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Abstract 

 

       Let   be a commutative ring with identity,    be a free  -module and     

be the divided power algebra of degree  . 

        By employing the technicality of Bar-complex and letter place algebra with 

Capelli identities, Buchsbaum surveys the resolution of Weyl module and shows 

that the large class of       -modules is defined among all the Weyl modules 

   ⁄    ; where   ⁄  is the skew-partition and    ⁄     is the image of Weyl 

map   
  ⁄    . 

        In this thesis we discuss an application of the resolution of two-rowed Weyl 

module in the case of partition (8,7) to find the terms of this resolution and prove 

its exactness. Also as an application of the resolution of three-rowed Weyl 

module we find the terms of characteristic-free resolution in the case of partition 

(8,7,3), the terms of Lascoux complex for the same partition and diagrams of 

complex of Lascoux also for the same partition. As a generalization to the same 

techniques used by Buchsbaum we find the reduction from the characteristic-free 

resolution of Weyl module to characteristic-zero resolution (Lascoux resolution) 

with using the boundary maps which are used in the characteristic-zero in the case 

of partition (8,7,3). Eventually, by employing mapping Cone and its diagrams we 

survey the characteristic-zero resolution (Lascoux resolution) and prove that it is 

exact without depending on the boundary maps for the same partition. 
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        Let R be a field of characteristic-zero and   is an R-vector space of          

dimension  . The set of all irreducible polynomial representations of general 

linear group        of degree   is described by the Schur module        ; 

where   runs over all partitions               . There are a number of 

classical formulas that express the formal character of the representation       in 

terms of standard symmetric polynomials. Such formulas are also valid for the 

more general representation modules     ⁄      associated to skew partition   ⁄ ; 

where     .  

        The Giambelli's identity [ ] and the Jacobi-Trudi identity [   ] formulas 

are studied in this context which are described in [11] as follows:  

 

[ ]    ⁄     det(             ) 

[   ]     ⁄     det(  ̃   ̃        ); 

where 

                is a set of variables; 

      is the r
th
 elementary symmetric polynomial function defined by 

      ∑                      ; 

      is the r
th
 complete symmetric polynomial function defined by 

 

      ∑   
    

     
  

         ; 

 

 ̃  ̃⁄  is the skew partition dual to   ⁄ ; 

   ⁄     is the formal character of     ⁄     . 

The classical formulas [ ] and [   ] above express the formal character 

   ⁄     of    ⁄     in terms of the formal characters               of the 

fundamental representations Λ
 
  and in term of the formal characters 

        ⏟    
 

          of the fundamental representations       respectively. 
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        In the Grothendieck ring  [      ] of       -modules, the above 

identities can be replaced by 
 

[ ] [   ⁄    ]  det([Λ
         

  ]) 

[   ]  [   ⁄    ]  det([  ̃   ̃      ]) 

 

        The author in [27] translates the expansion of the classical Giambelli 

determinantal expression [ ] into resolution    in characteristic-zero of      .  

In particular, the author asserts that the formula [ ] may be realized in 

characteristic-zero as the "Euler-Poincare" characteristic of the complex    in the 

ring  [      ]. 

        The precise definitions of the boundary maps are given in [4]; where it is 

proved (always in characteristic-zero) that the complex    is exact. 

        To be more explicit using the same notation as in [8], let 

 

     Λ
         

   

 

Then, we have: 

[   ⁄    ]  ∑           [    
                         ]  

 ∑      
(
 
 
)

   
[  ] ; 

where 

   is the symmetric group, 

       is the length of the permutation  , 

   ∑                                , and  

      -equivariant boundary maps of the complex 

    
               
→     

(
 
 
)

        
(
 
 
)
        

→        
               
→      

                 
→        

               
→       ⁄    

               
→      

are described in [4]. 
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Note that the terms of the resolution    of    ⁄     are direct sums of tensor 

products of the fundamental representations of        and clearly, the exactness 

of    implies the identity [ ]. 

        From now on, let   be a free module of finite rank over a commutative       

ring  . In [2] a large class of       -modules is defined among them, all the co-

Schure module    ⁄     (Weyl module). Schure and Weyl modules are 

universally free and there is a natural map of   ̃  ̃⁄     into    ⁄    . When   

contains the field of rationales   this map is an isomorphism. In particular, the 

identities [ ] and [   ], which hold in general in the ring  [      ] take the 

following form: 

[ ] [   ⁄    ]  det([Λ
         

    ]) 

[   ]  [   ⁄    ]  det([             ]); 

 

where       stands for the divided powers of  . 

        Notice that, in characteristic-zero since   ̃  ̃⁄    
           
→      ⁄     and 

           , we get the identities [ ] = [   ] of the classical case as 

described before i.e 

 

[  ̃  ̃⁄    ]  det([  ̃   ̃      ])     ([  ̃   ̃      ]) 

 

In general, it is not true that the complex    exact but it can be enlarged to a 

complex  ̃ . More precisely    ⁄        ⁄      has a finite resolution  ̃  whose 

terms are direct sums of the tensor product of exterior of  .  

        The Authors in [3], [4], [5] and [6] have described the resolutions  ̃  of 

Weyl and Schure modules by writing down explicit projective resolutions of the 

two-rowed modules. The existence proof of resolution for the similar problem 

with an arbitrary number of rows the authors in [7] gave that. While the existence 

of resolution of Weyl modules whose terms are direct sums of tensor products of 
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divided powers proved by the authors in [19]. By using the duality between Schur 

and Weyl module one can also solve Schur modules using tensor products of 

exterior powers.  

        It is important to point out that, there was not explicit description of these 

finite resolutions, except for shapes of length two, and a class of shapes of length 

three. 

        Using the letter place algebra notation is to modify the standard kind of 

maps which is used in the above cited papers to place polarizations operators 

(derivations). The advantage is to replace the arithmetic Koszul complex by an 

appropriate Bar complex. It simplifies strongly the description of the terms of the 

resolution. Also, it is clear that for the two-rowed case it is possible to write a 

splitting homotopy for the resolution by using the letter place approach and by 

reformulating the resolutions involved in terms of Bar complex.  

        In [13] and [15] the authors have studied clearly in details the terms of the 

resolutions for all shapes in the so called class of “almost skew shapes”. This 

characterization is largely located on the “Bar complex” framework, but a total 

characterization of the boundary map is still an open problem. 

        The author in [20] presents the skeleton in the resolution of skew-shapes. 

Especially the terms of Lascoux resolution can be recovered within the formulas 

approaching in [15] and [16]. Over and above the application of the outcomes 

aforesaid above, the author in [18] illustrated that by employing the letter place 

methods and place polarization in a symmetric way.  

        The authors in [17] studied the corresponding of Weyl module to the 

partition (2,2,2), the relationship between the resolution of           in the 

characteristic-free module and in the Lascoux mode. By this comparison, the 

characteristic-free boundary maps are modified to obtain the obvious maps of the 

Lascoux case. 
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          Haytham R. Hassan generalize the techniques in [17] for the partitions 

(3,3,3), (4,4,3) in [23] and [25] respectively, also he studied in [24] the resolution 

of Wely module in the case of two-rowed skew-shape (p+t,q)/(t,0) and the 

complex of Lascoux in partition (4,4,4) in [26]. While the authors Alaa O. Azziz 

in [9], Nora T. Abdul Razak in [1], Mais M. Mohmmed in [28] and Najah M. 

Mustafa in [29] used the same technique in [21] and [23] for the partitions (3,3,2), 

(6,5,3), (6,6,3) and (7,6,3) respectively. 

        This thesis consists of three chapters. In chapter one, we review some 

definitions, remarks, theorems and examples to illustrate the concepts Hoph 

algebra, Schure functors, letter place algebra and differential Bar complex.                   

In chapter two, we exhibit the resolution of two-rowed and three rowed Weyl 

module and discuss an application of the resolution of two-rowed Weyl module in 

the case of partition (8,7) and find the terms of this resolution and prove its 

exactness. In chapter three, we study in detail an application of the resolution of 

three-rowed Weyl module for the case of the partition (8,7,3) we find respectively 

the terms of characteristic-free resolution, the terms of Lascoux complex, 

diagrams of the complex of Lascoux, reduction from the characteristic-free 

resolution of Weyl module to characteristic-zero resolution (Lascoux resolution) 

with using the boundary maps which are used in the characteristic-zero.                

Finally, by employing mapping Cone and its diagrams we survey the 

characteristic-zero resolution (Lascoux resolution) and prove it to be exact 

without depending on the boundary maps for the same partition. 
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Introduction  

        This chapter consists of four sections, the Hopf algebra with examples 

illustrated in the first section, while the Schur functors presented in the second 

section. Some definitions and examples about the letter place algebra exhibit in 

the third section. Finally the concept differential Bar complex with some 

definitions and example given in the last section. 

 

 

1.1  Hopf algebras  

 

Definition (1.1.1): [10]  

        Given a commutative ring   with identity, an  -algebra is an  -module   

endowed with two  -morphisms  

         
               
→         (multiplication)   ,   𝓊

 
  

               
→      (unit), 

such that the following diagrams are commute 

 

       

 

Definition (1.1.2): [10]  

        Given a commutative ring   with identity, an  -co-algebra is an  -module 

  endowed with two  -morphisms  

    
               
→              (co-multiplication)   ,   𝜀

 
  

               
→      (co-unit), 

such that the following diagrams are commute 
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Definition (1.1.3): [10]  

        A graded ring is a ring   together with a set of subgroups   ,   0 such 

that    
   

    as an abelian group, and         for all      ,     . 

 

Definition (1.1.4): [10]  

        If   is a graded ring then a graded  -module is an  -module   together 

with a set of subgroups   ,     such that    
   

    as an abelian group, 

and         for all      ,     . 

 

Definition (1.1.5): [21]  

        Let   be a commutative ring. A graded  -algebra is a graded  -module 

   
   

   together with a "multiplication" (homogenous) 

     
               
→         and    a unit 𝜂  

               
→     ,  

such that the following diagrams are commute 

 

       
 

         (the associative law)                                    (The unitary property) 
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Definition (1.1.6): [21] 

        A graded  -co-algebra is a graded  -module    
   

   together with 

"diagonalization" or homogeneous co-multiplication    
               
→        and a 

linear map co-unit 𝜀  
               
→      such that the following diagrams are commute 

 

             
 

    (The co-associative law)                                 (The co-unitary property) 

 

Definition (1.1.7): [21]  

        A graded  -Hopf algebra is a graded  -module   together with a 

multiplication      
               
→        co-multiplication    

               
→        and a 

unit 𝜂  
               
→      and a co-unit 𝜀   

               
→      satisfying these properties: 

 

(1) (    𝜂) is a graded  -algebra,      𝜀  is a graded  -co-algebra,                         

𝜀   
               
→      is a map of  -algebras, 𝜂   

               
→      is a map of                    

  -co-algebras. 

 

(2) The following diagrams are commute  
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Where       
               
→        is the twisting morphism which is defined by  

                , for           , 

and    
               
→      is  -linear (the unique "antipode" map). 

