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Abstract: The main objective of this paper is to study the problem of regional
boundary asymptotic gradient full order observer (I'*AGFO-observer) in link
with the structures of sensors and actuators. Important results have been
obtained related to diverse kinds of measurements and controls, of domains and
boundary conditions. It has been shown that the structures of measurements and
feedback controls allow the existence of ['"AGFO-observer in order to achieve
regional boundary gradient closed loop control system (RBGCLC-system). It has
also been found that there is a dynamical system which does not represent the
observer in the usual sense, but it could be interpreted as a regional observer.

Keywords: I'"AGFO-observer, closed loop, feedback control, RBGCLC-system,
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1. Introduction

The important of a control system is played a good roll to simplify some system, and
controls other systems, as the human civilization is being modernized day by day the
demand for automation is increasing accordingly. Automation highly requires control
of devices to achieve desired results [1-2].

The main purpose of a control system is that there should be a clear mathematical
relationship between input and output of the system [3-4] . In the case where the input
and output of the system can be described via by a linear suitably, the system is
called a linear control system [5]. One of the most important notion of control systems
is closed loop control system [6-7]. Control system in which the output has an effect
on the input measure in such a way that the input measure will regulate itself based on
the output generated is said to be control system of closed loop type. A scientific
example of a closed-loop control system is missile launched and auto tracked by
radar, An air conditioner and cooling system in car or in house control, estimation and
optimization of energy efficient buildings [8-10].

Then we can define the main characteristics of regional closed-loop control problem
as being to reduce errors by automatically adjusting the systems input, to improve
stability of an unstable system [11-13]. Thus, the closed-loop systems are considered
as fully automatic control system because it is designed in a way that the achieved
output is automatically compared with the reference input to have the required output
maybe realize via an associated regional observer and strategic sensor [11-15](figure

1.
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Fig. 1: Input, output, system and feedback.

The purpose of this paper is to extend the previous results in [17-19] demonstrate that
the structures of measurements and control allows the existence of RBAGFO-
Observer in order to achieve RBGCLC-system.

The outline of this paper is structured as follow. Section 2 concerns the class of
considered system and formulation problem. Section 3, devotes to the I'"AGFO-
Observer building problem. Section 4, is linked to extend the regional closed loop
control system to the regional boundary gradient case. Final section, presents various
results related to different types of measurements and controls have been
accomplished in order to guarantee the stability of considered system.

2. Considered system and formulation problem

Consider a distributed parameter system defined with the following forms:
o () is an open bounded subset of R™ with smooth boundary 01).

o TI'is a sub-region of Q) with positive measure.

o Symbolize I1 = Q1 X]0, oo[; and E = 9 X]0, oo[.

o Space W = H(Q); U = L2(0,T,RP); and Y = L2(0, T, R?) are designed in this
paper as separable Hilbert spaces and represented as state space, input space and
measurement space with p and q are the sensors; actuator numbers [3-5].

o A= Zg,’]-:l%j(aij %},) with a;;€ D(A) (domain of A) is a linear differential

operator of second order, which produces a semi-group (S4(t));so of strongly
continuous kind on H1(Q).Thus, A is of self-adjoint kind and compact resolvent [15-
16].

o The reflected system is given by

() =AW ) + Bu(t) T
w({,0) = wo(9) Q (1)
2wt =0 =

where ( € Q,u € dQ, t € [0,T] and ({,t) € II, (u, t) € E,({,0) € Q

o The information can be attained by utilizing various sensor locations [3, 5].
Therefore, corresponding measurement to system (1) is specified by

y (., t)=Cw(.,t) ]| (2)
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where the operators B € L(RP,W)and C € L(H*(Q),R%) are depended on the
structure of controls and information [3] (figure 2).

controls

maoasurameaoents

Fig. 2: Regions (), I'*, and sensor and control locations.

o Under the given assumption above, the system (1) has a unique solution given by
the following form [17].

w(G,t) = Sa(Owe () + [ Sa(t — s) Bu(s)ds T (3)

o The problem is how to create a regional boundary closed loop control system
(RBCL-system) via an appropriate observer to the gradient of state on a given I'*.

