

The operator A, is represented by matrix of order

($r, 3 r, ) given by
n=1 n=1
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A, = diag|Ay e Ay Ay s Ay Ay 4y

Step 2. Since the sequence suite of sensors (D, f;) .,

is @ -strategic for the unstable part of the F-system (2.1).
The sub F-system (2.10) is approximately @ -observable
[6], and since it is of finite dimensional, then it is exactly

 -observable [3]. Therefore it is @, -detectable, and
hence there exists an operator Hi)f such that

A - Hiﬁf C which satisfies the following:

1 1 1 —ait
M, .a <M, e

Waf Waf

1
>0 such that H e(AlmeafC)t

1
SMl e Qatt

(2]

and then, we have |x,(.,t)

X

o

(o) L2(Q)
Since the semi-group generated by the operator A2 is

,; -stable, then there exists M2 a2 >0 such that

-
€ HXGZ ()H 2(Q)

x(§,t)||Lz(w) —0 when t—o0.

<m?

Wat

HXZ ("t)HLZ((u)

and therefore

Finally, the F-system (2.1)-(2.3) is @,; - detectable.

Step 3. Let e(&,t) = x(&,t) —z(&,t) where z(&,1)

solution of the F-system (2.9). Driving the above
equation and using equation (2.1) and (2.9), we obtain

oe OX 0z

E(fat) = 5(510 _E(f’t)
=A@, - Az(S, 1) +H, C(z(S,1) —x(.1))
=(A-H, Cle(.1)

Since the F-system (2.1)-(2.2) is @, -detectable, there
exists an operator H, e L(R?, L*(w)), such that the
operator (A — H o ©) generates asymptotically
continuous

regionally stable, strongly semi-group

(SHW (t)) on L?(@) which is satisfied the following

t>0

relations:

iM, ,a >0 such that

af waf
70{%"(

H;(MSHM(t) <M e

S T (ENE®) .
Finally, we have

—:z,(,at

O <[ 250, O 18 OIS Ma e ™ 0]

with e ()=X()—2z () and therefore e(&,t)
converges asymptotically to zero as t — oo.Thus the
dynamical F-system (2.9) is observes asymptotically the
regional state X(&,t) of the F-system original F-system
and (2.1)-(2.3) is w,; -observable.

Remark 3.2: We can deduce that:

1. An F-system which is exactly @ -observable, is @,; -
observable.

Y4y
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2. An F-system which is asymptotically observable is
@, -observable.

Example 3.3: Consider the F-system:
OX
E(git) = Ax(g’t) + X(f,t) C

X(¢,0) = x.(5) Q
z(n,t) =0 [

(2.12)

augmented with the output function

y() = [ x(&HoE-b)ds  (213)

where Q=(0,1) and b, € are the location of
sensors (1,5, ). The operator A= (A+1) generates
a strongly continuous semi-group (SA(t))tZO on the

Hilbert space L®(w) [16]. Consider the dynamical F-
system

%(at) = AzZ(E ) +2(E, ) - HC(z(£, ) - x(&1)  (0D),t>0
2(£,0) = 2.(&) 02)
z(0,t) =z(1,t)=0 t>0

(2.14)
where H e L(R%,Z), Zis the Hilbert space and

C:Z — R is linear operator. If b, €Q, then the

sensors (D;, 5, ) is not strategic for the unstable sub F-

system of (2.12) [2] and therefore the free system (2.12)-

(2.13) is not asymptotically detectable in €2 [15]. Then
the dynamical F-system (3.14) is not free observer and
then (2.12)-(3.13) is not asymptotically observable [16].

}’z
~——

(e ) I
T

B
Figure 2: The domain €2, the subregion @ and the

location sensors b, .

(8]

<2

Now, we consider the region @ = [O,,B ]C (0,2) and
the dynamical F-system
%(&t) =MD +2(E ) -H,C2( D) - X&) (0D,t>0
2(£,0)=12.(5) (01
z(0,t) =z(L,t)=0 t>0
(2.15)
where H_ e L(RY,L*(w)). If b .Q, then the
af ﬁ

sensors (b,, 0, ) is @ -strategic for the unstable free sub
F-system of (2l.12) [8], and then the F-system (2.12)-
(2.13) is w,; -detectable. Therefore the F-system (2.12)-
(2.13) is w,; -observable by @, -observer [13].

