Journal of Physics: Conference Series

PAPER « OPEN ACCESS
Regional Boundary Asymptotic Gradient reduced order observer

To cite this article: Raheam A. Al-Saphory et al 2020 J. Phys.: Conf. Ser. 1664 012101

View the article online for updates and enhancements.

This content was downloaded from IP address 37.237.226.30 on 21/11/2020 at 08:20


https://doi.org/10.1088/1742-6596/1664/1/012101
https://googleads.g.doubleclick.net/pcs/click?xai=AKAOjsug4bhzXiuzZZ3t27yETFYhxOFRbQgkK_rMRCtYPYNAQxRq85wXqsDftsjmh91EiPEnTQcg0osZ-nDV-GLUFStpkyeIXdg5Ff5fb9LYDeB7QkIQZ3xNHnb1_24uAiUJzhGxc6_U3h8Ki87UuUj9QN5LI38IJAI6mbauPjYiJmWI1BaS0TAIZfSDJD3nBEABZqZRdm26SEyIRGSIklGv8p1deLKXQgvOxuFzXr7qvsdJ2B9hXnwb&sig=Cg0ArKJSzCF9Vp7wnV2T&adurl=http://iopscience.org/books

1st International Virtual Conference on Pure Science IOP Publishing
Journal of Physics: Conference Series 1664 (2020) 012101  doi:10.1088/1742-6596/1664/1/012101

Regional Boundary Asymptotic Gradient reduced order observer

Raheam A. Al-Saphoryl, Ahlam Y. Al-Shaya2 and Soraya Rekkab®

" *Department of Mathematics, College of Education for Pure Sciences, Tikrit
University, IRAQ.

3Department of Mathematics, Faculty of Exact Sciences, University Mentouri,
Constantine, Algeria.

Email: saphory@hotmail.com

Abstract: The purpose of this paper is to introduce the notion of regional
boundary asymptotic gradient reduced order observer (I'*AGRO-observer) in
distributed parameter systems. More precisely, we explore and discuss the
existing of this approach in which estimates a considered sub-region I'* for the
considered domain boundary. Thus, we show that the approach is enables to
build the unknown part of the state gradient when the output function gives
part of information about the region state. Furthermore, the characterization of
this notion depend on regional boundary gradient strategic sensors (RBG-
strategic sensors) concept in order that regional boundary asymptotic gradient
reduced order observability (I"*AGRO-observability) to be achieved and
analyzed. Finally, an application is presented to various situations of strategic
sensors for internal case.

Keywords: [I'*G-strategic sensors, [I'*AGRO-observability, [I'*AGRO-
observers, Exchange system.

1. Introduction

The main idea of observer theory concepts are focused on reconstruction a dynamic
system which is estimated the state of the original system using only the measured
input and output function [1-2]. When the measurement function gives information
about some state of the original system in this case there is a necessity to introduce an
estimator which enables to reconstruct the unknown part of state vector and then, this
problem is said to be reduced order observer [3-5]. The, asymptotic observer theory
explored by Luenberger in [1,6] for finite dimensional linear systems and extended to
distributed parameter systems govern by strongly continuous semi-group in Hilbert
space by Gressang and Lamont as in [7]. The study of this approach via another
variable like sensors and actuators developed by El-Jai et al. as in ref. s [3-8] in order
to achieve asymptotic observability. One of the most important approach in system
theory is focused on reconstruction the state of the system from knowledge of
dynamic system and the output function on a sub region w of a spatial domain
Q). Thus, this problem is called regional observability problem has been received much
attention as in [9-11]. An extension of this notion has been given in [12-13] to the
regional gradient case. The regional asymptotic notion has been introduced and
developed by Al-Saphory and El Jai in [14-15]. Thus, this notion consists in studying
the asymptotic behavior of the system in an internal sub-region ® of a spatial domain
Q. Thus, the asymptotic regional state reconstruction studied and developed in [16-18]
and extended to the regional asymptotic gradient reduced order observer (RAGRO-
observer) which allows to estimate the state gradient of the original system.

The purpose of this paper is to study and examine the concept of RBAGRO-observer
by using the choice of sensors. The principle reason for considering this case is that,
in first time the existent of a dynamical system which is observed asymptotically the
gradient of the system state on some boundary region I'* € dQ [19-21]. In second
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time, of energy exchange problem, where the objective is to calculate the energy
exchanged between a casting plasma on a plane target which is perpendicular to the
direction of the flow from measurements carried out by internal thermocouples

(Figure 1).
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Fig. 1: Model of energy exchanged problem on I'*

where (1) is the torch of plasma, (2) is the probe of (steal), (3) is the insulator, I'* is
the face of exchange and b;, b, sensor locations. The outline of this paper is
organized as follows: Section 2 is devoted to the problem statement and some basic
concept related to the regional boundary asymptotic gradient observability (RBAG-
observability) and regional boundary asymptotic gradient detectability (RBAG-
detectability). In section 3, we introduce RBAGRO-observer notion for a distributed
parameter system in terms of regional asymptotic gradient reduced order detectability
and reduced order strategic sensors. In the last section, we illustrate applications with
different domains and circular strategic sensors of two-phase exchange systems.