 

If the following two diagrams commute, we say that   is a commutative graded 

 -Hopf algebra. 

 

                                    

 

 

 

        In our work, we will presume that   is connected (i.e.     ) and for 

every      is finitely generated free  -module. 

 

 

        Now, we exhibit major examples of Hopf algebras. 
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Example (1.1.8): [2] (The exterior algebra) 

        The exterior algebra of finitely generated free  -module   is the free graded 

commutative  -algebra generated by an element of   in degree one and is 

denoted by Λ  ∑       . It is constructed as the quotient       ; where          

     ∑          is the tensor algebra on   and  =∑       is the two-sided 

homogeneous ideal of T( ) generated by elements of the type    ; where 

    and the  -th degree component     is         . Since       then 

the canonical projection      
               
→        can be viewed as the component                    

         
               
→        of  -fold multiplication in Λ . The diagonal map 

 
               
→        which defined by  

               
→          induces an  -algebra map 

Λ 
               
→                 which is the co-multiplication   of Hopf algebra 

Λ  with the co-unit being the projection Λ 
               
→      into degree 0.  

 

Example (1.1.9): [2] (The symmetric algebra)  

        The symmetric algebra of finitely generated free  -module   is the free 

graded commutative  -algebra generated by elements of   in degree 2 and it is 

denoted by    ∑       ; where we write     for the elements of degree   . 

   is constructed as the quotient  ( )/ ; where   is the two sided homogeneous  

ideal of the tensor algebra  ( ) generated by elements of the form              

             ; where          Since      , then the canonical 

projection           is the component               of         

 -fold multiplication in   . The diagonal map       induces an R-algebra 

map                , which is the co-multiplication of the Hopf 

algebra SF with co-unit being the projection      into degree 0.  

If     , Δ            and since Δ is algebra map, then we have  

Δ(  
    

     
  )  ∑ ( 

 
)   

    
     

     
       

        
     

       
;where  

 

( 
 
)  (  

  
) (  

  
)  (  

  
)  and  (  

  
)  
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Example (1.1.10): [2] (The divided power algebra)  

        The divided power algebra    ∑        can be defined as the graded 

commutative algebra generated by element      in degree   ; where      and    

is a non-negative integer, satisfying the following conditions: 

 

(1)                  

(2)                                           ;          and      

(3)           (
   

 )                  ;       

(4)           ∑            
        ;         

(5)                                          ;         

(6)            
     

      
       

 

        As with symmetric algebra, we write     for the elements of degree               

If            is a basis for   then the set 

   
    

   
    

     
    

|              , 

is the basis for     and it is dual to the basis  

   
     

       
  |             , 

of      ); where            is the basis of    dual to           . 

   has a graded  -Hopf algebra structure as the graded dual of     ), with 

               for all    . And with  
                is 

a map of co-algebras,             is a map of algebras. 

It follows that  

   (  
    

  
    

   
    

)  ∑   
    

  
    

   
    

   
       

  
       

   
       

       
.  

The component           of  -fold diagonalization is a split 

monomorphism (over  ) and its image is the module of symmetric  -tensors. 
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1.2  Schur functors   

        This section exhibit the definitions of the Schur and Weyl modules as in     

[2], [3] and [7]; where the authors give a structure that associates a    -

representation to any "generalized" shape like 

 
 

  

  

 

 

 

        Moreover, we will work over a commutative ring   with identity and letters 

 ,   etc. will mention to finitely generated free  -modules.  

As in section one, the notation         and     will mean the     exterior, 

symmetric and divided powers of  . 

        If                is a sequence of integers, then  

                          

       
       

         
   

       
       

         
   

If   ∑   , there is no confusion about what is meant by the diagonalizations 

   
               
→                          

   
               
→       

       
         

   

   
               
→       

       
         

   

 

 

        We need all the following definitions which are appearing in [2]. 

 

Definitions (1.2.1):  

 A partition of length        is a sequence                of non -

negative integers in non-increasing order             .  
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 The weight of a partition, or more generally of any finite sequence   of non-

negative integers is the sum of all the terms of   and is denoted by  | |  i.e.  

| |            . 

 

        It is often convenient not to distinguish between              and 

               for this purpose we let    denote the set of all infinite 

sequences of non negative integers containing only a finite number of non-zero 

terms. Given any finite sequence              we can think of it as a sequence 

                   in    by extension with zeroes. 

 

 A relative sequence is a pair       of sequences in    such that     

means that       for all    . We shall use the notation   ⁄  to represent 

relative sequences.  

 

 If both   and   are partitions, then the relative sequence   ⁄  will be called a           

skew partition. It is natural to think of a sequence   in    as relative 

sequence     ⁄  by talking the zero sequence (0) = (0,0,…) as the second part 

of the pair.  

 

 Suppose that   ⁄                          ⁄  is a skew partition.       

The diagram    ⁄  of   ⁄  is defined to be the set of all ordered pairs       of 

integers satisfying the inequalities       and         jointly. 

 

 The shape matrix of   ⁄  is     matrix         defined by the rule 

    ,
                                       

                                       
; 

where we take     .  
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        For any partition or sequence                as an infinite sequence 

                   with finite support, it may be convenient to think of     

shape matrix          as an infinite matrix 

 

  

[
 
 
 
 
 

  

   

 
   

 
 
 

    

   

 
   

 
 
 

   

 
 

  
 
 

    

   

 
   

 
 
 

    

 
 
 
 
 
 

    

 
 
 
 
 
 

    

 
 

  
 
 

  

]
 
 
 
 
 

 , 

 

of zeros and ones with finite support.  

 

 If   is the shape matrix of a relative sequence   ⁄  then the support of   is 

exactly the diagram of   ⁄  . 

 

 The weight of a shape matrix          is defined to be the sum of all the 

entries       of   and is denoted by | |. 

If     ⁄  is the shape matrix associated with a relative sequence, then 

clearly | |  | |  | |. 

 

 If                is a partition, then its conjugate (or transpose) is 

defined to be the partition  ̃    ̃   ̃    ; where  ̃  is the number of terms of 

  which are greater than or equal to  .  

Similarly, if   (    )  is a shape matrix,  ̃    ̃     is defined to be the 

transpose of   by taking          ̃     .  

 

        Notice that if   is the shape matrix of a relative sequence    ⁄ , then             

         for all  . 
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 If   ⁄  is a skew partition, then  ̃   ̃   ̃  for all  . To a finite shape 

matrix         , with          ,          , there is associate 

between the sequence                of row sums of  ; where    

∑     
 
    and the sequence                of column sums of  ; where 

   ∑     
 
    . 

To each shape matrix   and to each free module  , there are associated two 

maps 

                   (Schur map) 

  
                 (Weyl map), 

whose images will be called respectively Schur modules and Weyl modules 

denoted by       and       respectively. 

 

      and   
     are defined as follows: 

 

Consider first the map 𝓊              

   

 𝓊   
→                                                       ; 

…() 

where each      maps by appropriate diagonalization   into 

                        .  

By rearranging terms of (), we have an isomorphism 

 

                                                        

            
→                                                          

   

     
        

        
          

        
           

    

 

        Finally, by multiplication in the symmetric algebra   , for each factor 

above, we have the map 



Chapter one  Preliminary

 

16 
 

    
        

           
  

              
→             

so that one obtains the composite map  

   

    𝓊      
→                                                        

              
→          

      
      

          
      

         
     

               
→                          ;             

where              . 

 

 

        The following example clarifies the above definitions. 

 

Example (1.2.2):     

        Let      (7,5,4,2,1)/(5,3,1,1,0), then we have:   

 

1. The shape matrix of      

[
 
 
 
 

  

               
               
               
               
               

  

]
 
 
 
 

 

 

 

 

2. The diagram of    ⁄   is  

 
 

3. The shape matrix of   ̃  ̃  

[
 
 
 
 
 
 
        
        
        
        
        
        
        ]
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4. The diagram of   ̃  ̃  is  

 
 

5. The sequence of row sums of   ⁄  is (2,2,3,1,1) and the sequence of column 

sums of   ⁄  is (1,2,1,2,1,1,1). 

 

6. The sequence of row sums of  ̃  ̃ is (1,2,1,2,1,1,1) and the sequence of column 

sums of  ̃  ̃ is (2,2,3,1,1). 

 

Definition (1.2.3): [2] 

        The Schur map       associated to the shape matrix   and the free module 

F is the following composite map: 

          𝓊 

Similar diagonalization, rearrangement, identification and multiplication maps, 

give the definition of the Weyl map   
     as the following composition map  

   
     𝓊      
→    (    

      
        

 )        
      

        
   

            
→                                                    

           
→                              

Such that   
            𝓊   

 

 

        In our work, we will be dealing only with two types of shape matrices which 

are partition and skew-partition. 
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Example (1.2.4):  

        Let            ,   (3,2,2,0) then we have       

 

1.  The shape matrix of     [  

         
         
         
         

  ] 

 

 

 

2. The diagram of    ⁄   is   

 

 

 

3.                      
             
→                       

 

4.   
                    

             
→                       

 

Definition (1.2.5): [2] 

        Let   ⁄   be a skew-partition and let         , for          , 

       and let                for             ; for each                  

       and     , we have the following map: 
 

                                                   
             
→                         

Defined by diagonalizing           into             and then multiplying 

                   into       .  

We denoted this map by   
  and let  

 

     ⁄  ∑   
        

                                        

 

     

     

     

     

          

         



Chapter one  Preliminary

 

19 
 

The map 

   ⁄   ∑    
                                               

             
→                     

is defined by 

 

The authors in [2] shown that    ⁄        ⁄      

 

In particular, it follows that there exists a natural map  

   ⁄   ̅  ⁄             ⁄      ⁄     

The exact same structure of maps can be made if we replace all exterior powers 

by divided powers. In particular, there exists a natural map  

 

    ⁄     ⁄              ⁄     ⁄    ; 

where  

    ⁄  ∑       ⁄
   
        ,            ⁄  ∑    

          
    

 

  
 
 

    
     

                               
  

             
→      

     
       

  

 

Theorem (1.2.6): [2] 

        For any skew-partition   ⁄ , the module    ⁄     (   ⁄      is free and the 

morphism    ⁄  (    ⁄   is an isomorphism. In particular, it follows that    ⁄     

(   ⁄      is universally free module. 

 

 

        To describe a basis for    ⁄        ⁄      in terms of an explicit basis for 

  one needs the notation of tableaux. 

   ⁄  ∑      ⁄
   
     …() 



Chapter one  Preliminary

 

20 
 

        First notice that if                is a basis for the module   and 

                   is a strictly increasing subset of {1,2,…, } then 

              
    

    
      

       

 

In particular the elements 

   
    

      
                 ,  

form a basis of    ⁄    ; where    is a strictly increasing subset of {1,2,…, } 

having    elements.  