4. Application to Sensors Locations
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In this section, we present an application of the above
results to a two-dimensional F-system defined on

Q =(0,1)x(0,1) by the form

Z—f(fl,fz,t) SAXELE) O
X(fl,fz,O) =X, (51152) Q (4.1)
X(017,t) = 0 n

together with output function by (2.4), (2.5). Let
o = (ay, By)x(a,, ,) be the considered region is

subset of (0,1) x (0,1). In this case, the eigenfunctions of
F-system (4.1) are given by

_ 2 L G 6~
(Du(égugz) = B —a) (B, —)) Smlﬂ(ﬂl _al)sm J”(ﬂ2 _az)
4.2)
associated with eigenvalues

i2 i2 4.3)
ﬂ’lj = _( : 7t J 2J

(ﬂl _al) (:Bz —0!2)

The following results give information on the location of
internal zone or pointwise @ -strategic sensors.

4.1 Internal zone sensor

Consider the F-system (4.1)-(2.3) where the sensor

supports €2, are located in €2. The output (2.2) can be
written by the form

YO =< X0, B0 >0, = [, XG0 6D E)dEds, ¢
where €, < Q is location of zone sensor and

f,eL*(Q,). In this case of (figure 3), the
eigenfunctions and the eigenvalues

D
: =2
ool ~
L] i
- I
B | ===
2 /%%%% |
= i
Eezore !
o
o | B ;
2 | 1 !
ot 1
0 1 B 1 E-> L N1

Figure 3: Domain €2, subregion @ and location €2,
of internal zone sensor.

are given by (4.2) and (4.3). However, if we suppose
that

(ﬂl_a1)2
(ﬂz _az)z "0

Then r =1 and one sensor may be sufficient to achieve
,; -observability [19]. In this case the dynamical F-

(4.5)

system (2.9) is given by

YaA
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%(fpfzvt) =A2(5,6,,0) - H,, <x(.1), fi()>-Cz(£,1) ©

Z(éﬂézvo) = 20(51’52) Q

Z(’hvnzvt) =0 I1
(4.6)

Let the measurement support is rectangular with

Q = [é"l -1,& +|2]X[§2 -1,,¢, +|2]€Q

then, we have the following result:

Corollary 4.1: If f, is symmetric about &, =¢, and

f;
2
(4.1)-(4.4) is w,; -observable by the dynamical F-system

(4.6) if (51 _al)/(ﬁl _al)
(502 _az)/(ﬁz —0{2) & Q '

4.2 Internal pointwise sensor
Let us consider the case of pointwise sensor located

inside of Q). The F-system (4.1) is augmented with the
following output function:

Y(O) =< X(,1),8,() > 2 oy = X(b,1)

where b =(b,,b,) is the location of pointwise sensor
as defined in (figure 4)

is symmetric about &,

g., then the F-system

and

(4.7)

: \\
2 ]
- = ]
Bl ===
| EZEZ== i
=
o | EEEEE !
2 1 1 I
L
0 1 Bl bl l

Figure 4: Rectangular domain, and location b of
internal pointwise sensor.

If (B,—a)/(B,—c,)eQ then m=1 and one
sensor (b, d,) may be sufficient for @, -observability.
Then, the dynamical F-system is given by

O PR 0) 0

2(6.£,.0)=2.(£,,¢,) Q

Z(ﬂlv’?zvt)=0 I1
(48)

Thus, we obtain,

Corollary 4.2: The free system (4.1)-(4.7) is not @, -

observable by the dynamical F-system (4.8), if
(bl _al)/(ﬂl _0‘1) and (bz _az)/(ﬂz —062) €Q.

4.3 Internal filament sensor

Consider the case where the observation on the curve

o =Im(y) with ¥ € C*(0,1) (see figure 5), then we
have,
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Figure 5: Rectangular domain, and location o of
internal filament sensors.
Corollary 4.3: If the observation recovered by filament

sensor (o,0,) such that is symmetric with respect to
the line & =Dh. The F-system (4.1)-(4.7) is not @, -
observable by (4.8) if (b —a)/(f, —,) and
(b, =) (B, — ;) €Q-
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