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Abstract

The aim of this paper is to introduce a new types of neutrosophic crisp relations as a generalization to intuitionistic
relations due to Indira et al.[9], and study some of its properties. Finally, the concepts of the star and retract
neutrosophic relations are introduces and studied and some properties of these concepts will be investigated.
Keywords: Crisp sets relations; Neutrosophic crisp set; Star neutrosophic crisp set; Neutrosophic crisp relation;

Star neutrosophic crisp relation.

1.Introduction

Established by Florentin Smarandache, neutrosophy [15] was presented as the study of origin, nature, and scope of
neutralities, as well as their interactions with different ideational spectra. The main idea was to consider an entity,”A”
in relation to its opposite”Non-A”, and to that which is neither” A” nor "Non-A”,denoted by “Neut-A”. And from then
on, neutrosophy became the basis of neutrosophic logic, neutrosophic probability, neutrosophic set, and neutrosophic
statistics. According to this theory every idea ”A” tends to be neutralized and balanced by “neutA” and "nonA” ideas
- as a state of equilibrium. In a classical way”A”,”neutA”, and”antiA” are disjoint two by two. Nevertheless, since in
many cases the borders between notions are vague and imprecise, it is possible that ”A”, neutA”, and “antiA” have
common parts two by two, or even all three of them as well. In [18, 19, 20], Smarandache introduced the fundamental
concepts of neutrosophic set, that had led Salama et al. in [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17] to provide a
mathematical treatment for the neutrosophic phenomena which already existed in our real world. Moreover, the work
of Salama et al. formed a starting point to construct new branches of neutrosophic mathematics. Hence, neutrosophic
set theory turned out to be a generalization of both the classical and fuzzy counterparts [2, 3, 6, 21]. This paper is
devoted for introducing a new type of neutrosophic crisp relation called the retract neutrosophic crisp set, and studying

some of its properties. On the application of neutrosophic theory, the readers can referes [22-24].
2. Preliminaries:
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In this section, we recall some definitions for essential concepts of neutrosophic crisp relations on neutrosophic crisp

sets and study their properties, which were introduced by Salama and Smarandache in [11,14].
2.1 Definition[11]
Consider any two neutrosophic crisp sets, A on X and B on Y; where A = (A;, A, ,A;) and B= (B,, B, ,B3)

The Cartesian product of A and B is defined as the triple structure: A X B = (A; X B;,A, X B, ,A; X Bj).

where each component is a subset of the Cartesian product X X Y; A; X B; = {(a;, b;):a; € A; ,b; €B;},Vi=1,23

2.1 Corollary

In general if A # B,thenA XB# B XA

2.2 Definition[11]

A neutrosophic crisp relation R from a neutrosophic crisp set A to B, namely R : A = B, is defined as a triple structure

of the form R = ( Ry, Ry, R3), whereR; € A; X B;, Vi = 1,2,3 that is

2.3 Definition

A neutrosophic crisp inverse relation R is a neutrosophic crisp relation from a neutrosophic crisp set B

toA,R™*:B —> A, and to be defined as a triple structure of the form: R™! = (Ry,R;%,R;1), where R;! C B; X

Ai,Vi = 1,2,3 that is: Rl_l = {(ai, bl) : (ai,bi) € Ri}Ri = {(ai,bi): aj € Ai !bi € Bl}

2.1 Example

LetX =1{1,2,3,4}, A= ({1,2},{3}, {4} )and B = ({1},{3},{4,2}), if R is relation from A to B be defined as R =

{(a,b):a € A,b € B : a = b}, then the products of two neutrosophic crisp sets are given by:
A xB= ({(1LD,2DL{BIDL{(44), (42)}),
B xA= ({(1,1),(1,2)}{(3,3)}{(44), (2D},
R, = {(LDL{BDL{4DN R S AXB,
R, = ({(1L.2)}{B)}L{(44), 2D} R, S B x A,
RTT = {(LD), (1D} {B3)} {4, 2D},
Ryt = {@DL{BIL{(AD, 4.2)}).

3. Domain and Range of Neutrosophic Crisp Relations
For any neutrosophic crisp relation R : A — B, we define the following:
— The domain of R, is defined as: Dom(R) = (dom(R,),dom(R,),dom(R3))
— The range of R, is defined as: Rng(R) = (rng(R,),rng(R;),™mg(R3))
—The Domain of R, is defined as: Dom(R) = dom(R;) U dom(R,) U dom(R;)
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— The Range of R, is defined as: Rng(R) = rng(R;) U rng(R,) U rng(Rs3)

3.1 Corollary

From the definitions given in 2.5, one may notice that for any ultra neutrosophic crisp relation R : A — B, we have:
— The domain of R is a crisp subset of X, namely, Dom(R) < X.

