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Abstract. The target of this work is to study the two rows resolution of Weyl module, and locate the 

terms and the exactness of the Weyl Resolution in the Case of Partition (8,7). 

1.  Introduction  
Let R  be a commutative ring with identity (1) and ô  be a free R -module. The divided power algebra 

0
i

i �

��Dô = D ô

 
 can be defined as the graded commutative algebra generated by 

ix  where x �ô  and i  

is a non-negative integer, and iDô  is the divided power algebra of degree  i. 

A partition of length (λ) = nℓ  is a sequence 1 2 nλ = (λ ,λ ,..., λ )  of non-negative integers in non-

increasing order 1 2 nλ λ ... λ > 0� � � . The weight of a partition λ  is 1 2 nλ = λ +λ +...+ λ . 

A relative sequence is a pair ( (λ,μ)  of sequence such that μ λ�  and denoted by λ / μ . 

 If both λ  and μ  are partitions then the relative sequence λ / μ  is called skew partition. 

 The authors in [1] remodel the resolution for the two rowed Weyl module λ/μK ô as: 

 

       t       p 

λ / μ =          q  

 

For λ/μK ô
 = λ/μIm(d )�

 where λ/μd :� ��	
Dô ô
 (Weyl map), so we have 

λ/μd

p+ q p q λ/μ

�
� �� 	 � ��	 � ��	D D D D K 0  

And by using letter place the maps will be 
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( )
21

(p + ) (p) ( )
(1)

(q ) (q )
(2)

ww w ( 1) ( 2) ...(p t)1 1 2
w ww w 1 2 3 ...q2 2 w

t t�
� �

�� ��
� � �� � �� � � � � � �

��	 ��	 � �� � � � � ��� � � � � �� � � � � �
�

, 

where   
q

p+ q
t 1

( )
21w w �

� ��
�� �

�� � � � ��D D ,  is the box map and 
q  2 1  2 (p + t ) 1 ( t+1) 1

d ... ...� � � �
� � � � � �
λ / μ

 is the 

composition of place polarizations from position place {1,2} to negative place {1', 2',…,(p + t)'}. 

 In [2] the authors illustrate that � transmit an element x y�  of p+ q� ���D D  to px x y����  where 

px x ����  is the component of the diagonal of x in p ��D D . 

 The author in [3] introduces these notions as follows: 

        Let 21Z  be the free generator of divided power algebra 21( )D Z  in one generator. The divided 

power element 
( )
21
�Z  of degree �  of the free generator 21Z  acts on p+ q� ���D D  by place polarization of 

degree �  from place 1 to place 2. 

The (graded) algebra. 21( )�A= D Z  act on the graded module p+ q q� �� ��� � � M D D M  (the degree 

of the second factor determines the grading). 

M  is a (graded) left A=-module, where for ( )
21w �� �Z A= and 

1 2β β�� �v= D D , so we have: 

( ) ( )
21 21w( ) ( ) ( )� � �� �� � �Z

 

If we take (t+) graded strand of degree  q 

q t 1 0: 0 ... ...s s s� � �
� ���	 ��	 ��	 ��	 ��	M M M M Mℓ  

Of the bar complex Bar ( M , A=; S=,�=) where S=={x}. 

 As in [4] we define the maps { iS } as follows: 

 

(t )
p q 21 p t q t0 : x��

� �� � ��
� ���

� ��	 ��D DS D Z D
 

( )

( )(q

(p)
(

)
q

p )

21 ( )

w 1 2
w 1

ifw 2
w 2

0 if t

tx

�
�

�
�

��
��

� �
� �� �� � �� � �� �

� ��
���	� � ��
�

Z

 

And for the higher dimensions as 

 

1

1

1 2

i

1 2

( )(t ) ( )
21 21 21 p t q t

( ) ( )(t ) ( )
2

1

1 21 21 21 p t q t

: x x ... x

x x ... x x

�

�

��� �
� � � � � �

� ���

� ��� �
� � � � � �

� � ��	

�

� Z Z Z D D

Z Z Z Z D D

S ℓ

ℓ ℓ

ℓ
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1

1

1 2

1 2

( )
( )( t ) ( )

21 21 21 (q t )

( )(

(p+t+ )

(p+t
t ) ( ) ( )

2

+ )

1 21 21 21 (q t )

w 1 2

w 2

w 1

0 if 0

0if
w 2

x x ... x

x x ... x x

�

�

�
��� �

� � � �

�
��� �

�

�

� � �

�

��
�
� ��
�

�
��	� �� ��� �

� �
� �� ��� �

m

m

m
m

m

m

m

Z Z Z

Z Z Z Z

ℓ

ℓ

 