 

 

        From the above theorem we have the following remarks: 

 

Remark (1.2.7): [2]     

        The elements    ⁄     
    

      
     ⁄    , are a set of generators 

for    ⁄      

 

 

        Now if   is any non-decreasing sequence                of 

integers, grouping these integers into distinct clumps: 

   
 

  
 

    
  

  
    

    
  

  
    

    
  

  
    

    
 

   

One obtains a basis element of     by setting  

    
  

     
  

       
  

  

       
      

 

        In particular, the elements    
    

      
    

     
       

  

forms a basis of    ⁄  ; where    is any non-decreasing subset of {1,2,…,  } 

having    elements.  
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Remark (1.2.8): [2] 

        The elements   
  ⁄     

    
      

     ⁄  , are a set of generators for 

   ⁄  . 

 

Definition (1.2.9): [2] 

        Let                be a totally ordered basis for the free module   and 

let   ⁄  be a skew-partition with diagram    ⁄ . A tableau of shape   ⁄  with 

values in   is a function   from    ⁄  to  . The set of all such tableaux is denoted 

by      ⁄      

        Notice that a tableau        ⁄     can be thought of as the diagram    ⁄  

filled in with basic elements, conversely, any        ⁄     gives an element in 

   ⁄        ⁄   , which is not necessarily a basis element of    ⁄        ⁄   . 

        This lead to define a tableau         ⁄     to be row-standard                  

(co-row-standard) if in each row of the diagram, the basis entries are strictly 

increasing (non-decreasing) from left to right.   is said to be column-standard 

(co-column-standard) if in each column of the diagram, the basis entries are 

non-decreasing (strictly increasing) from top to bottom.   is said to be standard 

(co-standard) if it is both row and column-standard (co-row and co-column-

standard).  

 

 

        The following example illustrates the above definition. 

 

Example (1.2.10):       

        If                                               , and 

 ̃       
   

      
   

                           , then  
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Thus    and   ̃ are standard. 

 

 

        The following theorem depicts a basis for    ⁄       ⁄     in terms of 

tableaux. 

 

Theorem (1.2.11): [2]  

        If             is a basis for  , then     ⁄        ⁄  is a standard 

tableau in   of shape   ⁄ } is a basis for    ⁄      For Weyl modules, we have 

{  
  ⁄          ⁄  is a co-standard tableau in   of shape   ⁄ } is a basis of 

   ⁄  . 

 

 

1.3 Letter place algebra 

        This section is a survey of the notion of the principal tools we need to 

translate into letter-place language, the description of the Weyl (Schur) maps 

        and of the “box maps”         pointed at in the survey section 1.2, [2]. 

For a complete treatment of the letter-place algebra, we will refer to [20]; where 

multi-signed, alphabets and places are treated in a uniform and general set-up. In 

our context, we will describe the basic elements of a given tensor product 
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  using the positive letters alphabet                              

                 (recall that                is a totally ordered basis 

for the module  ). Also, in order to keep track of the position   in the above 

tensor product, the totally ordered set                  of places is 

considered as a positive place alphabet.  

 

For example: 

An element                   
       

         
  would be 

written in letter-place algebra as 

(  |     )(  |     )  (  |     )     
       

         
 ,  

to indicate that   is the tensor product of a basis element    in degree    in the 

first factor,    in degree    in the second factor and so on    of degree    in 

the last factor, [12] . 

Adopting the double tableau notation as in [14], we will also write 

 

  (

  

  

 
  

|

     

     

 
     

,     
       

         
  

 

        Moreover, the following symbols will be often used 

 

   ( |        )  ∑                     ,                                …(1.3.1) 

where         and                      is the appropriate degree 

diagonalization map (Sweedler notation for the co-product applied to  ), and  

 

   (
 
  

| 
       

      
*  ( |        )(  |      ).                                       …(1.3.2) 

 

        At this point in order to clarify the letter-place conventions and calculations, 

we first give a brief summary of letter-place set up, [17]. 
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        Given two free Z-modules ℒ and    one can construct a bilinear pairing         

(or Laplace pairing) (  ) of the divided power algebras  (ℒ) and       into 

 (ℒ    . 

        We follow the definitions given in [22] which are properly applied to a direct 

sum of free modules         (positively and negatively signed places).  

In particular, we have specialized above to the case     , so we let     .  

        Notice that in general, in this theory, we have also positive and negative 

letters, i.e ℒ= ℒ+   ℒ–. In our case (of divided powers), we have ℒ– = 0 and 

ℒ= ℒ+; in terms of bases, for ℒ–      , (  ) generalizes the permanent. 

        We identify the basis         ℒ      of ℒ     with the set 

           ℒ      of “letter-places”. The algebra  (ℒ       can now be 

identified with the commutative associative algebra  ([ℒ     generated by all 

  |   and satisfying the relations: 

    ,          (
   

 
*       , for all     |  .                                …(1.3.3) 

 

        For             ℒ   and               , we have: 

 

           |            {
∑ (     

|  ) (     
|  )  (     

|  )    
           

                                                                                        

  

…(1.3.4) 

        In our case, as above, we will generally by using a positive letter alphabet         

ℒ                 i.e. for us ℒ    and a positive place alphabet               

            which corresponds to a fixed choice of a basis of the positive 

places module  . 
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        We recall the following expansion properties of the bi-product (  )  

 

(    |    )    |     , for    ℒ,      

 

  |𝓊 𝓊   ∑ (    |𝓊)(    |𝓊 )     

 

    |𝓊  ∑ ( |𝓊   )(  |𝓊   ) 𝓊  ; 

where  

         
    

  
    

   
    

        ,                   
   

  
  

   
  

   
   

  
 

𝓊                             ,       𝓊            
      

       
  ,   

∑                and   ∑ 𝓊    𝓊    𝓊 , 

are the Sweedler notations for the co-product   in the appropriate degrees applied 

to   and 𝓊 respectively. 

        Notice finally that in general we have the following rule: 

  |𝓊   ∑ (    | 
    )(    | 

    )  (    | 
    )       

  ∑ (  
    

|𝓊   ) (  
    

|𝓊   )  (  
    

|𝓊   )       

        Notice that since ℒ = ℒ+ and      are totally ordered sets, we can talk 

not only about “double tableaux” as in (1.3.1), (1.3.2) but also about double 

standard tableaux. In particularly given basis words            in  ([ℒ]) 

and 𝓊  𝓊    𝓊  in   [    we have the tableaux: 

 

  |    (

  

  

 
  

|

𝓊 

𝓊 

 
𝓊 

,     |𝓊     |𝓊      |𝓊  .                              …(1.3.5) 

        Recall that any basis word       
([ℒ]); for           is uniquely 

defined by a non-decreasing subsequence        
  

  
  

    
   

  . 

        Similar statement holds for  

𝓊                        
 [   ,    ∑     

 
   . 
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        In particular (1.3.5) also write as following: 

 

(

  

  

 
  

|

                   

                   

 
                   

,     
     

       
  ,                     …(1.3.6) 

 

where      ∑     
 
   .  

 

Example (1.3.1): 

        Let           
   

  , 𝓊      and   𝓊      , from (1.3.3) and (1.3.4) we 

have 

  |𝓊 𝓊       |  (      
   

  |    )     |  (      
   

  |    )    

   |  (      
   

  |    )     |  (        
   

  |    )    

   |  (        
   

|    ) 

 

    |  *   |  (    
   

  |    )+     |  *   |  (    
   

  |    )+    

   |  *   |  (    
   

  |    )+     |  *   |  (      
   

  |    )+   

   |  *   |  (      
   

|    )+ 

 

    |     |  *   |  (  
   

  |    )+     |     |  *   |  (  
   

  |    )+    

   |     |  *   |  (  
   

  |    )+     |     |  *   |  (    
   

  |    )+   

   |     |  *   |  (    
   

|    )+ 

 

    |     |     |  *(  
   

|    )    |  +     |     |     |    

*(  
   

|    )    |  +     |     |     |  *(  
   

|    )    |  +   

   |     |     |  *   |  (  
   

  |    )+   

   |     |     |  *   |  (  
   

|    )+ 
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    |     |     |     |        |      |     |     |      |        |    

   |     |     |     |        |      |     |     |     |     |      

   |      |     |     |     |     |      

 

Example (1.3.2): 

        If ℒ                 ,          ,  

     
   

    
   

,        
   

  
   

    ,          
   

,          
   

 

𝓊          , 𝓊              , 𝓊            and  𝓊           

Then by stratify (1.3.6) we gain: 
 

(

  

  
  

  

|

𝓊 

𝓊 
𝓊 

𝓊 

)  (

              

                

          

        

|

       
        

     
    

,              

 

Definition (1.3.3): [22]  

        A double tableau   |    as in (1.3.6); where   , 𝓊  are basis words, is 

called co-standard if: 

(1)            , i.e. the sequence                is a partition. 

(2)       (ℒ) and            are co-row and co-column standard. 

 

Remark (1.3.4): [22] 

        The set of double tableaux 

{
 
 
 
 

 
 
 
 

  |    (

  

  

 
  

|

     

     

 
     

,                                                                                            

 
                                        

               
     

       
             

                
                                                                                            
                                                       

   

give a basis for    
     

       
 . 
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        The following is a major result in Letter-place algebra: 

 

Theorem (1.3.5): [20] 

        The set of all co-standard tableaux   |       
     

       
  as 

described above form a basis for    
     

       
 . 

 

Example (1.3.6): [20]  

        The list below describes the shapes of all co-standard bi-tableaux in the case 

     , (i.e.        ). 

 

             

   1    1 ···    1    2    2 ···    2        
 

 

             

   1    1 ···    1    2    2 ···    2        
 

   2           
 

  

            

   1 1 ···    1    2    2 ···    2       
 

   2 ··· 2        

           

                                                                                      

where     . 

 

 

        To view how to employ the letter-place language to interpret the Weyl 

(Schur) map     ⁄     ⁄   and the box maps     ⁄     ⁄  , we need the following 

definition: 

 

Definition (1.3.7): [30] 

        In letter place algebra a linear operator   is a positive derivation when  

                     , 
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and negative derivation when 

                  | |       

If   is a derivation, we denote by    the  -th iterate of the operator  . 

If   is a negative derivation, then      for   > 1.  

If   is a positive derivation, one has: 

        ∑ (
 
 

) 
                .  

 

        A place polarization written     (read: replace the letter   by the letter  ); 

where             in uniquely defined by the following conditions:  

 

1.         ; 

2.         ; if    ; 

3.    (    )            if   is a positive letter; 

4. When   and b are both of the same sign,     is a positive derivation, and 

when exactly one of the letters a and b is negative,     is a negative 

derivation, 

5. When both a and b are positive, the following conditions uniquely define the 

 -th divided power    
   

of the polarization    : 

   
   

(    )                  if         

   
   

(    )                           if           

   
         ∑    

   
      

     
     

     

6. The sequence    
   

,         is the unique sequence of linear operations 

satisfying the following conditions: 

   
   

     

   
   

   
   

 (
   

 
)    

     
, for               
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Example (1.3.8): [23] 

        Let         ,        , then for        , the diagonalization 

map 

                                                        

                                        ∑                       , 

can be written in letter place notation as: 

                                        
   

(( |      ))  ( |        ). 

Similarly, if         ,         , then the box map. 