For deriving an regional boundary asymptotic gradient estimator of Tw({) on I', we
consider the following points:

* Now, we consider the operator K given by the form
K:W-Y
w - CS,()w

where K is bounded linear operator as in [4-5]. Thus, the adjoint operator K *of K is
defined by K*: Y — w, and represented by the form

K*:I12(0,T,R?) - H(Q)
' = fy Su(s)Cy*(s)ds

* The transformation gradient V is given by

ow ow

{V= HY(@) - (H ()"
a_(l, ,E)

w - V= (

with V* the adjoint of V assumed by

{v*: (HY(Q)" > HY(Q)

w-V,=v
where v is a solution of the Dirichlet problem

{Av =—div(z) Q
v=20 1519)

* Trace operator is described by [20]
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Yo HY(Q) - H'2(0)

which is linear, subjective and continuous [21-22]. Thus, the extension of the trace
operator of order zero which is denoted by y defined as

y: (HY Q)" = (HY*(0)"
with y5 and y”* represent the adjoints.
* Intended for a region I'* of d(), contemplate fr+ via the form

e

WS XprW=Ww

r*

with w | p+ is the restriction of the state x to I'*, and

X (H'(0Q)" = (H /2(r* )"
where the adjoints are respectively given by )Z; and yp-.

« Finally, consider the operator y+yVK* from Y into (HY?(I'*))™ and the adjoint of
this operator given by K V*y ™y« .

» We first recall a sensor is defined by any pair (D, f) such that D be a closed subset
of Q, and which is characterized the sensor spatial supports and f € L2(D) denotes
the measurements sensing distributions in D.

e It may be zone, if D € Q and f c L?(D). In this case, the operator C is bounded
[18] and the output function (2) may be given by the form

y@® = [, fQwE di=Ccw(@t) T “

* It may be pointwise, if D = {b} with b € Q and f = §(.—b), where & is the mass
of Dirac, which is concentrated in b. Then, operator C is un bounded and the
measurement information (2) may be specified by the following

y(® = f, w08, ~b)d T )

In this section, we present some definitions and descriptions of regional boundary
gradient observability, detectability and strategic sensor, which is derived of [21-23].
Thus, deliberate the system

ow

I1
w(,0) = wp () Q (©)
55wt =0

[1]

The solution of (7) is given by the following form
w({,t) =S,(t)wy(é) forallt € [0,T] @)

* The systems (6)-(7) are said to be exactly regionally boundary gradient observable
(E I'*G-observable) on I'* if
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Im xp-VK* = (HY2(T)"
* The systems (6)-(7) are said to be weakly regionally boundary gradient observable
(WrI'*G-observable) on I'* if

Imyp-VK*=(H'/2 (I"))"
It is equivalent to say that the systems (1)-(2) are WI"*G-observable if

Ker H* = kerK V*yp = {0}
* If the systems (6)-(7) are is WI'*G-observable, then wy({, 0) is given by

wo = (K*K)™'K*y = Ky, (8)
where KT is the pseudo-inverse of the operator K [15-16].
* A sensor (D, f) is regional boundary gradient strategic (I'*G-strategic) on I'* if the
observed system is WI *G-observable.
» The measurements can be obtained by the use of zone or pointwise sensors, which
may be located in Q or 9€ [21].
* The semi-group (S.4(t))¢s0 1s regionally boundary asymptotically gradient stable on
(HY2(T*))" (I'*AG-stable), then for all w, € H1(Q), the solution of autonomous
system associated to system (1) coverage to zero when t tend to co.
* The system (6) is said to be ['"AG-stable if the operator A generates a semi-group
which is [*AG-stable on the space (H/2(I'*))".
* A system is said to be ' AG-stable if and only if there exists some positive constants
Mr+, ar+, such that

”XF*YVSJZ(')”L((Hl/z(r‘*))",Hl(Q)) < Mp- e%* ,Vt > 0. )
o If the semi-group (S4(t))s=o is [*AG-stable, then for all w, € H*(Q), the solution
of autonomous system (6) associated to system (1) satisfies

llxryVw(., t)||(H1/2(p*) yn = ||Xr*YVSA(t)Wo||(H1/2(1~*) yn
< Mp-e%r IIWO”(Hl/Z(l"*) K
and then, we have
lim;_, o |l YV W(t)”(Hl/Z(F*))n =0.

*The system (1)-(2) is said to be regionally boundary asymptotically gradient
detectable (I'*AG-detectable) on I'*, if there exists an operator Hpyq: R? =
(H 1/2(1%) ) " such that the operator (A— Hp+4;C) generates a strongly continuous

semi-group (S Hpo 16 (F) ) t20, Which is T*AG-stable.