2. Problem formulation and preliminaries
This section present considered system and formulation of problem with some
definitions and characterizations which is related to the present work.

2.1 Problem statement

Let Q be a regular, bounded and open subset of R"™, with boundary dQ and I'* be a
region subset of dQ. We denoted I1 = Q X]0,00[ and E = 09Q X]O0, oo[. Consider
the parabolic system which is described by the following state space equation

ZEH=AwlO+Bu) 1
w (3,0) = wo({) Q (1)
w((ut)=0 =

together with the output function

y(,t)=Cw(.,t) B )
+ The separable Hilbert spaces are W, U and Y where W = H1(Q) is the state
space, U = L2(0, o, RP) is the control space and Y = L2(0, o0, R9) is the observation

space, where p and q are the numbers of actuators and sensors.

c A= Z{,‘jﬂ%(aﬁ %) with a;; € D(A) (domain of A) is a second order linear
J J

differential operator, which generates a strongly continuous semi-group (S.4(t) )¢so

on the state space W and is self-adjoint with compact resolvent [22].

* The operators B € L(RP,W) and C € L(W,R%9) depend on the structure of

actuators and sensors as in [23] (figure 2)
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Fig. 2: General mathematical model

*The mathematical model in figure 2 is more general and complex than the spatial
case of real model in figure 1.

» Under the given assumptions above, the system (1) has a unique solution given by
the following form [24-25].

W, 6) = Sa(Owo(Q) + [ S.a(t — $)B u(s) ds 3)

* The problem is how to reconstruct a dynamical system may be called estimator for
the current state gradient in a given region on I'*, and to give a sufficient condition for
the existence of a RBAGRO-observer.

* The initial state wy and its gradient Vw, are supposed to be unknown, the problem
concerns the building of the initial gradient Vw, on the region I'* of the system
domain d().

* Now, we reflect the operator K given by the form
K:W->Y
w-=>CS4(0)w
where K is a bounded linear operator as in [8, 26, 28]. And the adjoint operator K *of
K is defined by K*: Y - W, and represented by the form

K*y* = fOtSC’;l(s) C*y*(s)ds

* The operator V denotes the gradient is given by
{ V:H'(Q) > (H'(@)™
ow "_W)
93" " agy
and, the adjoint of V denotes by V* is given by
{ Ve (HY (@)™ > HY(Q)
w— V'w=uv
where v is a solution of the Dirichlet problem
{Av = —div(w) Q
v=20 Q
Thus, the extension of the trace operator [27] which is denoted by y defined as
y: (H Q)" > (HY*(0@)"
and the adjoint is given by y ™.
* For aregion I'* of 00, we define the gradient restriction operator by the form
Xre s (HY2@Q)™ — (HY>(r)"
where the adjoint of wr+ denotes by wy- is defined by

w—>Vw=(



1st International Virtual Conference on Pure Science IOP Publishing
Journal of Physics: Conference Series 1664 (2020) 012101  doi:10.1088/1742-6596/1664/1/012101

X s (HY2()™ — (HY2(00)"
* Finally, we denote the operator Hpggs = xr+ YVK* fromY into (H'/2(I'*))™ and
the adjoint of this operator given by Hp« = KV*y "y r=.

Now, the problem is how to build an approach which observe (estimates) regional
state gradient on a region '* of the boundary dQ c Q asymptotically by using a
dynamic system (an observer) in reduced order case only may be called reduced-order
observer in region I'*. The important of an observer is that to estimates all the gradient
of state variables, regardless of whether some are available for direct measurements or
not [1].