                                    □:                    

                                         ∑               , 

in letter place notations becomes  

                                      
   

(
 
  

| 
     

      
*  (

 
  

| 
       

      
*. 

 

        As in [16], if                 for      , we have: 

  |         ∑                  

 ∑(    |  )  (    |  )           ⏟          
       

  

 

Now consider the partition 

           

            

 

And the Weyl map 

    ⁄               ⏟      
 

        ⏟      
   

        ⏟      
     

. 

If we take a double standard tableau, say (
 
  

| 
       

      
* , in      ,     ⁄  can 

be defined as the composition of place polarizations, from positive places {1,2} to 

negative places                     as: 

    ⁄                                ; 

where,  𝓊   stands for the place polarization from   to negative place 𝓊 . 
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Example (1.3.9): 

        Let                for              and        , we have 

   
   

(
 
  

   
|
            

        

    

+  (
 
  

   
|
                  

        

    

+  

                                         (   
 

) (
 
  

   
|
                

        

    

+  

 

Example (1.3.10): 

        Let          , then    
 (

 
  

   
|
    

    

    

+  (
 
  

   
|
                

              

      
+; where   

  
                                                                          . 

 

Proposition (1.3.11): [15]  (Capelli identities) 

        Let           , then the divided powers of the place polarizations satisfy 

the following identities: 

(1) If    , then 

    
   

   
   

 ∑    
     

    
     

    
   

     

   
   

   
   

 ∑          
     

   
     

    
   

     

(2) If     and     then 

    
   

    
   

     
   

    
   

 

 

In our work, we need the following Capelli identities relations: 

●               
   

               
       

●       
   

         
     

               
     

    

●           
   

             
   

    
     

            
   

   
   

     

●    
   

   
   

        
   

    
          

     
              

     
    

       

●    
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Remark (1.3.12): [9] 

        From the equalities in Proposition (1.3.11,(1)), for                

and    ,  we have                  . 

 

 

1.4 The differential Bar complex 

        This section illustrates one of the basic construction of homological algebra 

which is the Bar resolution and its generalization which is called differential 

Bar complex, frequently used in the sequel; where we also review the 

characteristic-free projective resolution of the two-rowed Weyl modules obtained 

in [13] and [15] by using differential Bar complex technique. 

        From [15] we will borrow the following complex: 

        Let Λ be an algebra over the commutative ring  , and   a Λ-module. The 

Bar complex is the following: 

 

         ⏟          
       

               
→              ⏟          

         

             
→          

           
→      ; 

where 1  is simply the action of Λ on   and in general 

 

𝜂                 

 ∑                      
   
                                    

…(1.4.1) 

        Let     denote the exterior algebra over   on a set of free generators   

called the separators, let   be an associative algebra with identity.  

The algebra      has a natural Z2-grading: if   is the product of an even number 

of generators, we set | |    otherwise| |   . 

 

Definition (1.4.1): [13] 

        The free product of the algebra   and the algebra      will be called the 

algebra Bar on the algebra   with set separatorʼs   and denoted by      
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Bar       ̃. By an element of  ̃ is a  -linear combination of elements of the 

form: 

  ̃               ,                                                                   …(1.4.2) 

with      ,   non zero monomials in     ; notice that we may have 

     ,           , moreover  ̃ inherits a Z2-grading defined by: 

 

|  ̃|     if  |       |     and  |  ̃|     if  |       |   . 

 

        Now for     a T-grading called Bar          of the underlying module 

of the algebra  ̃ is obtained by considering all elements   ̃ in (1.4.2) such that    

are monomials just in  . In particular the submodule Bar          of               

 -degree   is spanned by all elements   ̃ in (1.4.2) such that   is the total        

number of occurrences of separators in the set   appearing in the 

sequence         .  

 

        Recall that for every separator  , there exists a unique anti-derivation    of 

algebra     , such that        ; where 1 is the identity of the exterior            

algebra     , and         for every    ; where    . Recall also that           

          and            . 

 

        The anti-derivation    uniquely extends to anti-derivation of Z2-graded 

algebra  ̃, again denoted by    defined as follows: 

 

        Let   ̃ as in (1.4.2), set         ̃, and  

  (  ̃)                          |  |                   

    ∑ | |   
                    , 

so the anti-derivation    is well defined on  ̃ and the properties          , 

            still hold. 
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Definition (1.4.2): [15] 

        If   is a non-empty finite subset of  , the operator    ∑       is called 

the   -boundary operator, i.e. we have for           

                
                  
→                      

 

Definition (1.4.3): [13] 

        Let   be  -module and let      denoted the action of     on    . 

The free Bar module of the  -module   with a set of separators   denoted 

by  ̃             is the  ̃-modul  ̃   . 

        Notice that:  ̃ is spanned by all elements of form 

 ̃                    ̃  ; 

where, if         , then   

 ̃                          

        As for the case of    extending to  ̃, again we have that    gives a well-

defined anti-derivation on  ̃, still denoted by    and defined as follows: 

    ̃    (  ̃)   

        At this point it is clear that, given    ,    ∑       as in the above 

definition, we can also define the complex                 ̃ . 

   ̃   

             
→      ̃    

 

 

        The following example is given in [13] and [15]. 

 

Example (1.4.4):  

        Let      . Then  ̃ is spanned by all elements of the form 

 ̃              , 

and the derivation    is computed as follows: 

    ̃                                
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Introduction  

        This chapter divided into two sections, in the first section we study the 

resolution of two-rowed Weyl module and discuss an application for it in the case 

of partition (8,7) and find the terms of this resolution and prove its exactness. 

However, the resolution of the three rowed Weyl module presented in the second 

section. 

 

 

2.1 Resolution for the two-rowed Weyl module 

             In this section, we will survey the resolution for the two-rowed Weyl 

module       as it is described in [15] and [16]; where 

 
                 

            

 
From condition () in the Definitions (1.2.1) and condition () in the Definition 

(1.2.5) we recall that for                 we have 

 

∑          
              
→           

            
→                                            …(2.1.1) 

 

Using letter place notation, so the maps mention in (2.1.1) can be described as 

follows:   

 

(
 
  |

      

      
)

      
   

   
→    (

 
  |

          

      
)  ∑ (

    

      
|
                   

         ) ; 

 

where 

                    ,     □   =∑    
    

      , 

and 

                                , 
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is the composition of place polarizations, from positive places {1,2} to negative 

place {1', 2',…,      '}. 

     In specific, □ sends an element     of           to ∑     
  ; where 

∑     
  is the component of the diagonal of   in      , [2]. 

 

Definition (2.1.1):  

        Let     be the free generator of divided power algebra      ) in one 

generator. The divided power element    
   

 of degree   of the free generator     

acts on           by place polarization of degree   from place 1 to place 2. 

        In specific, the (graded) algebra (with identity).        ) act on the 

graded module             ∑     (the degree of the second factor 

determines the grading), [15]. 

       Hence   is a (graded) left  -module; where for      
   

   and 

     
    

, so we have: 

        
   

       
   

    

If we take ( +
) graded strand of degree   

    
               
→        

             
→     

              
→      

             
→      

             
→      , 

of the normalized Bar complex Bar         ; where     } as illustrated in 

the example (1.4.4) 

So    is the following complex 

∑    
      

    
    

     
                          

           
→    ∑    

      
    

    
     

(    )
                  

             
→          

            
→    ∑    

     
              

           
→             ;                           …(2.1.2) 

where     ∑   and    is the boundary operator   .  

 

        Notice that (2.1.2) describes a left complex (  
   ) over the Weyl module 

in terms of Bar complex and letter-place algebra, moreover, the separator   
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disappears between a    
   

 and elements in the tensor product of divided powers, 

this means    
   

 is applied to that tensor product, [16]. 

 

Theorem (2.1.2): [16] 

        The complex (2.1.2) is a resolution of       . 

 

        Notice that the proof is based on the construction of a contracting     

homotopy [32] {   } which defined as follows:  

 

        

            
→   ∑                          

 

(
 
  

|         

      
)

                 
→     {

                                                             

   
   

 (
 
  

| 
     

      
)                        

  

 

And for the higher dimensions as 

 

     ∑    
      

    
    

     
      

                         

         
              
→        

      
    

    
     

      
     

                         

 

   
      

    
    

     
      

 (
 
  

|               

            
)  

 

              
→    {

                                                                                                                 

   
      

    
    

     
      

     
   

 (
 
  |

            

            
)          

   

 

        The authors in [15] write the modules of the resolution as    for                    

  = 0,1,…,    , with         , and  

 

      
      

    
    

     
                          , for      
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        The following example clarifies the above Theorem. 
 

Example (2.1.3): 

       Consider the case of the partition (8,7). 

The terms of the characteristic-free resolution are 
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The homotopies {  }; where   = 0,1,2, …, 6 are 

 

        

            
→    ∑    

   
                

 

  ((
 
  

|         

      
))  {

                                         

   
   

 (
 
  

| 
     

      
)                                      

 

 

   ∑    
   

              

            
→      

    
    

    
             

 

  (   
   

 (
 
  |

          

        
)) 

 

 {

                                                        

   
   

    
   

 (
 
  

| 
       

        
)                               

  

 

   ∑    
    

    
    

                   

            
→       
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  (   
    

    
    

 (
 
  

|             

          
))  

 

 {

                                                                            

   
    

    
    

    
   

 (
 
  

| 
         

          
)                            

  ; where 

 

         . 

 

   ∑     
    

    
    

    
    

                     

 

               
→        

    
    

    
    

    
    

    
                 

 

  (   
    

    
    

    
    

 (
 
  |

            

          
))  

 

 {

                                                                                           

   
    

    
    

    
    

    
   

 (
 
  

| 
         

          
)                          

 ; where 

 

            . 

 

   ∑     
    

    
    

    
    

     
    

                     

 

            
→       

    
    

    
    

    
     

    
    

    
                

 

  (   
    

    
    

    
    

     
    

 (
 
  |

            

          
)) 

 

 {

                                                                                                            

   
    

    
    

    
    

     
    

    
   

 (
 
  

| 
         

          
)                      

  ; where 

 

               . 
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   ∑     
    

    
    

    
    

     
    

    
    

                     

 

                 
→         

    
    

    
    

    
     

    
    

    
    

    
                

 

  (   
    

    
    

    
    

     
    

    
    

 (
 
  |

            

          
)) 

 

 {

                                                                                                                       

   
    

    
    

    
    

     
    

    
    

    
   

 (
 
  

| 
         

          
)              

 ; where 

 

                  . 

 

   ∑     
    

    
    

    
    

     
    

    
    

    
    

                     

 

 
                 
→        

    
    

    
    

    
     

    
    

    
    

    
    

    
                

 

  (   
    

    
    

    
    

     
    

    
    

    
    

 (
 
  |

            

          
)) 

 

 {

                                                                                                                                  

   
    

    
    

    
    

     
    

    
    

    
    

    
   

 (
 
  

| 
         

          
)        

 ; where 

 

                     . 