* The dynamical system associated to the considered systems (1)-(2) is offered via
(% (§,6) = Frogev (§, 1) + Greagu(t) + Hroygey(8) 11
v(¢,0) =v () Q (10)
2w =0 0
where Fp+4¢ generates a SCS-group (Sp,. . (£))¢=0 Which is Fp+4¢-stable on V and Gr-,¢ €

L(W,V),Hp sy € L(Y,W). The system (10) can be designed TI*AG-estimator
for Tre 46w ({, t) = xrVTw(é, t), where T: W — V with
Treagw(§,t) = v(§, 1)

* Require that the process provided byv(.,t) € V specific by
2 (G0 = Av({, ) + Bu(t) — HragC(w(g, ) = v({, D) I
v (¢,0) = v0({) Q (1D
v —
k% (.u: t) - 0 -
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In this status Fp+4; in system (10) [16-18] is given by Fpi g = A — Hpr 4 C where T4 =
Ir+agro the operator of identity type. Therefore A — Hp+4;C is generator of a SCS group
(Sa—Hps .o (t))e=0 On space of Hilbert in separable case V so that I'*GA-stable.

Hence, 3 Mp_y..,.c -@a-tp oc > 0 such that
“Q@A-Hps 4 ~Ct
||SA_HF*AGC(')|| < MA_HF*AGCe rrac-" vVt = 0.

From the solution of (1) and (11), we get

0(0,6) = Sy o (DV0(D) + [ fy Sac g (t = T) Bu(r) Hpoaoy()| dr
* The system (11) defines I'*AGFO-estimator such that

v({,t) = -V Treagrow (€, 1) = Ir-pgrow({, 1) € (H/2(I™))"
with w({, t) form the to (1)-(2), for

lim,eollv (., 0) = X0V Treacrow (§, Oll 172 peyyn = 0,

and ypr+ Vxr+V Irsagro maps D(A) into D(A — Hp+4C) where v(¢,t) form a solution
(11).

* The process (11) form I'*AGFO-observer to (1)-(2) such that the next outcome holds:
1- If there is
Mpagro € L(R, (HY2(")™)) and Np+pgro € L((HY2(T*))™)
such that
Mr+p6roC + Nr+agro = Ir*acFo-
2- A = Fracro = Hr*acroC and Gragro =B.
3- The system (11) defines I'*"AGFO-estimator for x(&, t).

4- The purpose of I'*AGFO-observer is to supply an estimation to investigated system. This
estimation is specified via

w(t) = MragroY(t) + Nr acro V(D).
* The system (1)-(2) form I'*AGFO -observable, the process be I'*"AGFO -observer.

* If a system is ["AGFO —observable then, the corresponding sensor is I'"AGFO- strategic
Sensor.

3. I'*AGFO-Observer Building

As well known in [16-18], we interested to extend the characterization consequences that
devote the process I'"AGFO-observer and I'*AGFO-detectability which is described a
sufficient condition for I'*AGFO-observer in the next main sequel.

Theorem 3.1:
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System (1)-(2) form I'*AGFO-detectable, then, the process (11) is *AGFO-observer, i.e.
lim[lw(., £) — Tl“*AGFOv(-rt)”H%(F*) = limeollw(., t) —=v(, Ol yr2gry =0 (12)
Proof : From the assumptions of section 2, the system (1) can be decomposed by the

projections P and I — P on two parts, unstable and stable [14].

The state vector may be given by where wy (&, t) is the state component of the unstable part
of the system (1), may be written in the form

283, ) = Awy((,t) + Bu(t) T
w1 ({, ) =wp, () Q (13)
55 .0 =0

[1]

with w, (&, t) represents stable part of (1) specific by

aWZ

at (Zl t) = AWZl((' t) + BU(t) I1
wo({,t) = wy, () Q (14)
%(M, ) =0 =

Put

e({! t) = W((! t) - v((! t)

where v({, t) is the solution of the system (11). By deriving the above equation and
substituting equations (1) and (11), we obtain

de ow v
= Aw({,t) = Av({, ) = HragroC(W(., ) = v({, 1))

= (A — Hr+pgroC)e({, t)

System (4.1)-(4.2) form I'*AG-detectable, so Hpagro € L(RY, HY?(T'*)), is so that
the transformation (A — Hr-agpoC), described a generator of SCS
group (Sp.., ..o (0))ezo on the space H'/?(I'™), that means 3 M+agpo, @r*agro > 0,
which is satisfied the following inequality

”XF*YVSA ()” H/2(r™) < M[‘*Acpoe_aF*AGFOt
Finally, we have
lleC Ol iz < XeYVShpe oo Ol /ey e Oz ey
< MF*AGFOe_ ar*AGFot”eO(_ ) ” HA2(r
and

eo((, t) = W((, t) - U((, t)
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therefore
limt_)oo”e(. ) t) ” Hl/z(l"*) - 0.
Consequently, the process (11) form a I'*"AGFO-observer to (1)-(2).m

Corollary 3.2: If the system is ['"AG-detectable, therefore it is can be built ['*"AGFO-
observer to the same system.