 

 The authors in [1], [2] and [5] described the written of the modules of the resolution as: 

iM  for i = 0,1,…, q – t, with  

0M
 = pD

� qD
  

and  

i1 2( t ) ( ) ( )
i 21 21 21 p t q t for i 1x x ... x�� � �

� � � � � �� � �M Z Z Z D D
 

 

2.  Terms of the Weyl Resolution in the Case of Partition (8,7) 
In this section we submit the terms of characteristic free resolution in the case of partition (8,7). 

0M  = 8D � 7D
 

(1) (2) (3)
1 21 9 6 21 10 5 21 11 4 x x x� �  �  �M Z D D Z D D Z D D

(4)
21 12 3x �Z D D (5)

21 13 2x �Z D D   

(6)
21 14 1x �Z D D (7)

21 15 0x �Z D D
 

(1) (1) (2) (1) (1) (2) (2) (2)
2 21 21 10 5 21 21 11 4 21 21 11 4 21 21 12 3

(3) (1) (1) (3) (4) (1) (1) (4)
21 21 12 3 21 21 12 3 21 21 13 2 21 21 13 2

x x x x x x x x

x x x x x x x x

� �  �  �  �  

�  �  �  �  

M Z Z D D Z Z D D Z Z D D Z Z D D

Z Z D D Z Z D D Z Z D D Z Z D D
(3) (2)
21 21 13 2x x �  Z Z D D (2) (3)

21 21 13 2x x �Z Z D D (5) (1) (1) (5)
21 21 14 1 21 21 14 1x x x x �  �  Z Z D D Z Z D D

 

(3) (3) (2) (4)
21 21 14 1 21 21 14 1x x x x�  �Z Z D D Z Z D D (4) (2)

21 21 14 1x x �  Z Z D D (6) (1)
21 21 15 0x x �  Z Z D D

 

(1) (6) (2) (5)
21 21 15 0 21 21 15 0x x x x�  �Z Z D D Z Z D D (5) (2) (3) (4)

21 21 15 0 21 21 15 0x x x x �  �  Z Z D D Z Z D D
 

(4) (3)
21 21 15 0x x �Z Z D D

 

 

(1) (1) (1) (2) (1) (1) (1) (2) (1)
3 21 21 21 11 4 21 21 21 12 3 21 21 21 12 3x x x x x x x x x� �  �  �  M Z Z Z D D Z Z Z D D Z Z Z D D

 

(1) (1) (2) (3) (1) (1) (1) (3) (1)
21 21 21 12 3 21 21 21 13 2 21 21 21 13 2x x x x x x x x x�  �  �  Z Z Z D D Z Z Z D D Z Z Z D D

 

(1) (1) (3) (2) (2) (1) (2) (1) (2)
21 21 21 13 2 21 21 21 13 2 21 21 21 13 2x x x x x x x x x�  �  �  Z Z Z D D Z Z Z D D Z Z Z D D
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(1) (2) (2) (4) (1) (1) (1) (4) (1)
21 21 21 13 2 21 21 21 14 1 21 21 21 14 1x x x x x x x x x�  �  �  Z Z Z D D Z Z Z D D Z Z Z D D

 

(1) (1) (4) (3) (2) (1) (3) (1) (2)
21 21 21 14 1 21 21 21 14 1 21 21 21 14 1x x x x x x x x x�  �  �  Z Z Z D D Z Z Z D D Z Z Z D D

 

(2) (3) (1) (2) (1) (3) (1) (2) (3)
21 21 21 14 1 21 21 21 14 1 21 21 21 14 1x x x x x x x x x�  �  �  Z Z Z D D Z Z Z D D Z Z Z D D

 

(1) (3) (2) (2) (2) (2) (5) (1) (1)
21 21 21 14 1 21 21 21 14 1 21 21 21 15 0x x x x x x x x x�  �  �  Z Z Z D D Z Z Z D D Z Z Z D D

 

(1) (5) (1) (1) (1) (5) (2) (2) (3)
21 21 21 15 0 21 21 21 15 0 21 21 21 15 0x x x x x x x x x�  �  �  Z Z Z D D Z Z Z D D Z Z Z D D

 