 

So we have the following diagram:- 

 

 
 

Now we have 
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    (   
   

 (
 
  |

          

        
))       

   
(
 
  |

          

        
) 

 (
   

 
)   

     
 (

 
  |

        

        
) , 

and 

    (   
   

 (
 
  |

          

        
))    (   

   
    

   
 (

 
  |

        

        
))  

  (
   

 
)   

     
 (

 
  |

        

        
)     

   
 (

 
  |

          

        
) 

 

It is clear that                
. 

 

    (   
    

    
    

 (
 
  |

            

          
)) 

   [ (
   
  

)   
     

 (
 
  |

            

          
)   

   
    

    
    

(
 
  |

            

          
) ] 

  (
   
  

)   
     

    
   

 (
 
  |

          

          
)    

(
    

 
)   

    
    

      
 (

 
  |

          

          
) , 

and 

    (   
    

    
    

 (
 
  |

            

          
))  

   (   
    

    
    

    
   

 (
 
  |

          

          
))  

 (
   
  

)   
     

    
   

 (
 
  |

          

          
)   

(
    

 
)   

    
    

      
 (

 
  |

          

          
)   

   
    

    
    

 (
 
  |

            

          
)  ; where          . 

It is clear that                 
. 
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    (   
    

    
    

    
    

 (
 
  |

            

          
)) 

   [(
     

  
)   

       
    

    
 (

 
  |

            

          
)   

(
     

  
)   

    
    

       
 (

 
  |

            

          
)   

   
    

    
    

    
    

(
 
  |

            

          
)] 

 (
     

  
)   

       
    

    
    

   
 (

 
  |

          

          
)   

(
     

  
)   

    
    

       
    

   
 (

 
  |

          

          
) + 

(
    

 
)   

    
    

    
    

      
 (

 
  |

          

          
) , 

and 

    (   
    

    
    

    
    

 (
 
  |

            

          
))  

   (   
    

    
    

    
    

    
   

 (
 
  |

          

          
))  

  (
     

  
)   

       
    

    
    

   
 (

 
  |

          

          
)   

(
     

  
)   

    
    

       
    

   
 (

 
  |

          

          
)   

(
    

 
)   

    
    

    
    

      
 (

 
  |

          

          
)   

   
    

    
    

    
    

    
   

(
 
  |

          

          
) 

  (
     

  
)   

       
    

    
    

   
 (

 
  |

          

          
)   

(
     

  
)   

    
    

       
    

   
 (

 
  |

          

          
)   

    (
    

 
)   

    
    

    
    

      
 (

 
  |

          

          
)   
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 (
 
  |

            

          
) ; where             . 

It is clear that                 
. 

 

    (   
    

    
    

    
    

    
    

 (
 
  |

            

          
)) 

   [ (
     

  
)   

       
    

    
    

    
 (

 
  |

            

          
)   

(
     

  
)   

    
    

       
    

    
 (

 
  |

            

          
)   

(
     

  
)   

    
    

    
    

       
 (

 
  |

            

          
)   

   
    

    
    

    
    

    
    

(
 
  |

            

          
)] 

  (
     

  
)   

       
    

    
    

    
    

   
 (

 
  |

          

          
)    

(
     

  
)   

    
    

       
    

    
    

   
 (

 
  |

          

          
)   

(
     

  
)   

    
    

    
    

       
    

   
 (

 
  |

          

          
)   

(
    

 
)   

    
    

    
    

    
    

      
 (

 
  |

          

          
) , 

and 

    (   
    

    
    

    
    

    
    

 (
 
  |

            

          
))  

   (   
    

    
    

    
    

    
    

    
   

 (
 
  |

          

          
))  

 (
     

  
)   

       
    

    
    

    
    

   
 (

 
  |

          

          
)   

    (
     

  
)   

    
    

       
    

    
    

   
 (

 
  |

          

          
)   

(
     

  
)   

    
    

    
    

       
    

   
 (

 
  |

          

          
)   
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(
    

 
)   

    
    

    
    

    
    

      
 (

 
  |

          

          
)   

   
    

    
    

    
    

    
    

    
   

(
 
  |

          

          
) 

 (
     

  
)   

       
    

    
    

    
    

   
 (

 
  |

          

          
)   

     (
     

  
)   

    
    

       
    

    
    

   
 (

 
  |

          

          
)   

(
     

  
)   

    
    

    
    

       
    

   
 (

 
  |

          

          
)   

(
    

 
)   

    
    

    
    

    
    

      
 (

 
  |

          

          
)  

   
    

    
    

    
    

    
    

 (
 
  |

            

          
)  ;  

Where                . 

It is clear that                
. 

 

    (   
    

    
    

    
    

    
    

    
    

 (
 
  |

            

          
))    

  [(
     

  
)   

       
    

    
    

    
    

    
 (

 
  |

            

          
)   

(
     

  
)   

    
    

       
    

    
    

    
 (

 
  |

            

          
)   

(
     

  
)   

    
    

    
    

       
    

    
 (

 
  |

            

          
)   

(
     

  
)   

    
    

    
    

    
    

       
 (

 
  |

            

          
)   

   
    

    
    

    
    

    
    

    
    

(
 
  |

            

          
)] 

 (
     

  
)   

       
    

    
    

    
    

    
    

   
 (

 
  |

          

          
)   

(
     

  
)   

    
    

       
    

    
    

    
    

   
 (

 
  |

          

          
)   
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 (

 
  |

          

          
)   
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)   

    
    

    
    

    
    

       
    

   
 (

 
  |

          

          
)   

(
    

 
)   

    
    

    
    

    
    

    
    

      
 (

 
  |

          

          
) , 

and 

    (   
    

    
    

    
    

    
    

    
    

 (
 
  |

            

          
))   

   (   
    

    
    

    
    

    
    

    
    

    
   

 (
 
  |

          

          
))  

  (
     

  
)   

       
    

    
    

    
    

    
    

   
 (

 
  |

          

          
)   

(
     

  
)   

    
    

       
    

    
    

    
    

   
 (

 
  |

          

          
)   

    (
     

  
)   

    
    

    
    

       
    

    
    

   
 (

 
  |

          

          
)   

(
     

  
)   

    
    

    
    

    
    

       
    

   
 (

 
  |

          

          
)   

(
    

 
)   

    
    

    
    

    
    

    
    

      
 (

 
  |

          

          
)   

   
    

    
    

    
    

    
    

    
    

    
   

(
 
  |
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  |
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 (
 
  |

            

          
) ;  

where                   . 

It is clear that                 
. 

 

    (   
    

    
    

    
    

    
    

    
    

    
    

 (
 
  |

            

          
))   

  [ (
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 (
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 (

 
  |

            

          
)   

(
     

  
)   
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)] 
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 (

 
  |

          

          
) 

 (
     

  
)   

    
    

       
    

    
    

    
    

    
    

   
 (

 
  |

          

          
) 

 (
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 (

 
  |

          

          
) 

 (
     

  
)   

    
    

    
    

    
    

       
    

    
    

   
 (

 
  |

          

          
) 

 (
     

  
)   

    
    

    
    

    
    

    
    

       
    

   
 (

 
  |

          

          
) 

 (
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 (

 
  |

          

          
)], 

 

and 
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 (
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)   

   
    

    
    

    
    

    
    

    
    

    
    

 (
 
  |

            

          
) ; 

where                      . 

It is clear that                 
. 
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From above we obtain that                        is a contracting homotopy 

[31] and [32] which implies the complex  

 

 
            
→     

            
→     

            
→     

            
→     

            
→     

            
→     

            
→     

            
→       

is exact. 

 

 

2.2 Resolution for the three-rowed Weyl module 

        We exhibit the theory of the resolution Res               of the Weyl 

module                associated with the three-rowed skew-shape, [15]  

 

             

                 

           

 

        The Weyl module      is exhibited by the box map 

 

∑                        

                                               
              
→             

            
→                     …(2.2.1) 

∑                           

 

As in (2.1.1), the maps 

∑                      

               
→             , 

may be explicated as     divided power of the place polarization from place  1     

to place  2  (i.e.    
   

), the maps   

∑                      

               
→             , 

may be explicated as     divided power of the place polarization from place  2       

to place  3 (i.e.    
   

), and as in two-rowed case. 

The authors in [15] introduce two generators     and     with their divided 

powers writing in place of (2.2.1) 
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∑    
      

                        

                                                                
                
→                             …(2.2.2) 

∑    
      

                       ;  

 

where   and   stand for separator variables, and the boundary map is      . 

 

 

        For the case of one-triple overlap the authors in [15] exhibit all specifics of 

this case which has one triple overlap  i.e.          . 

 

Theorem (2.2.1): [15]  

      Let                be a Weyl module with           Then the 

complex    is a projective resolution of      when the maps are mentioned by 

        . 

 

 

        From [15] we recall the following proposition to give the compact form of 

the terms of   . 

 

Proposition (2.2.2): [15] 

        Let Bar       be the Bar complex defined in Definition (1.4.3); where   is 

the free associative non-commutative algebra generated by the variable     with 

           , and          . For a fixed      , and  , the symbol  

   
   

    
   

 

is denoted the homogenous strand of the Bar complex of total degree     with 

an initial term of degree   . 

For example 
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→       

   
        

               
→                    

               
→       

                    
→      

                                 
   

    
   

 

    
   

  ,     

 

Equals the homogeneous strand of the normalized Bar complex of degree  1. 

 

         As in [15] the terms of complex    are described as: 

Res([              
 ∑    

      
    

   
     Res([                

       )             
 

 

 

        The following example illustrates the above formulation. 

 

Example (2.2.3): [23] 

        For the three-rowed partition        , the terms of the resolution are: 

                                     ; 

where       is the complex 

  
               
→          

               
→         

               
→       

        From the terms of    the only basically new terms are the terms which have 

the following formulation: 

       
    

    
    

     
      

                    

 

By employing the boundary map       on these terms we get some terms of 

the formulation: 
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Then to obtain the resolution 

 

      

               
→        

               
→     

               
→      

               
→        

of      recall that the quotient of Bar           module is the following 

(Capelli identities) relations: 

 

   
   

   
   

  ∑    
     

       
     

   
   

; 

 

where the symbol    
   

 means the divided power of the usual place polarization. 

 

        Resemble in the two-rowed case we write the module of the resolution               

as             and    with         for the terms which have         

dimension    (i.e. the number of the separators). 

 

 

        For the case of two-triple overlap, we survey it in the next chapter for the 

case of the partition (8,7,3) which is one of its applications. 
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Introduction  

        In this chapter we survey in specify an application of the resolution of 

three-rowed Weyl module for the case of the partition (8,7,3); where we find the 

terms of characteristic-free resolution in the first section, the terms and diagrams 

of Lascoux complex in the second section, while reduction from the 

characteristic-free resolution of Weyl module to characteristic-zero resolution 

(Lascoux resolution) find it in the third section. Eventually, in the last section 

we employing the mapping Cone and its diagrams to gain the characteristic-zero 

resolution (Lascoux resolution) and prove it to be exact without depending on 

the boundary maps. 