2.2 T*G-observability and I'* AG-detectability
In this subsection devotes the relation between concept of I'*G-observability and
['* AG-detectability on I'*. As well known the observability [23-26] and asymptotic
observability [3-5, 8 28] are important concepts to estimate the unknown state of the
considered dynamic system from the input and output functions. Thus, These notions
are studied and introduced to the DPSg analysis with different characterizations by El-
Jai, Zerrik and Al-Saphory et al. in many paper for example [9-15, 29-33] in
connection with strategic sensors.
* The systems (1)-(2) are said to be exactly regionally boundary gradient observable
(ETr*G-observable) on I'* if

ImH = Imyp-yVK* = (HY2(T*)"
* The systems (1)-(2) are said to be weakly regionally boundary gradient observable
(WT*G-observable) on I'* if

Im H=Imyp-yVK*=(HY? (I'*))"
It is equivalent to say that the systems (1)-(2) are WI'*G-observable if

Ker H* = kerK V*y*yr = {0}
* [f the systems (1)-(2) are is WI'*G-observable, then wy({, 0) is given by

wo = (K*K)"'K*y = KTy,

where KT is the pseudo-inverse of the operator K [10-11].

* A sensor (D,f) is regional boundary gradient strategic (I"*G-strategic) if the
observed system WI'*G-observable.
* The measurements can be obtained by the use of zone or pointwise sensors, which
may be located in Q or 0Q [28].
* Then, according to the choice of the parameters D; and f;, we have different types of
Sensors:
« It may be zone, if D; € Q and f; € L2(D;). In this case, the operator C is bounded
and the output function (2) may be given by the form

y(@® = [, wl,Dfi(§) d¢ )
« It may be pointwise, if D; = {b;} with b; € Q and f = §(.—b;) where § is a Dirac
mass concentrated in b [14, 20, 24]. In this case, the operator C is a bounded and the
output function (2) may be given by the form

y() = J, w(§,t)8,,({ — b d (5)
« It may be boundary zone, if T'*; € dQ and f; € L?(T'*;), the output function (2)
may be given by the form

y(@®) = [ wy t) fi() du (6)
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Definition 2.1: The semi-group (S4(t))¢>o is regionally boundary asymptotically
gradient stable (I'*AG-stable) on I'*, if and only if for some positive constants
Mrp+, ar+, we have
Iwe VSOl w2y m, i@y )< Mre €9, VE 2 0.
Remark 2.2: If the semi-group (S;(t))¢so is I'*AG-stable on (H*2(T'*))™, then for
all w, € H1(Q), the solution of associated system satisfies
ime oo X YVW(, Oll (garz ey yn = iMoo lLxrYVSa(OWoll 1720y ) =0 (7)
Definition 2.3: The system (1) is said to be I'*AG-stable on I'* if the operator A
generates a semi-group which is I'*AG-stable on the space (H 1/2 )
Definition 2.4: The system (1)-(2) is said to be regionally boundary asymptotically
gradient detectable (I'*AG-detectable), if there exists an operator Hpsyg: RY —
(HY2(T*) )™, such that the operator (A— Hp+,5C) generates a strongly continuous
semi-group (SH[‘*AG (t) ) ¢20, Which is ' AG-stable on (HY/2(T*) ) ™.
Proposition 2.5: If the system (1)-(2) is I'*G-observable on I'*, then it is I'"AG-
detectable on I'*. This results gives the following inequality: 3 kp+pg > 0, such that
IXrYVSaOWll gz yn < k racllCSaCIWIl 20wy
forall w € (HY2(*) )™ .
Proof: We conclude the proof of this proposition is conclude from the results on
observability considering yrVK*. We have the following forms [25, 28]

1. Imf < Img.
2. There exists k > 0, such that
If*w*llgx < k [|lg*w*||g+, for all w* € G*

From the right hand said of above inequality kp-ag ||g*W*||F+, there exists
MF*AG) Wr*AG >0 Wlth kl"*AG < MF*AG) SUCh that
kreac 19" Wllp+ < Mppge™@rract||w*||p-

where E,F and G be a reflexive Banach spaces and f € L(E,G), g € L(F,G). If we
apply this result, considered
E=G=HT)N", F=Y, f=1dgazgyn
and
9 =SuOxry Ve
where S 4(.) is a strongly continuous semi-group generates by A, which is I'*4G-
stable on I'*, then it is I'* AG-detectable on I'*. Thus, the notion of I'*AG -detectability
is a weaker property than the I'*G-observability [21-29].
Remark 2.6: The important purpose of I'*"AG — detectability that is related to the
possibility for defining a I'*AG-estimator of the system state from the knowledge of
the output function and input.

3. I'"AGRO-observer

In this section , we need some of additional assumptions, which we explain in
chapter one section 1.4 for the systems state (1)-(2).