4. Regional closed loop control system and I'*AGFO-observer

This section devotes to extend the regional closed loop control system to the regional
boundary case. The reconstruction of I'*AGFO-observer in distributed parameter
system gives an estimator of Tw({,t) or w({, t), it is important to consider the effect
induced by

u x
The system

F“AGFO-cbserver

Fig. 3 Regional boundary closed loop control system

using this ['"AGFO-estimator instead of a feedback control (figure 3). Thus, the
problem that naturally arises is how to design a regional boundary closed-loop control
system by using only partial information about the state w({, t) through the output
function (2). In addition, we use the measurements (partial information) to estimate
the full state in a region I'* by constructing a I'"AGFO-observer and to apply the
feedback control low on the estimated state T pgrow({,t) (figure 6). For this
purpose consider now the system (1) which is excited by regional boundary feedback
control

u(t) = =Dpw(., t), (15)
where D+ = yp+yVD is a bounded linear operator defined by
—Dp: (HY2(M)" > U
h —» uh
Theorem 4.1: If the whole system (1)-(2), (11), (12) and (15) is given the matrix form

a_w
; = Ap [‘Z] (16)
ot

where the operator A+ is defined by
e = [c/l — BDp~ —BDrp-
r 0 A — Hr+garoC
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then, the spectrum of system (16) is the reunion of the spectrum of regional boundary
closed-loop control system (20) and the spectrum of I'*AGFO-observer (21) and then,
achieve the stability of system (1).

Proof: Consider again the system (1)-(2), (12), (16) and (23) augmented with the
related dynamical system (11) represented as I'*AFO-observer by the following

equations
(22(3,6) = AW(L, t) + Bu(t) I
w({,0) = wo({) Q
ow _
39 (M, t)=0 o
y(,t) =Cw(.,t) I
u(t) = =Dpw(.,t) I (17)
limeollw(., t) —v(, Ol yrrzgey =0 I
22(0,6) = AV, ) + Bu(t) — HrgagroC(W((, ©) = v(¢, ) TI
v(¢,0) = vo({) Q
Substituting equations (2) and (15) in (17), we have the form
(22(¢,6) = AW((, t) — BDpw(., t); n
w({,0) = wy({) Q
ow _
] %(H, 0=r - 18
%2 (4,6) = AV, ) — BDRpw(S, ) — HreaaroC(w(6,0) —v(g,0)) 1 ¥
v(¢,0) =v0(9) Q
Lj—; wt)=0 E
Using theorem 3.8 in equation (18), we obtain
2, 8) = (A—BDpIw(S, t) — BDp-e((, 1) I
w({,0) = wy({) Q
M () =0 g
55 W t) 19)

é({,t) = (A — Hrgaro C)e({,t)
e(7,0) = e()

de
k% (.uv t) - 0

o A

[1]

where e({,t) =w({,t) — v({,t). Now, equation (19) allow to consider the
following regional boundary control closed loop system
22 t) = (A—BDr)W((t) — BDpee(3,t) T
w(g,0) = wo({) 0 (20)
w(u,t) =0 =
From the proof of theorem 3.8, we can get the system
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d
(a_i (¢, t) = (A—Hrgaro O)e({,t) T
1 e@0) = e 0 e
a -
—~wt) =0 g
Thus, the combining systems (20)-(21) can be written by the matrix form
ow
| _ w
2| =4[] (22)
at
where the operator A+ is defined by
A — BDp+ —BDr~
A = [ 23
" =0 A — Hr-garoC 23)

Consider the previous results as A, B, and D+ are bounded linear operators, then, by
using perturbation theory linear operator, we can deduce that the operator cAp+

generates a strongly continuous semi-group. Therefore, the resolvent p(Ar+) is non-
empty and can be expressed by

p(Ar) = p(A — BDr-) N p(BDr~)
Finally, we have
0(Ar-) = 6(A — BDy+) U a(BDr+)
where a(Ar+) denotes the spectrum of Ap-. Hence the semi group of Ap-

Sa-Bpp+ () Sep...(t
(S (O))e=0 = [Oﬂ Bbr B0 (1)

is stable on the space

(HY2@)™ @ (HY*(IT)™ [5],
such that

SA-Hregaro ®

wo(.)