 

 

3.1 The characteristic-free resolution in the case of partition 

(8,7,3) 

        We stratify the following formula for the case of partition (     ) to 

obtain the terms of the resolution for the partition (8,7,3), [15] 

 

   ([     ])    ∑    
(   )

     ([           ])             

∑    
(    )    

(    )    ([                   ])               

   (       ); 

where    
( )
 is the pursue Bar complex 

              ⏟            
       

  ∑    
(  )    

(  )     
(    )

     ∑    
      

( )
   

 

Hence the terms of the resolution for the case for the partition (8,7,3) is 

 

   ([     ])    ∑    
(   )

     ([           ])             

∑    
(    )    

(    )    ([                   ])               

   (       )                                                                                              …(3.1.1) 
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So 

∑    
(   )

     ([           ])             

        ([     ])       
( )
     ([     ])       

( )
     ([      ])     

and 

∑    
(    )    

(    )    ([                   ])                

   (       )              ([     ])       
( )
        ([     ])   ; 

where      is the Bar complex  

      
       
→        

   
( )
  is the Bar complex  

          
        
→      

( )
 
      
→     

( )
   

   
( )
  is the Bar complex  

                                                         
( )
      

              
       
→                                

        
→      

( )
 
         
→      

( )
   

                                                            
( )
  

 

and      is the Bar complex 

      
        
→        ; 

where  ,   and   stand for the separator variables, and the boundary map is  

         . 

 

        Let Bar (     ) be the free Bar module on the set  ={  ,  ,  }; where 

  is the free associative algebra generated by    ,    , and     and their 

divided powers with the following relations: 

   
( )
   
( )
    

( )
   
( )

      and         
( )
   
( )
    

( )
   
( )

 

And the module   is the direct sum of          for suitable    ,      

and   with the action of    ,    , and     and their divided powers. 
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        The terms of the characteristic-free resolution (3.1.1); where 

                              
  are: 

 

  In dimension zero  (  )  we have         . 

 

  In dimension one  (  )  we have 

      
( )
             ; where       . 

      
( )
             ; where       . 

 

  In dimension two  (  )  we have the sum of the following terms: 

      
(  )    

(  )                 ; where              . 

          
( )
             ; where       . 

      
( )
    

( )
             ; where       . 

      
( )
    

( )
              ; where        . 

      
(  )    

(  )                 ; where              . 

      
( )
                 ; where       . 

 

  In dimension three  (  )  we have the sum of the following terms: 

      
(  )    

(  )    
(  )                 ; where       ∑   

 
      and 

    . 

          
(  )    

(  )                 ; where                 and 

    . 

      
( )
    

(  )    
(  )                 ; where                 and 

    . 

              
( )
             ; where       . 

      
( )
    

(  )    
(  )                  ; where                and  

    . 
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(  )    

(  )    
( )
              ; where         and       . 

                        . 

              
( )
             ; where       . 

      
( )
        

( )
             ; where       . 

                       . 

 

  In dimension four  (  )  we have the sum of the following terms:  

      
(  )    

(  )    
(  )    

(  )                 ;where       ∑   
 
      

and      . 

          
(  )    

(  )    
(  )                 ; where        ∑   

 
      

and      . 

      
( )
    

(  )    
(  )    

(  )                 ; where       ∑   
 
      

and      . 

              
(  )    

(  )                 ; where                ; 

and      . 

      
( )
    

(  )    
(  )    

(  )                  ; where       ∑   
 
    10  

and      . 

      
(  )    

(  )    
(  )    

(  )                  ; where          ,  

                 and      . 

                  
( )
              ; where        .  

              
(  )    

(  )                 ; where               

and       . 

      
( )
        

(  )    
(  )                 ; where               

and      . 

                  
( )
             ; where       . 
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  In dimension five  (  )  we have the sum of the following terms: 

      
(  )    

(  )    
(  )    

(  )    
(  )                  ; where  

      ∑   
 
       and      . 

          
(  )    

(  )    
(  )    

(  )                 ; where  

      ∑   
 
       and      . 

      
( )
    

(  )    
(  )    

(  )    
(  )                 ; where  

      ∑   
 
       and      . 

              
(  )    

(  )    
(  )                 ; where  

      ∑   
 
       and      . 

      
( )
    

(  )    
(  )    

(  )    
(  )                  ; where 

       ∑   
 
        and      . 

      
(  )    

(  )    
(  )    

(  )    
(  )                  ; where         ,  

      ∑   
 
        and      . 

                  
(  )    

(  )                  ; where 

                and      . 

              
(  )    

(  )    
(  )                 ; where  

       ∑   
 
       and      . 

      
( )
        

(  )    
(  )    

(  )                 ; where  

      ∑   
 
       and      . 

                  
(  )    

(  )                 ; where 

               and      . 

 

  In dimension six  (  )  we have the sum of the following terms: 

      
(  )    

(  )    
(  )    

(  )    
(  )    

(  )                 ; where 

      ∑   
 
       and      . 
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(  )    

(  )    
(  )    

(  )    
(  )                 ; where 

      ∑   
 
        and      . 

      
( )
     

(  )    
(  )    

(  )    
(  )    

(  )                 ; where 

      ∑   
 
       and      . 

              
(  )    

(  )    
(  )    

(  )                 ; where  

       ∑   
 
       and      . 

      
( )
     

(  )    
(  )    

(  )    
(  )    

(  )                  ; where 

      ∑   
 
        and      . 

      
(  )    

(  )    
(  )    

(  )    
(  )    

(  )                  ; where 

       ,       ∑   
 
        and      . 

                   
(  )    

(  )    
(  )                  ; where  

      ∑   
 
        and      . 

              
(  )    

(  )    
(  )    

(  )                 ; where 

      ∑   
 
       and      . 

      
( )
        

(  )    
(  )    

(  )    
(  )                 ; where  

       ∑   
 
       and      . 

                  
(  )    

(  )    
(  )                 ; where  

      ∑   
 
       and      . 

 

  In dimension seven  (  )  we have the sum of the following terms:  

                                        . 

           
(  )    

(  )    
(  )    

(  )    
(  )    

(  )                 ; where 

      ∑   
 
       and      . 

              
(  )    

(  )    
(  )    

(  )    
(  )                 ; where  

      ∑   
 
       and e      . 
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( )
     

(  )    
(  )    

(  )    
(  )    

(  )    
(  )                 ; where 

      ∑   
 
       and      . 

                  
(  )    

(  )    
(  )    

(  )                  ; where 

      ∑   
 
        and      . 

      
(  )    

(  )    
(  )    

(  )    
(  )    

(  )    
(  )                  ; where  

       ,       ∑   
 
         and      . 

      
( )
     

(  )    
(  )    

(  )    
(  )    

(  )    
(  )                  ; where 

      ∑   
 
        and      . 

              
(  )    

(  )    
(  )    

(  )    
(  )                 ; where 

      ∑   
 
       and      . 

                  
(  )    

(  )    
(  )    

(  )                 ; where 

      ∑   
 
       and      . 

      
( )
        

(  )    
(  )    

(  )    
(  )    

(  )                 ; where 

      ∑   
 
       and      . 

 

  In dimension eight  (  )  we have the sum of the following terms: 

                                            . 

               
(  )    

(  )    
(  )    

(  )    
(  )    

(  )                 ; 

where        ∑   
 
       and      . 

      
( )
    

( )
                                  . 

                  
(  )    

(  )    
(  )    

(  )    
(  )                  ; 

where        ∑   
 
        and      . 

      
(  )    

(  )    
(  )    

(  )    
(  )    

(  )    
(  )    

(  )                  ; 

where         ,       ∑   
 
        and      . 

      
( )
                                      . 
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(  )    

(  )    
(  )    

(  )    
(  )    

(  )                 ; 

where         ∑   
 
       and      . 

                  
(  )    

(  )    
(  )    

(  )    
(  )                 ; 

where        ∑   
 
       and      . 

      
( )
        

(  )    
(  )    

(  )    
(  )    

(  )    
(  )                 ; 

where        ∑   
 
       and      . 

 

  In dimension nine  (  )  we have the sum of the following terms: 

              
( )
                                  . 

                  
(  )    

(  )    
(  )    

(  )    
(  )    

(  )                    

where        ∑   
 
        and      . 

      
(  )    

(  )    
( )
                                  ; where  

       . 

              
(  )    

(  )    
(  )    

(  )    
(  )    

(  )    
(  )                 ;

where        ∑   
 
       and      . 

                 
(  )    

(  )    
(  )    

(  )    
(  )    

(  )                 ; 

where        ∑   
 
       and      . 

     
( )
        

(  )    
(  )    

(  )    
(  )    

(  )    
(  )    

(  )                

  ; where        ∑   
 
       and      . 

 

  In dimension ten  (   )  we have the sum of the following terms: 

                  
( )
                                  . 

                                                    . 

                 
(  )    

(  )    
(  )    

(  )    
(  )    

(  )    
(  )               

   ; where       ∑   
 
       and      . 

      
( )
        

( )
                                          . 
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Finally, in dimension eleven (   ) we have 

                  
( )
                                      . 

 

 

3.2 Complex of Lascoux in the case of partition (8,7,3) 
 

Proposition (3.2.1):  The terms of Lascoux complex  

        The terms of the Lascoux complex are obtained by the determinantal 

expansion of the Jacobi-Trudi matrix of the partition, [3]. The positions of the 

terms of the complex are determined by the length of the permutation to which 

they correspond, [4].  

        In the case of partition (     ) the matrix is 

[ 

             

              

             
]   

 

        In our case  i.e.  (8,7,3) we have the following matrix: 

[ 
         
          
          

]   

 

Then the Lascaux complex has the correspondence between its terms as follows: 

                         

               (  )  

               (  ) 

              (   ) 

               (   ) 

              (  ) 
 

Thus the formulation of the Lascoux resolution in the case of the partition 

(8,7,3) is  

                                        
            

                 
→                                        

                 
→                                      

                 
→                  
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Proposition (3.2.2):  Diagrams of the complex of Lascoux 

        Consider the following diagram: 
 

 

 

If we define 

               
             
→                as  

  ( )     ( ); where              

               
             
→               as  

  ( )     ( ); where             ,  

and 

               
             
→               as  

  ( )     
( )( ); where             . 

 

Now, we have to define the map 

              
             
→              , 

which make the diagram   commute, i.e. 

            

Which implies that 

          
( )
    

By employing Capelli identities we get: 

   
( )
          

( )
        

                    ( 
 

 
          )     

Thus,    
 

 
           

 

On the other hand, if we define the map 

              
             
→               as 

  ( )     ( ); where            , 

and 
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→               as  

  ( )     ( ); where              

We need to define    to make the diagram   commute 

               
             
→               such that 

                i.e.                  
( )

 

By employing Capelli identities we have 

      
( )
    

( )
           

          ( 
 

 
          ) 

Thus,    
 

 
           

 

Now consider the following diagram: 
 

 
 

Define               
             
→                by 

 ( )     
( )
( ); where             

 

Remark (3.2.3): 

        The diagram   is commute. 

Proof: 

        To prove the diagram   is commute, it is sufficient to prove that 

           

      ( 
 

 
          )     

       
( )
        

    
( )
                  

    
( )
    

         ■ 
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Remark (3.2.4): 

        The diagram   is commute. 