—The range of R is a crisp subset of Y, namely, Rng(R) €Y.

3.2 Corollary
For any neutrosophic crisp relation R : A — B, we have that:
Dom(R™1) = Rng(R)
Rng(R™Y) = Dom(R)
4 Neutrosophic Crisp Relations' Operations
In the following definitions we consider R and S are two neutrosophic crisp relations between X and Y for
every(x,y) € X X Y, neutrosophic crisp sets A and B in the form A = (A;, A, ,A;) inX,B= (B;, B, ,B3) onY.
4.1 Definition [14]
The neutrosophic crisp relation R is a neutrosophic crisp subset of the neutrosophic crisp set S(R € S), may be defined
as one of the following two types:
Type1:R €S & Ag; € Bgy, Agy € Bgy andAgs 2 Bgs .
Type2:R €S & A €S Bs; , Agpy 2 Bsy and Ags 2 Bgs .
4.2 Definition [14]
The neutrosophic intersection and neutrosophic union of any two neutrosophic sets A and B, may be defined as
follows:
1. The neutrosophic intersection, A N B, may be defined as one of the following two types:
Type 'R NS & Az, NBg; , Agy, N Bgyand Az U Bgs .
Type2:R NS & Agp, NBg; , Apy U Bg, and Ags U Bgs .
2. The neutrosophic intersection,A U B, may be defined as one of the following two types:
Type 1:R US & A UBg; , Agy U Bg, and Ags N Bgs .
Type 2:R US & Ap; UBg; , Ay N Bgy and Ags N Bgs .
4.1 Theorem
Let R, S and Q be three neutrosophic crisp relations between X and Y for every(x,y) € X X Y, then:
a. RecS->R1tcst.
b. (RUS)y'->Rtus?, (RNS)'->R1Ins1,
c. RHT=R.
d RNSuQ=RNSURNQ,RUBSUQ =RUS)NRUQ).
e. IfSSR,QcR,thenSUQCR.

4.3 Definition
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The neutrosophic crisp relationsR € NCR(X, X)are called:
1) Neutrosophic Reflexive Relation, if for every x € X, there is
(x,x)€ER;, Vi=12,3
2) Neutrosophic Symmetric Relation, if R = R™%, that is for every (x,y) € X X Y such that
V(x,y)ER, = (y,x)ER, Vi=123

3) Neutrosophic Transitive Relation, if there is(x, y), (v, z) € X X Y such that

V(x,y),,z)ER, = (x,z)ER;, Vi=123

4) Neutrosophic Equivalence Relation, if R is reflexive, symmetric and transitive relations
5. Composition of Neutrosophic Crisp Relations

Consider the three neutrosophic crisp sets: A of X, B of Y and C of Z; and the two neutrosophic crisp relations:R :
A—->BandS:B - C; whereR = (Ry,R,,R3),and S = (S;, S,,53). The composition of R and S, is denoted and

defined as:
R OS = (Ry05;,R;053, R3053), such that:
R;oS; : A; = C;, where R;oS; = {(a;, b;): 3b; € B;, (a;, b;) € R;and(b;, ¢;) € S;}.
5.1 Corollary
For any two neutrosophic crisp relations:R : A - Band S : B = C;
Dom(R ©S) € Dom(R)
Rng(R®©S) € Rng(S)
5.2 Corollary
Consider the three neutrosophic crisp relations: R : A > Band S : B - C, and
K:C-D;
RO OK) =(ROS)OK

6 Star Neutrosophic Crisp Relations
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In this section, we consider R* and S* are two star neutrosophic crisp relations between X and Y for
every(x,y) € X X Y, star neutrosophic crisp sets A* and B*in the form A* = (A;", A,", A;") inX, B* =
(B;", B,", B3") onY.