3.1 Regionally boundary asymptotic gradient reduced-order
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Let us consider W=W,®W, where W; and W, are subspace of W. Under the
hypothesis in ref. [7,17-22, 29, 31-33], we have the dynamical system given by

d
%(f, t) = Az1wi({t) + Apow,({8) + Bou(t) 1
w(3,0) = wy (9) Q (®)
wy(ut) =0 g
Augmented with the output function
y(, ) =Cwi((,0). €

The problem consists in constructing a regional asymptotic gradient estimator that
enables one to estimate the unknown part w,({,t) equivalent; now to define the
dynamical system for (9). Thus, equations (8)-(9) allow the following system:

TG0 = Aa(G, ) + [Bau(®) + Apy(@ )] T
a(¢,0) = aog({) Q (10)
a(u,t) =0 =
with the output function
y(.,t) = Apa((,0). (11)

where the state a in system (10) plays the role of the state w, in system (8).
3.2 T*AGRO-observability and I'*AGRO-detectability

As in ref. [4] we can extend these result to the case of regional asymptotic gradient
reduced ordered system from regional observability and I'*AG- detectability. In this
case, the equation(1)-(2) it can be given by defining the following operator

K:wy—=Kwy=Aq1354,,(L) W€ Y,
then
y(.,t)= Kw, (.), with the adjoint K*:Y—w,
such that
JC*y*(.,t)=fOtSc,422 (8)A* 1, v*(,s) ds.
Let T* € a0 and yp:( HY2(I')"—(HY2(I')" =w, , Wy —WrWy=W, |+
where w,| r+is the restriction of the state w, to I'*.

Definition 3.1: The systems (10)-(11) are called exactly regionally boundary
asymptotic gradient reduced order observable (or EI'*AGRO-observable) if

Im yryo X" = (Hl/z(r*))n =w;

Definition 3.2: The systems (10)-(11) are called weakly regionally boundary
asymptotic gradient reduced order observable (or W I'*AGRO-observable) if
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mwpyX* = (HY2(T)" = w,
This equation ImypyX* is equivalent to Ker Ky "y . = {0}

Definition 3.3: The suite of sensors (zone or pointwise) (D;, fi)1<i<q are called

regional boundary asymptotic gradient reduced order strategic sensors (or
I'* AGRO-strategic sensors) if the systems (10)-(11) are WI'* AGRO-observable.

Remark 3.4: We know the semi-group (S4,,(t))oon Hilbert space
HY2(T*)is said to be '*AGRO-stable [20-21], if there exists Mg,, aq,, >0
such that

1S5, (Ol 172 (peyyn < Mog,,e 70225t 2 0 (12)
Remark 3.5: The relation (12) is true on a given sub-domain I'* € 042, i.e.

I )(F*Sﬂzz(t)||L(H1 2y i/ ey ) S Motz e %t t > 0. (13)
and then

limt_N)o”WZ(.,t)”(Hl/Z(F*))n =0

Now, we refer to this as regional boundary asymptotic gradient reduced order
stability (or I'*AGRO- stability).

Definition 3.6: The system (10) is said to be regional boundary asymptotic
gradient reduced order stability (or I'*AGRO- stable) if the operator A,, generates
a semi-group which is I'"AGRO - stable.

Definition 3.7: The systems (10)-(11) are said to be regional boundary
asymptotic gradient reduced order detectability (or I'*"AGRO - detectable) if there
exists an operator Hp-:RY - (HY2(I'*))" such that (A,, — Hr+Aq,) generates
a strongly continuous semi-group (S.4,,(t))t = 0, whichis I'"AGRO — stable.

Therefore, we have the dynamical system for (10)-(11) may be given by

L0,6) = AR2E, 1) + [Bu() + Ay O] + Hpoag G, 1) — A2 1) T

2(¢,0) = 2y(9) o (14

Z2(u,t) =0 )
Where (Ayp — Hr*agHAq2) generates a strongly continuous semi-group
(84, (£))t=0 which s I'"AGRO-  stable on the Hilbert

space W, € W=(HY2(I'*))", (B2 — Hr4cB1) € L(RP,W,)

and
(Az2Hr a6 — HreagA12Hr a6 — HrragA11 + Az1) € L(RP,W,) as in [20].

The importance of reduced I'*AGRO - detectability is possible to define a reduced
I'* AGRO-estimator for system state may be given by the following important result.
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Theorem 3.8: If there are g sensors (D;, f;)1<i<q and the spectrum of A, contains |

eigenvalues with non-negative real parts. The systems (10)-(11) are I'*AGRO-
detectable if and only if

l.q =2m,
2. rank GZi =my,Vi,i = 1, ..., ] with

< ;) fi() >z, for zone sensors
G, = Gzij =14 ;(b;) for pointwise sensors

where sup m, =m,; <oandj=1,..,0%.
Proof : The prove is developed to the case of zone sensors in the following stapes:

First: The system (10) can be decomposed by the projections P and [ — P, on two
parts, unstable and stable under the assumptions of section 3.1, where P and (I —
P) play the role of projection as E;, E; [7]. The state vector may be given by

w2 (4, 6) = [wo, (§, Owy, ({, O],

where w,_ ({,t) is the state component of the unstable part of system (10), that may
be written in the form

ow:

ajl (€, 1) = Az, wy, ({,8) + P[Az1,w1,({, 1) + Bu(t)] 1T
w,, (¢, 0) = Wzlo(f) Q (15)
wy, (u,t) =0 C

and w,, ({, t) is the component state of the stable part of system(10), given by

a‘g%((' t) = CA222W22 ((' t) + (1 - :P) [CH212W12 (6; t) + Bzu(t)] I1
w2, (¢, 0) = wa, ({) a  (16)
WZZ (.u: t) =0 =

The operator A5, is represented by a matrix of order (Z{=1 my,, Z{=1 mzl.) given by
c/qzzl = dlag [Azl, ...,/121, ...,/12], ...,/12]] and ?BZ = [GZtI' Gzt;, . Gzt;]

From condition (2) of this theorem, then the suite of sensors (D;, f;)1<i<q 18 I"AGRO-
strategic for the unstable part of the system (10), the subsystem (15) is weakly
regionally boundary asymptotic gradient reduced order-observable in I'* (or W
I'"AGRO- observable ) and since it is finite dimensional, then it is exactly regionally
boundary asymptotic gradient reduced order-observable in I'* (or E I'AGRO-
observable).

Therefore it is I'*AGRO- detectable, and hence there exists an operator Hp= . such
that (A5, — ?—[1} Ac#12,) which satisfies the following
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1 1
AM}- 46, b 4 > 0 such that ||e("4221_HF*AG‘A“l)tII(HUz(F*))n < M}y e 9T aG (t)
and we have

— 1*
”Wzl(z, t)”(Hl/z(r*))n S M%*AGe al" AG(t)”?WZO (.)”(Hl/Z(F*))n

Since the semi-group generated by the operator A,,, is ['"AGRO-stable,
AME. ,;, a4 > 0 such that

-— 2*
"WZ2 ((, t)”(Hl/Z(I—.*))n S M%*AGe ar AG(t)”(I - ?)WZO(-)”(Hl/Z(I—-*))n

t e
+ fy ME. yge ™ actD|| (1 — PIWay (Il grrzreyyn (@) lldT

therefore w, ({,t) - 0 when t — oo. Thus, the systems (10)-(11) are I'*AGRO-
detectable.

Second: If the systems (10)-(11) are [I'"AGRO-detectable, then 3IHy+y; €
L(L?(0,00,R9), (H2(I'*))") such that (A, — HpragA1,) generates an I'*AGRO-
stable, strongly continuous semi-group (S4,,(t))¢=o on the space H vz *) which
satisfies the following

AMr+ 46, ar+ag > 0 such that || xragSaa,, (Ol 172 (pyyn < Mpage™ 746 (t)

Thus the unstable subsystem (15) is I'*AGRO-detectable. Since this subsystem is of
finite dimensional, then it is exactly I'*AGRO -observable. Therefore (15) is weakly
I'*AGRO -observable and hence it is reduced I'*AGRO -strategic , i.e.

[Kxp-ws(.,t) = 0= w;(.,t) = 0]. For w;(.,t) € HY2(I'™)

We have

[Kxragwa (., t) =
(Z§=1 eljt (QDj ( )' W; ( ) t))(Hl/Z(r*))n«Dj ( )' fl( ))(Hl/Z (r*))n)lsiSq

If the unstable system (15) is not '*AGRO -strategic, Aw;(.,t) € (HY2(I'*))" such
that

Kxragw2 (., t) =0,
this leads to
X121 C)o w3 (o) vz (95D, il gravagrepyn = 0
the state vectors w,, may be given
Wa (0 ©) = [0, w3 o ) gz oy 07 (s w3 o ) sz royn] ™ % O

We then obtain G,,w,, = 0,Vi,i = 1, ..., ] and therefore rank G,, # m,,.
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Here, we construct the I'"AGRO - estimator for parabolic distributed parameter
system (1), we need to present the following remarks

Remark 3.9: Now, choose the following decomposition:

2= [2] - [QD + j'f?"]*,cu;Roy]

Which estimates asymptotic gradient the state vector
w= [Wz]
then, the dynamical system (14) is given by the following system:
]
I(a_(i (¢, t) = (Azz = HrragroA12)9 ({, 1) + (A22A12H 1 agrO
—HreagroA11 + A21)y({ 1) + (By — HrragroB1)u(t)

Lo (wt)=0

which defines an I'*AGRO- estimator for Tr+4croW2((, t) if

(17)

m o =

1. llmt_)oo”(p ((, t) - TF*AGROWZ((’ t)”(Hl/Z(l—-*))n = 0

2. Tragro:D(Azz) = D(Azz — HroagroA12) where  Trggro=Wr+acroT and
®({,t) is the solution of

system (17).