w(.,t) ||
| eo( )l 4 pym @2y

S MC/Z *e_acﬂr*t
e( 1] t) ||(H1/2(l—~*))n @(Hl/Z(l—-*))n r

Consequently, we have o
”M_/(: t)”(Hl/Z(r*))n < Mc/le_a‘qt”WO”(Hl(Q))n
where M4 ,a, > 0 and therefore the system (1) is ['*"GAFO-stable.m

5. Application to sensors and controls structures

In this section we consider the distributed diffusion systems defined on (1 =
10, 1[x]0, 1[. Various results related to different types of measurements and controls
have been explored; domains and boundary conditions.

5.1 Case of a zone sensor

5.1.1 Rectangular domain. In view of example 3.9 and theorem 3.8 the system (1)
augmented with output function (2) with internal zone sensor and control is described

by

10
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a
I(a—vtv (¢1, 42 t) = Aw ({1, Go,t) + xpg(G1, Su(t)
4 ::v((bfz;t) = wo({1,{2) Q (24)
l%(!'[l!ﬂllt) = 0 E
y(®) = xpf({1,{)w({1, 0z t) I
where

D = [{o, = 11,80, + 1] X [{o, — 12,60, + 2] € Q
and
D = [{o, = 11,40, — 2] X [$o, = 12,00, + 2] € Q

are the locations of the zone sensor (actuator) (figure 4). Since the zone sensor is
couple (D, f) of D and f, then

y() =Cw((,t) = xpf({1,{2Iw({1,{at) (25)

Eo. 1
Fig.4: D and D internal zone sensor and control locations.

In this case, the considered region I'* is defined by

r*={0} x]0,1[ = ]0,1[ x]O,1[.
and the operator Bu(t) in system (24) is given by

Bu(t) = x59(¢1, C2)u(t) (26)
and by regional boundary feedback control in (15) is defined by

Bu(t) = —x59(1, &) Drw(., t)

and then,
BDI"*)(I—)g = Xp9Dr+ (27)

Under the condition of example 3.9 the corresponding dynamical system (24)
represented by

(%

| 3¢ (¢1, 2 t) = Av({y, O, t) + x59(S1, 2ult)

4 —Hrggroxpf (W ({1, (2, t) — v({q, 02, 1))
LU(Q»{Z: 0) = v0(¢1,42)

ov
% (.ull Uq, t) =0

(28)

2 =

[1]

11
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and I'"AGFO-observer,
Proposition 4.2: If the whole system (24), (25), (28) and (12) is given the matrix

form
6_W
at _ w
% - ADI—-* Xp9 [e] (29)
at

where the operator Ap .. ;- 4 is defined by
A _ [A_Xl_)gDF*XL—)g _XEng"*)(ﬁg
Prexod o A — HrgaroXpf
then, the spectrum of system (24) is the reunion of the spectrum of regional boundary
closed-loop control system (33) and the spectrum of I'*AGFO-observer (34) and then,
achieve the stability of system (28).

Proof: The system (24), (25) and (12) augmented with the related dynamical system
(36) described as I'*AFO-observer by the form

(2208 = Mw(, ) + xpg (Gu, C)u(t) n
w({,0) = wp(9) Q
ow -
rY) (wt)=0 )
y(ﬁt):XDfW(rt) H
u(t) = —DF*X[_)gW(.,t) I

Y limemoollw(, ) = (Ol yrrzgey =0 I (39)
() = Mv(G,6) + 259 (G, Gut)
—HF*GAGFOXDf(W(f; t) —v((, t)) I
v($,0) = v,({) Q

() =0 E

inserting equations (24) and (25) in (30), we have the form

%V (G,t) = Aw((,£) — BDr+ , ow(., 1); 1
w({,0) = wo({) Q
ow -
Yy (u,t) =0 )

{2200 8) = Av(G,t) = BDp 5 w(G, 1) (31)

—Hrcaroxpf (W((,t) —v({, 1))
v(¢,0) = v,({)
v

2 =

[1]