6.1 Definition

Consider any two neutrosophic crisp sets, A on X and B on Y; where A = (A;, A, ,A;) and B = (B;, B,,B3), two
star neutrosophic crisp sets A", B* is the structure A* = (A", A", A;"),B* = (B;", By", Bsy")where A;" = A; n
co(A, UA3), A" =A,nco(AyUAR), A" = A;nco(A; UA,),B;" = B;Nnco(B, UB3), B,” =B, Nco(B; U
Bs) and B;" = B3 N co(B; U B,). Then:

The Cartesian product of A* and B* is defined as the triple structure:
A" xB* = (A] X Bj,A} x B; ,Aj X B3).
where each component is a subset of the Cartesian product X X Y;
A" x B ={(a;, b):a; € A;",b; € B;"}, Vi=123

6.2 Definition
A star neutrosophic crisp relation R* from a star neutrosophic crisp set A" to B*, namelyR" : A* — B, is defined as a

triple structure of the form R* = (R;",R,",R3"), where R} € A} X B,V i = 1,2,3, that is
R;" = {(a; b;):a; € A} ,b; € B/}

6.3 Definition
A star neutrosophic crisp inverse relation R*'is a star neutrosophic crisp relation from a neutrosophic crisp set B*
to A*,R*"": B* > A*, and to be defined as a triple structure of the form: R*™! = (Rfl,Rz_l,R_i,_l), where R;‘_l c

B} x A}, Vi=123thatis: R = {(ay by : (apb;) €R; '}

6.1 Example
LetX = {a,b,c,d,e,f},A= ({a,b,c,d},{e},{f})and B = ({a,b,c},{d},{e}), are neutrosophic crisp sets. Then
A* = ({a,b,c,d},{e}, {f}), B* = ({a,b,c},{d}, {e} ),then the products of two starneutrosophic crisp sets are given
by:
A" xB" = ({(a,a),(a,b), (a,c)(b,a),(b,b), (b,c),(ca),(cb),(cc),(da),(db),(dc)}{(ed}{(f e}
B*x A" = ({(aa),(ab),(ac),(ad),(ba),(bb),(b,c),(b,d),(ca)(cb),(c0), (cd}{(de)}{(e N}
Ri ={G@a)}{(ca}{(dd})R, S AXB,
R; = {{(a b)}, {(c,0}{(d,d),(b,d)}),R, S B x4,
Ri™ = ({(a,a), (3 b)} {(c,0)},{(d, d), (b, d)}),
Ry = ({(b,a)},{(c, )}, {(d,d), (d, b)}).

7 .Domain and Range of Star Neutrosophic Crisp Relations
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For any neutrosophic crisp relationR* : A* — B*, we define the following:
—The domain of R*, is defined as: Dom(R*) = (dom(R,"), dom(R,"), dom(R3") )
— The range of R*, is defined as: Rng( R*) = (Rng(R,"), Rng(R,"), Rng(R3") )
— The Domain of R*, is defined as: Dom(R*) = dom(R,") U dom(R,") U dom(R5")
—The Range of R*, is defined as: Rng(R*) = rng(R,") VU rng(R,") U rng(R3")
7.1 Corollary
From the definitions given in 3.5, one may notice that for any star neutrosophic crisp relation R* : A* = B*, we have:
— The domain of R* is a crisp subset of X, namely, Dom(R*) < X.
— The range of R* is a crisp subset of Y, namely, Rng(R*) S Y.
7.2 Corollary
For any neutrosophic crisp relation R* : A* — B*, we have that: Dom(R*_l) = Rng(R"), Rng(R*_l) = Dom(R")
8 Star Neutrosophic Crisp Relations' Operations
In this section, we call some definitions relations on star neutrosophic crisp sets and its properties.
8.1 Definition
The complement of a star neutrosophic crisp relation R*(co R*, for short) may be defined as:
coR* = (R} ,R;, R}).
8.2 Definition
Consider R* and S* are two retract neutrosophic crisp relations between X and Y for every(x,y) € X X
Y, retract neutrosophic crisp sets A* and B* in the form A* = (A;", A", A;") inX, B* = (B;", B,", B3")onY.
1. The retract neutrosophic crisp relation R” is a neutrosophic crisp subset of the retract neutrosophic crisp set
S* (R* € S*), may be defined as one of the following two types:
R"CS" & Ay S B'g; ,A"zy € B*s,and A"p3 2 B,
R*"CS* & A's S B A"z, 2 B'g,and A"z 2 B,
2. The neutrosophic intersection, R* N S*, of any two neutrosophic sets retract A” andB”", may be defined as
follows:
R*NS* & A"z NB*g; ,A"z, N B*g, and A'gs U B¥gs.
R*NS* & A"z NB*g; A", UB"g, and A'gg U B¥gs.
3. The neutrosophic union, R* U §*, of any two neutrosophic sets retract A” andB”", may be defined as follows:
R*US" & Az UB*g; A", UB"gyand A"z3 N B3,
R*US* & A'p UB*s; ,A"p; NB*g,and A'p3 N BYgs.
8.1 Theorem
Let R*,S*and Q™ be three retract neutrosophic crisp relations between X and Y for every(x,y) € X X Y, then:
a. RRcS >R 'cs.
b. (R*USH TR TTUS™, (R*NSH TR NS,
¢ (RHT=rR".
d R*NES*UQR) =R NSHUR NQ"),RFU(S*UQR) =R"US)N(R"UQ").
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e. If S"CR*,Q"SR",thenS*UQ S R".

