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Abstract: The purpose of this paper & to study fibrewise compactness modulo in
fibrewise ideal topological spaces which s called  fibrewise I-compact space. Also
we study some of ther properties with some of the results in fibrewise compact space
have been generalized of fibrewise |- compact space.
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1. Introduction

A fibrewise topological space over B s a topological space X with a continuous
function P: X —B called the projection, and B called the base space. Most of the
results can be found in James [6] 1984 [7] 1991 .The topic of ideal in topological
space is mtroduced by Kuratowski[9] n 1933 and [10] in 1966 .In 1945 [14]
mtroduced the concept of a local function and a kuratowskiclosure operator . If 1 is an
ileal on a topological space (X,t), then we can construct a topology on X which
denoted by t*(I), that s m[8] . The concept of compactness modulo an ideal is
introduced by Newcomb[12], and had been studied by Rancin[13] . In this paper we
define a concept called fibrewise I-compact topological space over B. Alko we study
and discuss some of their properties, in particular we use the notion of fibrewise g-
closed sets to prove theorem [3.6|with some corollaries.

2. Some preliminary and Definitions

Definition2.1.[7]: Let B be any set. Then fibrewise set over B consists of a set X
together with a function p: X—B which s calked the projection function

For b € B, the fibre over b is the subset X, = P~%(b) of X . Also for each B'C B ,
then Xz = p~'(B") is called a fibrewise set over B with the projection P . If X'cX
thenX'is a fibrewise set over B with projection Py .

Definition2.2. [7]: If X and Y are fibrewise sets over B, with projections p and g
respectively, a function £ X— Y is said to be fibrewise function if gf =p, that is fiX, )
€Y, for each beB.

Definition2.3. [7]det B be a topologial space. Then a fibrewsse topology on a
fibrewise set X over B & any topology on X for which the projection p is continuous.
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A fibrewise topological space over the space B s defined to be a fibrewise set over B
with fibrewise topology.
Definition2.4. [6]: Let X be a fibrewise topological space over B. Then X s
fibrewise compact if for every fibreX,of X,béB and every covering I' of X, by open
sets of X there exists a neighborhood W of b in B and a finite subset I, of I' covers
Xw -
Definition2.5. [6]: Let X be fibrewise topological space over B and ket AC X . Then
A 5 fibrewsse compact subset of X if for every A, ,be€B where Ay = AN X, and
every covermg [' of A by open sets of X | there exists a neighborhood W of b and a
fimte subset [, of I' covers Ay, where A= A N Xy
Definition2.6. [1]: A fibrewise ideal on a fibrewise topological space (X, T ) over B
s a nonempty collection | of subsets of X which satisfies

(1) A€ | and BSA then Be |

(i) A€ land Be |l then AUBE |

Lemma2.7. [1]: Let f: X— Y be a fibrewise injection, where Xand Y are fibrewise
sets over B . If | s any fibrewise ideal on X then f{l) ={f(l,): 1, € l}is a fibrewise
deal onY .

If lis a fibrewise ideal on X and YEX , then J= {Y NI, ,1, € I} is a fibrewise ileal on
Y.

If (X, 7 ) & a fibrewsse topological space over B and | 5 a fibrewise ideal on X , then
the triplet (X, v, 1) s called a fibrewise ideal topological space over B .
Definition2.8.[1]: Let (X, 1, I )be a fibrewise weal topological space over B, then for
any AeP(X),
A(l,1)= {x eX:ANnU & I.for each neighborhood U of x}is called a fibrewise
local function of A with respect to I and t,we will write A" for A" (I, 1).
Definition2.9. [1]: Let (X, 1, 1) be a fibrewise ideal topological space over B . Then

te mapc’'( ) : P X ) — P (X) whch & defined by
cl* (A) =A VA" for all Ae P(X) is a kuratowski closure operator , we will denote by
() the topology generated by ' () - that S

" (H={U € X:cl"(X=U) = X = U} which is finer than T where the collection B(I , 1)
={U = 1,: U is a neighborhood of x,x € X, 1, € 1} is a basis for a topology t"(I) . We
will write T° for T'(I) .

Remark2.10.[1]:Let t°be the topology induced by the fibrewise ideal 1 on (X, T ). We
note that this topology is finer than the topology T and since T s fibrewise topology,
then the projection p : X —B is contmuous relative to T since T'is finer that T then the
projection P 5 ako contmuous relative to T this means that T°s a fibrewse topology
onX .

Example2.11.[1]: Let (X ,t, 1) be a fibrewise ideal topological space over B and A a
subset of X , then :
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()  If I={@} , then A" =clA).