From theorem 3.8 and equation (31), we can get

12
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a

( a—”t” (0,t) = (A= BDr+ g )W({,t) = BDyp+ y ge({,t) 11
w({,0) =wo(0) Q
2wt =0 E

¢ (32)
e(¢,t) = (A — Hrgaro xpf)e({,t) I
e(¢,0) =eo(4) Q
de _ =

k% (#1 t) - 0 -

where e({,t) =w({,t) — v({,t). Now, equation (38) permit to defend the
following regional boundary control closed loop system

fi,—vtv ((,t) = (A—=BDr y;9)w({,t) = BDry ge({,t) T
L0 = () Q a3
w0 = E

From the proof of theorem 3.8, we have

0
{a_i (¢,6) = (A—Hrgaroxpfe(dt) I
v@m = & 0 64
d -
) =0 g
Thus, the combining systems (33)-(34) can be written by the matrix form
ow
ot w
de| Ap. Xp9 [e] (35)
at
where the operator D+ y5g" is defined by
Ap. Z[A_BDF*XBQ ~BDr ypg (36)
Taps 10 A — HrgaroxXpf

Consider the previous results as A, B, and Dp+ xpg are bounded linear operators, then,
by using perturbation theory linear operator, we can deduce that the operator Ap . y—4

generates a strongly continuous semi-group. Therefore, the resolvent p(Ap .. Xﬁg) is
D
non-empty and can be expressed by
P(Bpr. x59) = P(B = BDp . 5;6) N p(BDp. y9)

Finally, we have
J(ADF* Xﬁg) =o(A- BDXBQ) Ua(BDp,. yyq)

where O'(ADF* Xr)g) denotes the spectrum of Ap ., ;. Hence the semi group of

ADF* Xp9

(Sa ()0 = SA-BDr+ g (®) SeDp 259 (1)
D+ Xpg = 0 SA-HF*GAFO (t)
is stable on the space
(H1/2 TN™ D (Hl/z ()™ [30],
such that

13
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| W(’t)“ < MA e_aAl"*t WO()”
GOl guregyn gazgyn ~ A9 o gy @ty

Consequently, we have
— —aa .= t
||W(-.t)||(H1/2(r*))n = MADF* x59€ P+ Xp9 ”Wo”(yl(g))n

where M, Dp 250 > 0 and therefore the system (24) is '"GAFO-stable.m

' XBp x5
5.1.2 Circular domain

Remark 5.3: The previous results can be extend to the case of circular domain with
the following system

(32(r,6,6) = bw(r,6,) + w(r,6,) T
w(r,0,0) = w(r,0) Q (37)
|55 (@6,0=0 g
augmented output function is defined by
y() = [, 22(a0,t)f(a,6)dr do (38)

where Q =D ]0,a[, r=a >0, 6 € [0,2x], for internal zone and pointwise sensor
with another output function [23].

5.2 Case of a pointwise sensor
In this subsection, we consider the following cases:
5.2.1 The domain Q =]0, 1[x]0, 1]

By the same way in subsection 5.1, we can develop system (30) with internal
pointwise sensor in the following equations

(5200 t) = Aw(Gy, G ) + 65(%e, Gu(t) T

‘;VME(L(L t) = wo({1,402) Q (39)
| %(ﬂlrﬂl;t) =0 Z
\y(®) = 6,(by, bI)W(G, G t) ¥

where 85(&;, &) =6(& —by,& —by) and b = (bs,,b,) € Q is location of the
internal pointwise control (b, 83) (figure 5). Since the zone sensor is couple (b, ;) of
b and §y, then

y() = Cw({y, Gz, t) = 8p(by, bp)w({y, {2, t) (40)

14
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Fig 5: band b pointwise sensor and control locations.
and the operator Bu(t) in system (39) is given by
Bu(t) = 65(by, bp)u(t) (41)
and by regional boundary feedback control in (23) is defined by
Bu(t) = —65(by, b2)Drw(., t)
and then,
BDr+s, = 85D (42)

Under the condition of example 3.9 the corresponding dynamical system (24)
represented by

(5 @16 ) = A0(Gy, 8o, ) + 85(by, b)u(t)

{ —Hr46r00p (b1, b2) (W({1, {3, 1) — v({y, {3, 1))
| v({1,02,0) = v0({1,42)

a
kﬁ (H]J Uy, t) =0

(43)

fRen

[1]

and '"AGFO-observer,

Proposition 4.2: If the overall system (39), (40), (43) and (12) is given the matrix
form

ow
at|l _ w
ve| =%ors o] (44)
at
where the operator Ap . is defined by
b
A — [A - 61_)DF*5E - 61_)DF*6b:|
Prap Lo A — HrgaroO0p
then, the spectrum of system (44) is the reunion of the spectrum of regional boundary

closed-loop control system (48) and the spectrum of I'*AGFO-observer (49) and then,
achieve the stability of system (39).