Proof: 

         ( 
 

 
          )  

    
( )
           

       
( )
               

       
( )

 

         ■ 

 

 

Eventually, we define the maps      , and    as follows: 

     ( )  (  ( )   ( ))                   

 

     ((     ))  (  (  )   (  )   (  )    (  )) ; 

                                
 

     ((     ))  (  (  )    (  ))   

                              ; 

where 

                                                    

                     
                    
→                                  

                                                                          

 

                                                           

                                                             
                    
→                                   

                                                       
 

and 

 

                                               

                                                             
                    
→                                             
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Lemma (3.2.5): 

is complex. 

Proof: 

        From the definition of     and     they are injective [10], then we get    is 

injective. 

(     )( )    (  ( )   ( )) 

                        (   ( )    ( )) 

                      (  (   ( ))   (   ( ))   (   ( ))    (   ( ))) 

  (   ( ))   (   ( ))  ( 
 

 
          )    ( )     

( )
   ( )  

                                             (      
( )
           

( )
   )( )  

                                             (   
( )
                     

( )
   )( ) 

                                               

  (   ( ))    (   ( ))  ( 
 

 
          )    ( )     

( )
   ( )  

                                             (      
( )
           

( )
   )( ) 

                                             (   
( )
                     

( )
   )( ) 

                                                

We have (     )( )   , and 

(     )(     )    (  (  )   (  )   (  )    (  ))     

   ((
 

 
          )(  )     

( )(  ) (
 

 
          )(  )     

( )(  ))  

    (
 

 
          )(  )     

( )(  ))     (( 
 

 
          )(  )      

( )(  )) 

 (   
( )
                 

( )
) (  )  (   

( )
                 

( )
) (  )  

 (      
( )
                     

( )
) (  )   

    (   
( )
                        

( )
) (  )        ■ 
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3.3 Reduction from characteristic-free resolution to Lascoux 

resolution in the case of partition (8,7,3) 

        This section exhibits the connection between the characteristic-free 

resolution and the Lascoux resolution of the partition (8,7,3). 

The Lascoux resolution of the partition (8,7,3) has the formulation 

 
                                          

            
                 
→                                        

                 
→                                      

                 
→                  

                                          

 

As in [18], we exhibit the terms of the complex (3.1.1) as: 

          

          

          

          

       ; for             ; 

where    are the sum of the Lascoux terms and    are the sum of the others. 

        Now, we define the map       

                
→       such that  

              
                                                                                  …(3.3.1) 

As follows: 

     
( )
 ( )  

 

 
        ( )                                 ; where              

     
( )
 ( )  

 

 
        

( )( )                                ; where              

     
( )
 ( )  

 

 
        

( )( )                                ; where              

     
( )
 ( )  

 

 
        

( )( )                                ; where              

     
( )
 ( )  

 

 
        

( )( )                                ; where              

     
( )
 ( )  

 

 
        

( )( )                                ; where              

     
( )
 ( )  

 

 
        ( )                                ; where             

     
( )
 ( )  

 

 
        

( )( )                               ; where              
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        It is clear that    satisfies (3.3.1), then we can define 

     
                
→         as            

At this point, we are in a position to define 

     
                
→         by                    

 

 

Lemma (3.3.1): 

        The composition        equal to zero. 

Proof: 

    ( )        (     ( )  (        
)( )) 

            ( )        (        
)( ) 

But                
  then we get 

    ( )             ( )       
      

( ) 

By properties of the boundary map     we get 

          ■ 

 

 

We need to define the map       

                
→       such that 

              
 (              

)                                       …(3.3.2) 

As follows: 

          ( )                                                 ; where              

     
( )
     ( )                                                ; where              

         
( )
 ( )                                                ; where              

     
( )
     ( )                                                ; where              

         
( )
 ( )                                                ; where              

     
( )
    

( )
 ( )                                               ; where              

     
( )
     ( )                                                ; where              

         
( )
 ( )                                                ; where              
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( )
    

( )
 ( )                                               ; where              

     
( )
    

( )
 ( )                                               ; where              

     
( )
     ( )                                                ; where              

         
( )
 ( )                                                ; where              

     
( )
    

( )
 ( )                                               ; where              

     
( )
    

( )
 ( )                                               ; where              

     
( )
    

( )
 ( )                                               ; where              

     
( )
     ( )                                                ; where              

         
( )
 ( )                                                ; where              

     
( )
    

( )
 ( )                                               ; where              

     
( )
    

( )
 ( )                                               ; where              

     
( )
    

( )
 ( )                                               ; where              

     
( )
    

( )
 ( )                                               ; where                

         
( )
 ( )  

 

 
        

( )
    ( )              ; where              

         
( )
 ( )  

 

 
        

( )
    

( )( )             ; where              

         
( )
 ( )  

 

  
        

( )
    

( )( )           ; where              

         
( )
 ( )  

 

  
        

( )
    

( )( )           ; where              

         
( )
 ( )  

 

  
        

( )
    

( )( )           ; where              

         
( )
 ( )  

 

  
        

( )
    

( )( )           ; where              

          ( )                                                ; where             

     
( )
    

( )
 ( )  

 

 
 (       

( )
    ( )             

( )( )) ; where 

            

     
( )
    

( )
 ( )  

 

  
        

( )
       ( )  

 

 
           

( )( ) ; where 
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( )
    

( )
 ( )  

 

  
        

( )
    

( )
   ( )  

 

 
           

( )( ); where 

            

     
( )
    

( )
 ( )  

 

  
        

( )
    

( )
   ( )  

 

 
           

( )( ); where  

            

     
( )
    

( )
 ( )  

 

   
        

( )
    

( )
   ( )  

 

 
           

( )( ); where  

            

     
( )
    

( )
 ( )  

 

   
        

( )
    

( )
   ( )  

 

 
           

( )( ); where 

            

     
( )
    

( )
 ( )  

 

   
        

( )
    

( )
   ( )  

 

 
           

( )( ); where 

            

     
( )
     ( )                                            ; where              

         
( )
 ( )                                            ; where              

     
( )
    

( )
 ( )  

 

 
        

( )
    

( )( )  
 

 
       

( )
    

( )
   
( )( )    

 

 
            

( )
   ( )                                     ; where              

     
( )
    

( )
 ( )  

 

 
        

( )
       

( )( )  
 

  
       

( )
    

( )
   
( )( )  

   
 

 
           

( )
   ( )                                     ; where              

      
( )
    

( )
 ( )  

 

  
       

( )
    

( )
   
( )( )   

 

  
       

( )
    

( )
   
( )( )   

 

 
           

( )
   ( )                                        ; where              

      
( )
    

( )
 ( )  

 

  
       

( )
    

( )
   
( )( )  

 

  
       

( )
    

( )
   
( )( )  

 

  
           

( )
   ( )                                      ; where              

      
( )
    

( )
 ( )  

 

  
       

( )
    

( )
   
( )( )  

 

   
       

( )
    

( )
   
( )( )    

 

 
           

( )
   ( )                                       ; where              

     
( )
    

( )
 ( )  

 

  
       

( )
    

( )
   
( )( )  

 

  
       

( )
    

( )
      ( ); 

where              
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( )
    

(  )
 ( )  

 

  
       

( )
    

( )
   
( )( )  ; where              

     
( )
     ( )  

 

 
           ( )               ; where             

 

Proposition (3.3.2): 

        The map    defined above satisfies (3.3.2). 

Proof: 

        We can see that 

  (              
)(        ( ))                ; where              

   (    
( )
 ( ))         ( ) 

 
 

 
       ( )         ( )    

 

  (              
) (   

( )
     ( ))              ; where              

   (    
( )
 ( )     

( )
    ( )) 

 
 

 
       

( )( )  
 

 
          ( )  

        
( )( )  

 

 
       

( )( )    

 

  (              
) (       

( )
 ( ))              ; where              

   (    
( )
 ( ))         

( )( ) 

 
 

 
       

( )( )         
( )( )  

   

 

  (              
) (   

( )
     ( ))              ; where              

   (    
( )
 ( )     

( )
    ( )) 

 
 

 
       

( )( )  
 

 
       

( )( )  
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  (              
) (       

( )
 ( ))              ; where              

   (    
( )
 ( ))         

( )( ) 

 
 

 
       

( )( )         
( )( )  

   

 

  (              
) (   

( )
    

( )
 ( ))            ; where              

   (    
( )
 ( )     

( )
    

( )( )) 

 
 

 
       

( )( )  
 

 
          

( )( )  

 
 

 
       

( )( )  
 

 
       

( )( )  

   

 

  (              
) (   

( )
     ( ))              ; where              

   (    
( )
 ( )     

( )
    ( )) 

 
 

 
       

( )( )  
 

 
       

( )
   ( )  

        
( )( )  

 

 
       

( )( )  

   

 

  (              
) (       

( )
 ( ))              ; where              

   (    
( )
 ( ))         

( )( ) 

 
 

 
       

( )( )         
( )( )  

   

 

  (              
) (   

( )
    

( )
 ( ))            ; where              

   (     
( )
 ( )     

( )
    

( )( )) 

 
  

 
       

( )( )  
 

 
       

( )
   
( )( )  
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( )( )  

 

 
       

( )( )  

   

 

  (              
) (   

( )
    

( )
 ( ))            ; where              

   (     
( )
 ( )     

( )
    

( )( )) 

 
  

 
       

( )( )  
 

 
          

( )( )  

          
( )( )  

 

 
       

( )( )  

   

 

  (              
) (   

( )
     ( ))              ; where              

   (    
( )
 ( )     

( )
    ( )) 

 
 

 
       

( )( )  
 

 
       

( )
   ( )  

        
( )( )  

 

 
       

( )( )  

   

 

   (              
) (       

( )
 ( ))             ; where              

   (    
( )
 ( ))         

( )( ) 

 
 

 
       

( )( )         
( )( )  

   

 

  (              
) (   

( )
    

( )
 ( ))            ; where              

   (     
( )
 ( )     

( )
    

( )( )) 

 
  

 
       

( )( )  
 

 
       

( )
   
( )( )  

 
  

 
       

( )( )  
  

 
       

( )( )  
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  (              
) (   

( )
    

( )
 ( ))            ; where              

   (     
( )
 ( )     

( )
    

( )( )) 

 
  

 
       

( )( )  
 

 
       

( )
   
( )( )  

 
 

 
       

( )( )  
  

 
       

( )( )  

   

 

  (              
) (   

( )
    

( )
 ( ))            ; where              

   (     
( )
 ( )     

( )
    

( )( )) 

 
  

 
       

( )( )  
 

 
          

( )( )  

 
 

 
       

( )( )  
 

 
       

( )( )  

   

 

  (              
) (   

( )
     ( ))              ; where              

   (    
( )
 ( )     

( )
    ( )) 

 
 

 
       

( )( )  
 

 
       

( )
   ( )  

        
( )( )  

 

 
       

( )( )  

   

 

  (              
) (       

( )
 ( ))              ; where              

   (    
( )
 ( ))         

( )( ) 

 
 

 
       

( )( )         
( )( )  

   

 

  (              
) (   

( )
    

( )
 ( ))            ; where              

   (     
( )
 ( )     

( )
    

( )( )) 
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( )( )  
 

 
       

( )
   
( )( )  

          
( )( )  

  

 
       

( )( )  

   

 

  (              
) (   

( )
    

( )
 ( ))            ; where              

   (     
( )
 ( )     

( )
    

( )( )) 

 
  

 
       

( )( )  
 

 
          

( )( )  

          
( )( )  

 

 
       

( )( )  

   

 

  (              
) (   

( )
    

( )
 ( ))            ; where              

   (     
( )
 ( )     
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Proposition (3.3.4): 

        The map    defined above satisfies (3.3.3). 