(i) KI=PX), then A’ =0,
Note .x€A" if and only if (U- J)n A=0, where U is aneighborhood of x and Jel.
Lemma2.12. [1]det (X ,t, 1) be a fibrewise ideal topological space over B and let A
be asubset of X, then :

(1) A’=cllA%) € cl(A);

(1) A is fibrewise T° - closed if and only if A'C A .
Definition2.13. [4]: Let (X, 1, I ) be an ideal topological space. Then X is I —
compact space if for every covering {U,, A € T'} of X by open sets of X there exists a
finite subset Iy of I' such that X-(Uyr Uy )el .

3 Fibrewise I -compact space
Definition3.1: A subset A of a topological space s said to be g-closed set if clASU
whenever, ACU and Uert .
Definition3.2: A subset A of a fibrewise topological space over B s said to be
fibrewise g-closed set if clA, €U whenever, beB,A,SU and Uert .
Note: Every closed set A is fibrewise g-closed set.
Definition3.3: Let (X, 1, I ) be a fibrewise ideal topological space over B. Then X is
fibrewise  I-compact space if for every fiber X of X beBand every covering
{U,,AeT} of X, by open sets of Xthere exists a neighborhood W of b in B and a
finite subset [, of I' such that Xy = (Uyer, Uy )el.
The space (X, 1,1 ) is called fibrewise I-compact space if X fibrewise I-compact .
Example3.4: If (X,1) fibrewise topological space with the fibrewise ideal I= {@}.then
(X .1) 18 fibrewise compact space if and only if is(X .t) fibrewise I-compact space .
Definition3.5: Let (X, T, I ) be a fibrewise ideal topological space over B and let A
CX .Then A is fibrewise I-compact subset if for every A, of A, b € B where A,= An
X,, and every covering {U,,A € T'Jof A by open sets of X , there exists a neighborhood
Wof b nB and a finite subset I, of I' such that Ay, — (Uyr, Uy) €1 where Ay =
AnX, .
Theorem3.6: Every fibrewise g- closed subset of fibrewse I-compact space
fibrewisel- compact.
Proof : Let A be fibrewise g- closed subset of (X, Tt ,I) . Let {U,, Ael'} be an open
cover of A,, be B such that A, CU,,U; .Sice X is fibrewise
I-compact then {U,,Ael'} U (X, —clA,) is open cover of X,,beB therefore there
exists a neighborhood W of b m B and a fiite subset I, of I' such that either X, —
({User, UpJu Xy — clAy) el or
Xw = (User, Up) €1 either [Xy, — ({Uper, U} U (X, —clAL))] N A

= (X NA) = (Uper, Up)el = Ay = (Upr, Up) € Tor

[Xw = (User, Un)] NA € Xy = (Uper, Up) € 1
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S0 AN Xy = (Uper, Uy) € land Ay = (Uper, Uy) €1, Hence A s fibrewise 1-
compact.

From Theorem3.6.we have get the following corollaries.

Corollary3.7: Every closed subset of fibrewse | - compact space s fibrewise | -
compact.

Corollary3.8: If F s closed subset and K is fibrewise I - compact subset of X . Then
F N K is fibrewise - compact.

Corollary 3.9: If A is a fibrewsse | - compact in X and C s an open set such that C €
A. Then A - C i fibrewise |- compact.

Theorem3.10: Let £ X — Y be any continuous fibrewsse bijection function where X,
Y are fibrewise ideal topological spaces over B with fibrewise ideak I f (I) on X, Y
respectively. If X & fibrewise [-compact then Y s fibrewise [ -compact.

Proof. Let {U,,Ael’} be an open cover of f(X,)= Y, beB.Since f is continuous
fibrewise function, then {f~"(U,),Ael'} is an open cover of X, = f~"(Y,) . Since X is
fibrewise I-compact there exists a neighborhood W of b in B and a finite subset [of I’
such that Xy =U, 71U el . Now  (F(Xy) Uy, F7H(U))ef(T),  but
f(Xy) = f(Uyer, 71 (U))) € f(Xyy —Upp, F71(U,))  This  imples  f(Xy) -

f(Ukr,, I'"[Uﬂ)ef(l] where f(I) s a fibrewise ideal on Y by Lemma 2.7.

AS(f(Xw) ~Uer, Up) € (F0%w) — f (Uer, £72(UD)) . 50 (Yo — (Uner, Up)Def(D) .
This means that Y s fibrewise I- compact.

Theorem 3.11: Let (X,1,1) be any fibrewise ideal topological space over B and let A
be a subset of X such that for every open set U with AS U there s fibrewise I-
compact set C with AS C S U.Then Ais fibrewise [- compact.

Proof. Let {U,,Ael'}be a T~ open cover of A;, Where beB ,then there is open sets
{V,,Ael:V,er} in X such that U, =V, N A. By the given condition, there exists a
fibrewise I- compact subset C of X such that A € C CU, . V,.Then {V, N C,Ael'} s a
T _ open cover of C,,beB . As C is fibrewise I-compact, there exists a neighborhood
W of b in B and a finite subset [ofl" such that Cy Uy (VaN C)el where
Cw =CnXy,lc = {1, nC l,el} Let Cw =Ujper, anO) =1, nC

Since Cyy =Up,r, (VNOU(1,NC) . then CyNA= [y, (VN U (I, NCO)]N
A= Cy NA= Uy (V;nCNA)U[I,NCNA].