Proof: The system (33), (34) and (12) augmented with the related dynamical system
(28) described as I'*AFO-observer by the form

15
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fZ—V: (¢,t) = Aw({, t) + 85(bq, by)u(t)
w(Z,0) = wy(Q)

ow

y(.,t) = &w(.,t)

u(t) = —Dl—-* 5EW(. ) t)

lim, e IWC., ) = (Ol yrzgery = 0
224, ) = (3, 6) + 65(by, b)u(e)

—HrgacroSp(W((, £) — v({, 1))
v(¢,0) = v,({)

v _

(83 - R

= 33

(45)

QO =

[1]

From the equations (397), (40) and (45), we have the form

223, t) = Aw((,t) — BDpg,w(., t); I
w(g,0) = wo() Q
ow

5(% t)=0
2t = Av((,t) — BDpes,w((, t) (46)
—Hrgaro8p(W({, t) — v((, 1))
v(g,0) = v,(0)

55w =0

[1]

o =

[1]

From theorem 3.8 and equation (46), we can get

(22(3,6) = (A — BD5, )W((,t) — BDp5,e(3, )
w({,0) =wo({)
ow
) 55 Wt) =0
é(¢,t) = (A — Hrgaro 6ple({, t)
e(¢,0) = eo({)

de _

o A

[1]

(47

2 =

[1]

where e({,t) = w({,t) — v({,t). Now, equation (47) permit to defend the
following regional boundary control closed loop system

2t =(A—BDrs)w(,t) — BDpge((,t) Tl
w((,0) = wo(() 0 (48)
2wt =0 5

From the proof of theorem 3.8, we have
2
(a_i (¢,6) = (A— Hrarodp)e({,t)
1 e@0) = el
de

o A

(49)

[1]
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Thus, the combining systems (48)-(49) can be written by the matrix form

ow
at| _ w
pe| =trs [4] (50)
at
where the operator D+ Y59~ is defined by
A — BDr-s; —BDr+s;
Aps = (5D
0 A — HrGaro0p

Consider the previous results as A, B, and D+ 55 are bounded linear operators, then,
by using perturbation theory linear operator, we can deduce that the operator Arg

generates a strongly continuous semi-group. Therefore, the resolvent p(Ar+s) is non-
empty and can be expressed by

p(Ar+5) = p(A — BDr+5;) N p(BDr+5;)
Finally, we have
o(Ar+5) = (A — BDr+5,) U 0(BDr+s,)
where a(Ar+5) denotes the spectrum of Ap-s. Hence the semi group of Ap+g

SA—BDF*SE () SBDF*(;E (®)

(Sapes(t))e=0 = [0 Sa ®)
—Hr*garo

is stable on the space

(HY2(@))™ @ (HY*(r)" [30],
such that

Jeco

e O gz @iz

Consequently, we have

”V_V( ’ t) ”(Hl/Z(r*))n < MAr*ae_aAF*‘st”WO ”(Hl(()_))n
where M Apegr Onpeg > 0 and therefore the system (24) is [*"GAFO-stable.m

wo(.)

< My, e st ”
re €0 ()l apym @

5.2.1 The domain Q =D |0,a[, r=a >0, 6 € [0,27],

Remark 5.3: The previous results can be extend to the case of circular domain with
system (15) augmented to the output function

y@® = J, % (a,0,t)f(a,0)dr do (52)

where Q =D ]0,a[, r =a >0, 6 € [0,2r], for internal zone and pointwise sensor
with anther output function [23].

6. Conclusion

Various characterizations have been established using the associated gradient sensors
structures and feedback control for the RBAGFO-observer. New results have been
obtained linked to divert kind of the information: controls; domains; conditions of
boundary. It has been shown that the structure of sensors and feedback controls

pledge the existence of RBAGFO-observer which is enable to characterize regional
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boundary closed loop control system. Numerous applications have illustrated and
demonstrated to diffusion distributed parameter systems in different situations. May

be interested to extend these results to the case of hyperbolic systems as in [25].

Acknowledgment
Our thanks in advance to the editors and experts for considering this paper to publish
in this esteemed journal and for their efforts.

7. References
[1] Glonaraghi F. and Kuo B., Automatic control systems, 9 th ed. Wiley, USA, 2010.

[2] Kato T., Perturbation theory of linear operator, 2ed Edition, Springer-Verlag,
Berlin, 2013.

[3] El Jai A., Distributed systems analysis via sensors and actuators. Sensors and
Actuators A, Vol. 29, No. 1, 1-11, 1991.

[4] Curtain R. and Zwart H., An introduction to infinite dimensional linear system
theory. Springer-Verlag, New York, 1995.