9 Composition of Star Neutrosophic Crisp Relations

Consider the three neutrosophic crisp sets: A of X, B of Y and C of Z; and the two star neutrosophic crisp

relations:R* : A* - B* and S*: B* - C*; where

R*= (R, R,",R3"), andS* = (S,", S,", S5*). The composition of R* andS*, is denoted and defined as: R* © §* =
(R;"0S;",R,"0 S,",R3"0S5"), such that: R;" S;" : A;" — C;*, where

R;"oS;" = {(a;, b;):3b; € B;", (a;, b;) € R;"and (b;, ¢;) € S;"}.

9.1 Corollary
For any two star neutrosophic crisp relations: R* : A* - B*and S*: B* = C*;

Dom(R*© S*) € Dom(R")

Rng(R* © §*) € Rng(S™)
9.2 Corollary
Consider the three star neutrosophic crisp relations: R* : A* - B* andS* : B* > C*,and K* : C* - D*;

R*O(S*"OK") =(R"OS)OK"

9.1 Example
From the Example 6.1 is easy to get R;*S;", Dom(R* © §*) and Rng(R* © S*)

10 Retract Neutrosophic Crisp Relations

In this section,we consider R” and S” are two retract neutrosophic crisp relations between X and Y for every(x,y) €
X X Y, retract neutrosophic crisp sets A” and B”in the form A” = (A;”, A,”, A;”) inX,B” = (B;", B,”, B;")
onY.

10.1 Definition

Consider any two neutrosophic crisp sets, A on X and B onY; where A = (A;, A, ,A;) and B = (B;, B,,B3), two
retract neutrosophic crisp sets A" ,B” is the structure A" = (A,”, A,”, A;"),B" = (B,”, B,”,
B;")where A;” = A; Nnco(A, UAg), A" =A,Nnco(A; UAy), A" = Az;nco(A, UA,),B," = B;nco(B, U
B3), B,” = B, Nnco(B; UB3)and B;” = B3 N co(B; UB,). Then:

The Cartesian product of A” and B” is defined as the triple structure:

A" xB” = (A7 x B] ,A} x By ,A} x BY).
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where each component is a subset of the Cartesian product X X Y;
A,:’r X Bi/r = {(ai, bi): a; € A,:y lbi € Bi/r}, Vi= 1,2,3

10.2 Definition
A retract neutrosophic crisp relation R” from a retract neutrosophic crisp set A” to B”, namelyR” : A” — B”, is

defined as a triple structure of the form R” = (R;”,R,”,R3”), where R} € A x B/",Vi = 1,2,3, that is
R;" = {(a;,b;):a; € A] ,b; € B’}
10.3 Definition

A retract neutrosophic crisp inverse relation R” " tis a retract neutrosophic crisp relation from a neutrosophic crisp set
B” toA”,R™1:B” - A", and to be defined as a triple structure of the form: R”~* = (R ,RY ', RZ "), where

RI™ CBf x AT, Vi=123thatis: R = {(ay,b;) : (a, b)) €RY ')

10.1 Example
LetX={ab,c,d}, A= ({a b}, {c},{d})and B = ({a} {c},{b,d}), are neutrosophic crisp sets. Then A" =
({a, b}, {c},{d}), B” = ({a},{c}, {b, d} ),then the products of two retractneutrosophic crisp sets are given by:
A" xB" = ({(a,a),(b,a)},{(c,0)},{(d,b), (d, D}),
B" x A" = ({(a,a),(a,b)}, {(c,0)}, {(b,d), (d, D}),
RT ={(@a)}{(c 0} {(dd})R, €SAXB,
R7 = {@@b}{(cIb{(dd,(b,d})R, SBxA,
RT™ =({(a,2), (@ b)}, {(c,0)} {(d, ), (b, d)}),
Ry~ =({(b,a)},{(c,0)},{(d, d), (d, b)}).