= Ay = [Upr, N A)] U1, nA] = Ay —U, . (V; NA) =1, N Aél,.

Implying that A is fibrewise [- compact.

Corollary3.12: If every open subset of X is fibrewise |- compact, then every subset of
X contained i open subset 5 fibrewise I- compact.

Theorem3.13: If A and C are fibrewise I- compact subsets of ideal topological space
(X,1,1) over B ,then AU C is fibrewise I-compact in X.
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Proof. Let {U,,Ael’) be an open cover of (AUC), = A, UC,m X where beB,then
(U, Ael)is open cover of Ajand C, since A and C are fbrewise [-compact there
exist two neighborhoods Wyand W, of b n B | 1, 1¢el and finite subset Fyand Iy such
that Aw, = (Uper, Up) = 1y where Ay, = AN Xy, and Cw, = (Uner, Up,) = 1
where

c“r: = Eﬁxw:.ﬁw‘ = [U;%.r. I.I;,..]u [Ilﬂc“' = [Uh.rl u;t]Uh Now A“r‘ U
wl’u:thl,E'.l.ﬂlwlﬂw;llm#oﬂwnfhllﬂ*aﬂﬂhﬁt
(Aw, U Cw,) =Ypar,aer, (U, v U Je0 Swwe
(AU Cw,w, € Aw, U Cy, 50(AU Ow, aw, ~User,aer, [Us, VU, el thae s
AUC B fbrewse |- compact

Theorem3.14: Every fbrewse compact space X over B 5 fbrewsse 1- compact for
any fibrewise weal on X.

Proof .Let (X, t) be a fibrewse compact space X over Blet [ be any fibrewise ideal
on X and {U,, Ael'} open cover of Xy, b € Bsmce (X, 1)is fibrewse compact space,
s0 there exsts a neighborhood W of b m B and a fie subset [of ' such
thatX,, S(U,p, Uy) and X, = (Uhr. I.I,,} = D¢ LTherefor X s fibrewse - compact.
Theoremd.15: Let (X.r,1)beanl- compact space, then (X.1,I)is fbrewise [-
compact space.

Proof .Let (X.r,1) be I- compact space, kiU, Ael}] be an open cover of X, b B
JE Jso Uhr.l;l;. J€J & open cover of X where U;,rll.ll =Uy. Uy (by taking
Uy Ti=A, swce
(X.1,1)is | = compact space, there exists a fome subset A 0fA such thmX -
(Uyea, Updeldl Ssince Xw. S X for some neighborhood Wof
by in B jel.so we have Xy, — [u_;,,,_ U,)e LHence (X.1,1) 5 fbrewise |- compact.
Theoremd.16: The ollowng are equivalent for a fbrewse wpobgeal deal space
(X.t,1):

(0 (X.1,1) & fibrewise |- compact
(ii) 1", 1) is fvewise |-compact.
(1) For any family (F,, Ael’} of closed sets of X, where b € B such that

Nyr Fir =0 there exsts a neghborbood W of b m B and a finie
subset [yof I such that My,p (Fy)ael where (Fy ), = Xy NF,
Proof (1) = (i) Let (U,,Ael’) be a t*_open cover of X, beB such that U, = V, - E,
where V), are open sets in X and E; el for all Ael" . Now (V,, el }is open cover of X, |,
so there exists o neighborbood W of b in B and a finke subset Fyof I such that Xy ~
(Uner, Vadel. This implies that Xy = (Uyp, Vi) € [Xyy = (Uer, VOV [Uysr, Ey]el.
Therefore (X,t°]) & fbrewise 1- compact .
(il) == (i) it follow from t € t* .
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(i) = (iii) Let {F,,Ael’} be a family of closed sets of X such that N, F, = @ . Then
{X =F,,Ael'} is an open cover of X;,beB . By (i) since (X,t,I) is fibrewise I- compact
jthere exists a neighborhood W of b in B and a finite subset [,of I' such that X, —
(U?J:I'u, (X =F))el = X\, n (nkru Fl} =Myer, Xy NF,] =Myer, Fw,l €l

(iii) =» (i)Let {U,,Ael'} be an open cover of X,where beB, then {X — U,,Ael'} s a
collection of closed sets and Ny (X=U,;) =@ . Hence there exsts a neighborhood
W of b in B and a finite subset I of ' scuh that N, [Xy N (X=U,)]elthat &
Xw = (Uper, Up)e L This show that (X,.]) is fibrewise I- compact .

Conclusion

We defined and discussed compactness modulo i fibrewse ideal topological space
which is called fibrewise I- compact with some results in fibrewise compact space
which are generalized in fibrewise I- compact space.
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