[5] El Jai A. and Pritchard A., Sensors and controls in the analysis of distributed
parameter systems. Ellis Harwood Series in Mathematics and Applications, Wiley,
New York, 1988.

[6] Pan H., Mi M., Song H. and Liu F, A universal closed-loop BMI framework
design and its application to a joint prosthesis, Neural Computing and Applications,
accepted 2020.

[7] Roset B. and Nijameijer H., Observer-based model predictive control,
International journal of Control, Vol. 77, No. 17, 1452-1462, 2004.

[8] Borggaard J., Burns J., Surana A. and Zietsman L., Control, estimation and
optimization of energy efficient buildings, 2009 American Control Conference. Hyatt
regency riverfront, St. Louis, MO, USA, MD, USA. June 10-12, 2009.

[9] Burns J., Jorggaard J., Cliff, M. and Zietsman L., Optimal sensor design for
estimation and optimization of PDE Systems, 2010 American Control Conference.
Marriott Waterfront, Baltimore, MD, USA. June 30-July 02, 2010.

[10] Burns J., Observers and optimal estimation for PDE systems: sensor location
problems, IMA Workshop on Sensor Location in Distributed Parameter Systems,
September 6-8, 2017 Minneapolis, MN, USA, 2017.

[11] R. Al-Saphory and A. El Jai, Regional Asymptotic State Reconstruction,
International Journal of System Science, Vol. 33, 1025-1037, 2002.

[12] Al-Saphory, R., A Sufficient Condition for Regional Compensator in Parabolic
Distributed Systems, The 5th IASTED International Conference Intelligent Systems
and Control (ISC 2002) October 1-4, Tsukuba, Japan 2002. 19.

18



1st International Virtual Conference on Pure Science IOP Publishing
Journal of Physics: Conference Series 1664 (2020) 012061  doi:10.1088/1742-6596/1664/1/012061

[13] R. Al-Saphory, Asymptotic regional analysis for a class of distributed parameter
systems, Ph.D. thesis, University of Perpignan, France, 2001, published in French,
Amazon Google books, 2011.

[14] Al-Saphory R. and El Jai A., Sensors characterizations for regional boundary
detectability in distributed parameter systems. Sensors and Actuators A, Vol. 94, No.
1-2, 1-10, 2001.

[15] Al-Saphory R. Al-Jawari N. and Al-Qaisi A. Regional gradient detectability for
infinite dimensional systems. Tikrit Journal of Pure Science. Vol. 15, No. 2, 1-6,
2010.

[16] Al-Saphory R. Al-Jawari N. and Al-Janabi A. Regional gradient strategic sensors
characterizations, Journal of Advances in Mathematics, Vol. 10, No. 6, 3604-3618,
2015.

[17] Khalid Z. and Al-Saphory R., Regional boundary asymptotic gradient full-order
observer in distributed parabolic systems, Journal of Advances in Mathematics, Vol.
18, 2020.

[18] Al-Saphory R. and Khalid Z., Regional Boundary Asymptotic Gradient Full
Order-Observer Via Internal Region, Al-Qadisiyah Journal of Pure Science
(QJPS),Vol. 25, No. 1, math 40- 45, 2020.

[19] Al-Saphory R., Khalid Z. and . Jasim M., Junction interface conditions for
asymptotic gradient full-order observer in Hilbert, Italian Journal of Pure and Applied
Mathematics, to appear 2020.

[20] Dautray R. and Lions J.L., Analyse mathématique et calcul numérique pour les
sciences et lestechniques; série scientifique 8, Masson : Paris, 1984.

[21] Zerrik E. and Bourray H., Gradient observability for diffusion systems.
International Journal of Applied Mathematics and Computer Sciences. Vol. 2, 139-
150, 2003.

[22 ] Al-Saphory R. and Al-Bayati M., Regional boundary gradient detectability in
distributed parameter systems, Journal of Advances in Mathematics, Vol. 14, No. 2,
7817-7833, 2018.

[23] EI Jai A. and Hamzaoui H., Regional observation and sensors, International
Journal of Applied Mathematics and Computer Sciences, Vol. 19, 5-14, 2009.

[24] Brezis H., Analyse Fonctionnalle. Theorie et applications. 2em tirage. Masson,
Paris, France,1987.

[25] Ben Hadid S., Rekkab S. and Zerrik E., Sensors and regional gradient
observability of hyperbolic systems, Intelligent Control and Automation, Vol. 3, 78-
89, 2012.

19