Remark 3.10: The dynamical system (17) estimates the regional boundary
asymptotic gradient reduced order state of the system (1) if the following
conditions satisfies:

1. HLF*AGRO € L(O, Hl/z(r*))n) and MF*AGRO € L(Hl/z(r*))n SuCh that:

LF*AGROUQIZ + MF*AGROTF*AGRO = IF*AGRO

2. TreagroAzz — (Azz — HrragroA12)Tr acro = Hr acroA12 and (B, —
HracroB1) = Tr* acroB-

3. The system (17) defines an I'*AGRO- estimator for the system (1).
4. W =W, and Tr46ro = Ir*agro then, in the above case, we have
Azz = (Azz = HreagroA12) = HracroAi2

Remark 3.11: The system (1) is I'*AGRO-observable if there exists an I'*"AGRO -
estimators (17) which estimates the regional boundary asymptotic gradient reduced
order state the system. Now, we present the sufficient condition of the regional
boundary asymptotic gradient reduced order observability notion as in the following
main result.

Theorem 3.12: If the systems (10)-(11) are I'’*AGRO- detectable, then it is '*AGRO -
observable by the dynamical system (16), that means

10



1st International Virtual Conference on Pure Science IOP Publishing
Journal of Physics: Conference Series 1664 (2020) 012101  doi:10.1088/1742-6596/1664/1/012101

limt — oo||(@(¢, t) + Hracy(§, 1)) = w2($, Ol arzpeyyn = 0,

Proof: The solution of the dynamical system (14) is given by

2(8,t) = Sprpe,, (0Z0($) + fot St 4o (= T [Bou(T) + A1¥(¢,7) +
HracY(,7)]dT (18)

From the equation (11), we have
- a
F(G,6) = Agpal., t) =2 (G, 1) = Aywi (G, 1) — Byu(t) (19)

By using (18) and (19), we obtain

2(3,) = Spgpe o, (D26(0) + fy Soey (6 = DHag 22 (0, 1)dT + f Sy (
T) [Bou(t) + A1 y((, 1) — HppgA1aw1 (, T) — HpepeBiu(r)]dr (20)

and we can get
t d
fo SHF*AG(t —DHr ¢ % ({,7)dt = Hpegowi (., 1) — SJ{F*AG (OHr acW1, ()
t
+(Azz — HroagAr2) [y Stepn s (& = DHpeaowi (-, T) dt (21)

Using Bochner integrability properties and closeness of (Ayy — HreagA12), the
equation (21) becomes

Jy Sttpepg (t = DHipeag 22 (L, T)AT = Hieagws (8) = Sy (OOHieagwi, ()
t fy Sty (t = D) (Azz — HageA12) Hie agws (, ) dT (22)
Substituting (22) into (20), we have
20, t) = Sppe . (O20(0) = Syrp o OHrep6W1, () + Hpepowi (-, £)
+ fot Stpe 06 (& — T) [A22Hr a6 — HroagA12Hrag — HroagA11 + Al
wi(, DA + [y Sy (6 =) [By — Hpeao By Ju(n)de. (23)

Setting @(.,t) = Z(.,t) — Hracy (., 1), with @o(.,0) = Zo(.) — HrrgW1,(-), where
Yo(-) =wy, (). Now, assume that (A Hreag — HroagA12Hr ac — HreagA1 +
Ayq) and (B, — HrxgB1) are bounded operators, the equation (23) can be
differentiated to yield the following system

g
(E (5; t) = (CAZZ - }[F*AGRO"—AIZ)(p ((; t) + (AZZ}[F*AGRO - }[F*AGROUqlz}[F*AGRO

—Hr agroA11 + A21)y(., t) + (By — HreagroB1)u(t)
lfp (€,0) = 9o (D)
o (ut)=0

and therefore

&3 B B!