11 Domain and Range of Retract Neutrosophic Crisp Relations

For any neutrosophic crisp relationR” : A” — B”", we define the following:

— The domain of R”, is defined as: Dom(R") = (dom(R,"),dom(R,"),dom(R5") )

— The range of R”, is defined as: Rng(R") = (Rng(R,"), Rng(R,”),Rng(R5") )

— The Domain of R, is defined as: Dom(R") = dom(R,”) Udom(R,”) U dom(R;")
— The Range of R”, is defined as: Rng(R") = rng(R,") U rng(R,") U rng(R;")

11.1 Corollary
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From the definitions given in 4.5, one may notice that for any retract neutrosophic crisp relation R” : A” — B", we

have:

—The domain of R is a crisp subset of X, namely, Dom(R") < X.
—The range of R” is a crisp subset of Y, namely, Rng(R") C Y.
11.2 Corollary

For any retract neutrosophic crisp relation R : A” - B”, we have that: Dom(R” ") = Rng(R"),

Rng(R’_l) = Dom(R")

11.1 Example
From the Example 10.1 is easy to get Dom(R""), Rng(R"),

12 Retract Neutrosophic Crisp Relations' Operations
In this section, we call some definitions relations on retract neutrosophic crisp sets and its properties.
12.1 Definition
The complement of a retract neutrosophic crisp relation R” (co R” , for short) may be defined as:
rcoR” = (R} ,R}, RY).
12.2 Definition
Consider R” and S” are two retract neutrosophic crisp relations between X and Y for every(x,y) € X X
Y, retract neutrosophic crisp sets A” and B” in the form A” = (A,”, A,”, A;”) inX, B" = (B,”, B,”,
B; )onY.
4. The retract neutrosophic crisp relation R” is a neutrosophic crisp subset of the retract neutrosophic crisp set
S”™ (R” € S"), may be defined as one of the following two types:
R"ES” & A" €B"g, ,A"r, SB"5,and A" g3 € B"g,.
5. The neutrosophic intersection, R” 1 S”, of any two neutrosophic sets retract A” andB”", may be defined as
follows:
R"AS” & A"p; NB g ,A"r, NB" 5, and A" g3 N B” 5.
6. The neutrosophic union, R” U S”, of any two neutrosophic sets retract A” andB”, may be defined as follows:
R"US” & A"y UB"g ,A"p, UB" g, and A" g3 U B” 5.
12.1 Theorem
Let R”,S” and Q" be three retract neutrosophic crisp relations between X and Y for every(x,y) € X X Y,
then:
a) RMES"HRTTES ™,

by (RFUS) TR TUS™!, R"AS)TRTIASTTE.
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¢ (R""H1=R".
d R'NG"UQ) =R NASHUR BQ"),RU(S"UQ")=(R"US")N (R TQ").

e) IfS"E€R”,Q” €R",thenS”" UQ” S R".
13 Composition of Neutrosophic Crisp Relations
Consider the three neutrosophic crisp sets: A of X, B of Y and C of Z; and the two retract neutrosophic crisp
relations: R” : A” - B” and S” : B” - C” ; where R” =(R,",R,”,R;"), and S” =(S5,",5,",5;") . The
composition of R” andS”, is denoted and defined as: R” O S” =(R,;"0S;", R, 25, ,R;"2S;"), such that:
R;708" + A" — C;”, Where R;"0S;” = {(a;,b;):3b; € B;",(a;, b;) € R;"and(b;,c;) € S;" }.

13.1 Corollary
For any two retract neutrosophic crisp relations: R” : A” — B” andS” : B” — C”;
Dom(R" ©S") € Dom(R")
Rng(R" ©S") € Rng(S")
13.2 Corollary
Consider the three retract neutrosophic crisp relations: R” : A” - B” andS” : B” - C",and K" : C" - D”;
R"O(S"OK") =(R"OS")OK”

13.1 Example
From the Example 10.1 is easy to get Dom(R""), Rng(R""), and Dom(R” © §")

Conclusion

In this work, the concepts of star neutrosophic crisp relations and retract neutrosophic crisp relations were introduced.
Added to, we have generalized the notion of crisp relation. Also, the main properties related to the neutrosophic crisp
relations have been studied. Future work will be directed to study the notion of the neutrosophic crisp mapping for

other types of relations based on neutrosophic crisp sets.
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