Proof: 
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Eventually, we define the boundary maps in the complex 

 
                  
→       

             
→      

             
→      

             
→       ;                                             …(3.3.4) 

where    is the operation of indicated polarization operators,   ,    and    

defined as follows: 

    (    ( ))     ( )            ; where             

    (    ( ))     ( )           ; where             

    (       
( )
 ( ))  

 

 
           ( )         ( )         

( )( ); 

where                

    (        ( ))  
 

 
           ( )         

( )( )         ( ); 

where               

    (            ( ))         
( )
    ( )             ( ); where  

                

 

Theorem (3.3.5):  

        The complex (3.3.4) is exact and in characteristic-zero gives a resolution of 

 (     ) ( ). 

Proof:  

        First, we prove the exactness of the complex 

 
                  
→       

             
→      

             
→       

Since one component of the map    is a diagonalization of    into       it is 

clear that    is injective. To prove the exactness at   .  

For this, we need to show that:  

If        (  ) then        such that   ( )    

If    ( )    then   (   )        such that 

 (   )  (   )       , but 

 (   )       ( )      
( )       

( )       
( ). So we get 

     ( )      
( )                            …(1),  
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and  

     
( )      

( )                          …(2) 

Now if       ( ) we can see that    ( )     in fact 

  ( )       ( )          
( ), and  

  (  ( ))       
( )          

( ), so 

  (    ( ))    ( )    (  ( )) 

      ( )         
( )       

( )          
( ) 

      ( )      
( )     ((     

( )       
( )) 

Hence from (1) and (2), we get   ( )    ; where       ( ). 

This proves the exactness at   . 

As the same way we can prove the exactness at   . 

Eventually, from Theorem (1.2.7) we get the complex 

 
                  
→       

             
→      

             
→      

             
→      

               
→     (     )( )

                  
→      , 

is exact.    ■ 

 

 

3.4 Characteristic-zero resolution of Weyl module with mapping 

Cone in the case of partition (8,7,3) 

        This section illustrates the resolution of Weyl module for characteristic-zero 

in the case of partition (8,7,3) by using mapping Cone which enables us to get the 

results without depending on the resolution of Weyl module in characteristic-free 

for the same partition and prove it to be exact. 

 

        In this section before we study the resolution of Weyl module                       

for characteristic-zero in isolation of characteristic-free, we need the               

mapping Cone [32]  
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        Consider the following commute diagram 

 
 

If the rows sequence are exact and  

n – 1: CnDn – 1    Cn + 1Dn   defined by 

(,b)   ( – dn(),    
 (b) t+ fn())  such hat  n – 1 ∘ n  = 0;  n ℤ+ 

Then the sequence 

Cn – 1  
            
→       CnDn – 1  

          
→     Cn + 1Dn  

            
→       Cn + 2Dn + 1  

            
→       …, 

is exact. 

 

 

        Consider the complex of Lascoux in our partition (8,7,3) as the following 

diagram: 

 

Diagram (3.1) 
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Where      ( )     ( )  ;                 

  ( )     ( )   ;                 

  ( )     
( )( )  ;                 

  ( )     ( )  ;                  and 

  ( )     ( )   ;                

 

So we need to define     which make the diagram A commute, i.e   

(   
( )
   )( )  (      )( )   

From Capelli identities, we know that 

   
( )
          

( )
           and                  

Then 

   
( )
    

 

 
                  

 
 

 
                  

 ( 
 

 
          )      

So we get     ( )  ( 
 

 
          ) ( );                

 

To find      which make the diagram B commute, i.e. 

(     )( )  (     )( ) 

      
( )( )  (      )( ) 

      
( )( )     

( )
           

  
 

 
                  

     ( 
 

 
           )  

So we get    ( )   ( 
 

 
           ) ( );                 

 

 

        Now if we use the mapping Cone to the following diagram 
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We get the subcomplex  

 

…(3.4.1) 

where    ( )  (     ( )    ( ))  and 

              (     )  (     
( )(  )  ( 

 

 
          ) (  ) 

 

Proposition (3.4.1):  

                

Proof:  

     ( )    (     ( )    ( )) 

     
( )
(   ( ))  ( 

 

 
          ) (     ( ))  

     ( )   (   
( )
   ) ( )  ( 

 

 
         ) ( )  (      )( )  

  (   
( )
   ) ( )  (      

( )
) ( )  (      )( ) 

But from Capelli identities we have 

   
( )
          

( )
           and                  

Then 

     ( )  (      
( )
) ( )  (      )( )  (      

( )
) ( )  (      )( ) 

                   = 0     ■ 

 

 

        By employing a mapping Cone again on the subcomplex (3.4.1) and the 

rest of diagram (3.1) we have 
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Diagram (3.2) 

 

Now we define  

                                               

                                                          
                    
→                              by      

                                           
 

  (   )      
( )( )  ( 

 

 
          ) ( )  

 

Proposition (3.4.2):  

        The diagram C is commute. 

Proof:  

        To prove the diagram is commute it is sufficient to prove that  

(     )(   )  (     )(   )  

(     )(   )    (   
( )( )  ( 

 

 
          ) ( ))  

    (   
( )( )  ( 

 

 
          ) ( ))  

 (      
( )
) ( )  ( 

 

 
                ) ( )  

 (      
( )
) ( )  (    

( )
          ) ( ) 

But from Capelli identities we have 
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( )
          

( )
          and         

( )
    

( )
           

So we get 

(     )(   )  (   
( )
          ) ( )  (      

( )
              ) ( ) 

 ( 
 

 
                 ) ( )  (      

( )
) ( )  

    *( 
 

 
           )  ( )     

( )( )+  

  (     )(   )    ■ 

 

 

        Hence from the mapping Cone, we have the following complex 

 

where 

  (   )  (    (   )   (   ))  

 (    
( )( )  ( 

 

 
           ) ( )    

( )( )  ( 
 

 
           ) ( ))  

  (   )     ( )     ( ) 

 

Proposition (3.4.3):  

                

Proof:  
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 ((    
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                 ) ( ))  

 ((    
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( )
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( )
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( )
       ) ( ))  

But from Capelli identities we have 
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( )
    

( )
             ,         

( )
=   
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             ,    

                and                 

Which implies that 

(     )( ) 
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( )
   ) ( )  (   
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   ) ( )  (      )( )  (      )( )   

(    
( )
   ) ( )  (    
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= (0,0)    ■ 

 

Proposition (3.4.4):  

                

Proof:  
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Again from Capelli identities we get 
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( )
   ( )  (      )( )  (      
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( )
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= 0    ■ 
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        Finally, we present the following theorem which shows that the complex of 

Lascoux in the case of partition (8,7,3) is exact. 

 

Theorem (3.4.5):  

        The complex 

 

is exact. 

Proof:  

        Since the diagrams, A and B in a diagram (3.1) are commutes and each of 

the maps 

               
                
→               ; where    ( )     ( ),  

and 

               
                
→               ; where   ( )     

( )( ), 

 

are injective [15], then we have a commuting diagram with an exact row. But 

from Proposition (3.4.1) we have         which implies that the mapping 

Cone conditions are satisfied and the complex 

 

is exact. 

        Now consider the diagram (3.2), since diagram C is commute and  

              
                
→               ;  where    ( )     ( ) 

is injective [18], so we have diagram (3.2) commute with exact rows. But 

        (Proposition (3.4.3)) and         (Proposition (3.4.4)) then 

again the mapping Cone conditions are satisfied, so we get the complex 

 

 

is exact.  ■ 
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Suggestions for future works 

        Based on the present work, the following topics are put forward for future 

works 

1. Study the resolution of Weyl module of skew partition (8,7,3)/(2,1) 

 (i.e. the resolution of Weyl module in our case with two-overlap). 

2. Study the Lascoux resolution of the skew partition (8,7,3)/(3,1) 

 (i.e. the resolution of Lascoux in our case with triple-overlap). 
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 المستخلص

انقٕٖ     ٔ   الإبذانٛت راث انًحاٚذ  يقاس حش يُعشف عهٗ انحهقت   نٛكٍ         

 .  انجبشٚت انًقسًت يٍ انذسجت 

، حقُٛاث يعقذة يٍ انًُظ  باس ٔ جبش حشٔف انًكاٌ يع يشخصاث كابهٙبإسخخذاو         

عُشفج  -      يقاساثأٌ انصف الاكبش يٍ بٍّٛ ححهم يقاس ٔاٚم ٔدسس  بٕكسبأو

⁄   خلانٓا جًٛع يقاساث ٔاٚم  ⁄    شبّ حجزئت ٔ ⁄  حٛث أٌ          ْٕ 

   صٕس نخطبٛق ٔاٚم
  ⁄    .. 

 (8,7) فٙ حانت انخجزئتَاقشُا حطبٛق نخحهم يقاس ٔاٚم بصفٍٛ فٙ ْزِ الاطشٔحت         

بثلاثت صفٕف  نخحهم يقاس ٔاٚم. أٚضا كخطبٛق إَّ حاوٚجاد حذٔد رن  انخحهم ٔبشْاٌ لإ

، حذٔد يعقذة لاسكٕ نهخجزئت (8,7,3) فٙ حانت انخجزئت انحش –انًًٛزٔجذَا حذٔد ححهم 

 هفكشة راحٓا انخٙ إسخخذيٓان كخعًٛى يعقذة لاسكٕ أٚضاً نهخجزئت راحٓا.راحٓا ٔ يخططاث 

           انصفش٘  –انحش انٗ ححهم انًًٛز –الاخخزال يٍ ححهم انًًٛزٔجذَا  بٕكسبأو

              فٙ انصفش٘ –انًًٛزيع إسخخذاو حطبٛقاث انحذٔد انًسخخذيت فٙ )ححهم لاسكٕ( 

            ححهمبإسخخذاو حطبٛق كٌٕ ٔيخططاحّ دسسُا  ،. ٔأخٛشاً (8,7,3) حانت انخجزئت

ٔبشُْا إَّ حاو دٌٔ الاعخًاد عهٗ حطبٛقاث انحذٔد  ححهم لاسكٕ() انصفش٘ –انًًٛز

 .نهخجزئت راحٓا

 

 



   
  
 

 
 لمقاط وايلالحر -تطبًق التحلل للممًس

 (8,7,3)التجسئة  في حالةعلى تحلل لاشلى 
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