2O -T2 = (D) + Hpagy( 1) = wy ()

11
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= (A222(, ) + Bou(t) + Az y(., ) + Hreag (V((, )
—A122)(, ) — Az1wy(§, t) — Azaw;y({, t) — Bau(t)
= (Azz — HrragA12)(Z(G, 1) — wo (4, 1)) (24

From the equation
||WF*AGS}[F*AG (t)WZO (. ) ” (H1/2 (r*))n < M}[F*AGQ_“HF*AG (t)
we obtain

1Z(,t) —wy(., t)”(Hl/Z(I**))n < ”XF*AGSHF*AG(t)”(Hl/z(l"*))n”ZA("O) -
w, (0l (HY2(r*)n

< My o "rac (1) ]| 2(.,0) — w2 (Ol yrrzpeyyn = 0 as it —» 0o (25)

where the component Z({, t) is asymptotic gradient estimator of w,. Then, we have
the system (14) is I'*AGRO-observable for the systems (9)-(10).m

From the previous theorem 3.12, we can deduce the following definition which
characterizes another new strategic sensor:

Definition 3.13: A sensor is I'*AGRO-strategic sensor if the corresponding system is
I'*AGRO-observable.

4. Application to asymptotic ['*AGRO-observer in exchange system

Consider the case of two-phase exchange systems described by the following coupled
parabolic equations as in [§]
0%w,

{% (€1, G2 8) = aa_(z (€1, 02 t) + B(Wl((l’ {2, t) — w,({4, 0, t))

I1
{ % ({1, {a,t) = Vaaz_;}zz ({1,020 t) + [’J(Wz((p {2, t) — w1 (44,0, t)) I (26)
QO

LW1((1'€2: 0) = W10(51'(2)' w5(1,42,0) = Wzo(fpzz)
wy (py, iz, t) = 0, wa(py, pa,t) =0

and consider Q = (0,1) X (0,1) with subregion I'* = (ay, 1) X (ay, B2) € 0Q.
Suppose that it is possible to measure the states w;(.,t), by using g zone
sensor (D;, fi)i<1<q- The output function (2) is given by

y(.,t) = Cw(,t) = .
[fD1 wy ({1, {2, ) f1(¢1,{2)d1dE,, -, fDq w1 ($1, G2, )14 (41, $2)d{1d ]

Now, the problem is to estimate exponentially w,({;, {3, t). Consider now
an
ow _ o | _[A11 A1 [Wl]
ot [awa| T [Apy  Ajpl I
at

27)

where
92 92
A1 = a%(ﬁ:(z» t)+ B, Ay = V?M;Z(Q'(z' )+

and
Ay = Ay = —PL.

12
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From theorem 3.12, we can construct regional boundary asymptotic gradient reduced
order estimator for system (26) if the sensors (D;, f;)i<1<q 18 I'*AG-strategic for the
unstable part of the subsystem

62W1

(2 (0,028 = ¥ 522 (G080, ) + B (60,6 D)
4 —w,({1, 42, 1))
| wi({1,02,0) = W10((1,(2)

Wl(:u'lﬁ.u'Zﬁ t) =0
where y = 0.1 and § = 1. If we choose the sensor (D;, f;)i<1<q such that

(28)

m D o

tr

y(©) = [fDl w1 (81, €2, 1) f1(C1, $2)d81dS;, ---:fDq w1 (81, C2, )£ (1, $2)dd1dd,] # 0,

then, there exists Hragro EL(IR‘I,HU 2(F*)) such that the operator (A,, —

Hr+gcroA12) generates a strongly continuous semi-group stable on a Hilbert space
HY2(T'™). Thus we have

limy, o [1Z(C, ©) + Hreagrowr (-, 0)) = wa (L, Ol yasz ey = 0,

Where
{% (1,42 t) = VZ—;(G, {2, t) + B((1 + Hreagro)2($1, (2, t)
{ +(y — aH'r* aro) a;_;vzl ($1,62, ) + B(HF pgro — 1) (G162, 1)) I (29)
| 2(01,82,0) = 20(31, 35) &

[1]

kZA(A“III"ZJ t) =0

In this section, we give the specific results related to some examples of sensor
locations and we apply these results to different situations of the domain, which
usually follow from symmetry considerations. We consider the two-dimensional
system defined onQ = (0,1) x (0,1) with the case of system described by the
following equations:

{% (¢1, 2 t) = Vaaz_;vzz (€1, 02 t) + Bwa(8y, (2 t) — Pwe({1, G t) I

(30
w2 ({1,42,0) = wy ({1,42) Q )
LWZ (ALL]J Uz, t) =0 E
with the output function
y(©) = Cw, (., 1) (€1

Let T = &, (a;, B;) = (aq,B1) X (az,B,), in this case the eigenfunctions and
eigenvalues for the dynamic system (30) are given by

.. — 2  (S—a . {a—ay
011606 = Ty 05 (ﬁl—al) cosjm (ﬁz—az) (32)
and
(. j? 2 s
Ay ((ﬁl—agz + wz—az)Z)” Lzl (33)

We examine the two cases illustrated in (Figures 3 and 4).

13
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4.1 Internal rectangular zone sensor

To discuss this case, suppose the system (30)-(31) where the sensor supports D; are
located in Q0 as in (Figure 3). The output function can be written by the form

y(t) = fD1W1 ((1' (21 t)fl ((11 52)d61d52r (34)

] r

Fig. 3: Regions Q, I'* and location D of zone sensor.

Then, the sensor (D, f;)i<1<q may be sufficient for I'*AGRO-observer, and there
exists Hreap, EL(]Riq,Hl/Z(F*) such that the operator (Ay; — HragroA12)

generates a strongly continuous semi-group stable on a Hilbert space H 1/2 (T'*). Thus
we have

im0l (Z($1, $2, 8) + Hiagrow2(C1, 2, 1)) — w1 ($1, o, Oll 1720y = 0,
Where

(% (¢ = V%(Q:(z:t) + B((A + Hragro)Z(¢1, G2, t)

+(y — aH'r* agro) Z_ngzz ($1, 82, 8) + B(H agro = 1) G, G2, ) T (33)
li((l, $5,0) = 20(¢1,82) &
ZA(ZD (2' t) =0 =

If

D; = Ty [Go, — L, o, + L] with [$o, — @i/ o, — Bi] €
Then, we have the following result.

Proposition 4.1: Let f; are symmetric about line wy, = {p, and the sensors
(Dy, fi)i<1<q are not strategic for the systems (30)-(31), and then these systems are not
I'*AGRO-observable by the I'*AGRO —estimator systems (35). If forany i € 1 < i <

2,jo €1 <i < q such that 10(501_0{1),10(502_“2) € Q.
Bi—ay B2—a;
Proof: Suppose that iy = 1, and (B, — a;)/(B; — @;) € Q, then there exists j, = 1

such that

Jjo (§o, —a1)/(B1 —ay) =0.

But
y(®) ={f1, (pi0j0>

4 az+ly rag+ly 1077(501 ai1) Jom(§o,—2)
((ﬁl—al)(ﬁz—az)) f o Sy 716 Go)sin |2 sim [2E702 ] dgydg, = 0

4.2 Internal pointwise sensor

14
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Consider the case of pointwise sensor located inside of (2. The system (30) augmented
with the following output function:

y(©) = fﬂ\w wy (€1,¢2,t) 6(8y — by, §; — b2)d 1A, (36)
where b =(by,b,) € 2 as in (Figure 4) is the location of pointwise sensor with

(by — ay) / (B — a1) and(b, — a3) / (B, — ;) € Q.
s A

(J:
by =
S aE

(1] by ay

Fig.4: Region Q, I'* and location D of pointwise sensor.
Then, the sensor (b, §,) may be sufficient for I'*AGRO-observability [9], and there
exists Hracro € L(RY, HY2(I*) such that the operator (Azp — HracroA12)
generates a strongly continuous semi — group stable on a Hilbert space H/2 aTr.
Thus we have

{t) + j"ﬁ"*AGRoWz(fL {2 t)) —w1({1, {2, t)llHl/Z(F*) =0,

where
(% (G1, 42 t) = VZ_; (¢1,¢2,t) + B((1 + Hragro)2($1, s t)
+( — aHragro) Z—‘g (¢1, 42 t) + ﬁ(HFZ*AGRo - 1)({1' {2 ) 11 (37)
| 2((1:(2» 0) = 20((1;52) Q

[1]

ZA((l! {2; t) =0

Thus, we have the following result.

Corollary 4.2: the systems (30)-(36), are not I'*AGRO-observable by the '*AGRO —
estimator systems (37). If for any i, €1<i<2,j,€1<i<q such that
ig(hi—a1) Jo(b2—a3) €0

Bi—as ' Bz-az

Proof: Suppose that iy = 1, and (B; — @1)/(B, — a;) € Q, then there exists j, = 1

Such that Sin jo (bl - al)/(ﬁl - 0(1) = 0. But

y(t) = (8, Pijo) =

4+ 1/2 J07T(b1 1) Jom(b,—as)
(wl—al)(ﬁz—az)) Joj 00 (b1, b2)St ”[ ]5 | Baa ]dfldiz =0

Remark 4.3: These results can be extended to the following:
(1) Case of Neumann or mixed boundary conditions [20].
(2) Case of boundary (pointwise, zone) sensors as in [37].

5. Conclusion
The concept have been studied in this paper is related to the TAGRO-observer in
connection with sensors structure for a class of distributed parameter systems. More
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precisely, we have been given a sufficient condition for the existing of an TAGRO-
observer which allows to estimate the gradient state in a subregion I'. For future work,
one can be extension these result to the problem of regional boundary asymptotic
gradient full order observer in connection with the sensors structures.
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