(2) (3) (2) (3) (2) (2) (3) (3) (1)
21 21 21 15 0 21 21 21 15 0 21 21 21 15 0x x x x x x x x x�  �  �  Z Z Z D D Z Z Z D D Z Z Z D D

 

(3) (1) (3) (1) (3) (3) (2) (4) (1)
21 21 21 15 0 21 21 21 15 0 21 21 21 15 0x x x x x x x x x�  �  �  Z Z Z D D Z Z Z D D Z Z Z D D

 

(2) (1) (4) (4) (2) (1) (4) (1) (2)
21 21 21 15 0 21 21 21 15 0 21 21 21 15 0x x x x x x x x x�  �  �  Z Z Z D D Z Z Z D D Z Z Z D D

 

(1) (4) (2) (1) (2) (4)
21 21 21 15 0 21 21 21 15 0x x x x x x�  �Z Z Z D D Z Z Z D D

 

 

(1) (1) (1) (1) (2) (1) (1) (1)
4 21 21 21 21 12 3 21 21 21 21 13 2x x x x x x x x� �  �  M Z Z Z Z D D Z Z Z Z D D

 

(1) (2) (1) (1) (1) (1) (2) (1)
21 21 21 21 13 2 21 21 21 21 13 2x x x x x x x x�  �  Z Z Z Z D D Z Z Z Z D D

 

(1) (1) (1) (2) (3) (1) (1) (1)
21 21 21 21 13 2 21 21 21 21 14 1x x x x x x x x�  �  Z Z Z Z D D Z Z Z Z D D

 

(1) (3) (1) (1) (1) (1) (3) (1)
21 21 21 21 14 1 21 21 21 21 14 1x x x x x x x x�  �  Z Z Z Z D D Z Z Z Z D D

 

(1) (1) (1) (3) (2) (2) (1) (1)
21 21 21 21 14 1 21 21 21 21 14 1x x x x x x x x�  �  Z Z Z Z D D Z Z Z Z D D

 

(2) (1) (2) (1) (2) (1) (1) (2)
21 21 21 21 14 1 21 21 21 21 14 1x x x x x x x x�  �  Z Z Z Z D D Z Z Z Z D D

 

(1) (2) (2) (1) (1) (1) (2) (2)
21 21 21 21 14 1 21 21 21 21 14 1x x x x x x x x�  �  Z Z Z Z D D Z Z Z Z D D

 

(1) (2) (1) (2) (4) (1) (1) (1)
21 21 21 21 14 1 21 21 21 21 15 0x x x x x x x x�  �  Z Z Z Z D D Z Z Z Z D D

 

(1) (4) (1) (1) (1) (1) (4) (1)
21 21 21 21 15 0 21 21 21 21 15 0x x x x x x x x�  �  Z Z Z Z D D Z Z Z Z D D

 

(1) (1) (1) (4) (2) (3) (1) (1)
21 21 21 21 15 0 21 21 21 21 15 0x x x x x x x x�  �  Z Z Z Z D D Z Z Z Z D D

 

(2) (1) (3) (1) (2) (1) (1) (3)
21 21 21 21 15 0 21 21 21 21 15 0x x x x x x x x�  �  Z Z Z Z D D Z Z Z Z D D

 

(3) (2) (1) (1) (3) (1) (2) (1)
21 21 21 21 15 0 21 21 21 21 15 0x x x x x x x x�  �  Z Z Z Z D D Z Z Z Z D D

 

(3) (1) (1) (2) (1) (1) (2) (3)
21 21 21 21 15 0 21 21 21 21 15 0x x x x x x x x�  �  Z Z Z Z D D Z Z Z Z D D

 

(1) (1) (3) (2) (1) (2) (1) (3)
21 21 21 21 15 0 21 21 21 21 15 0x x x x x x x x�  �  Z Z Z Z D D Z Z Z Z D D

 

(1) (3) (1) (2) (1) (3) (2) (1)
21 21 21 21 15 0 21 21 21 21 15 0x x x x x x x x�  �  Z Z Z Z D D Z Z Z Z D D

 

(1) (2) (3) (1) (2) (2) (2) (1)
21 21 21 21 15 0 21 21 21 21 15 0x x x x x x x x�  �  Z Z Z Z D D Z Z Z Z D D
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(2) (2) (1) (2) (2) (1) (2) (2)
21 21 21 21 15 0 21 21 21 21 15 0x x x x x x x x�  �  Z Z Z Z D D Z Z Z Z D D

 

(1) (2) (2) (2)
21 21 21 21 15 0x x x x �Z Z Z Z D D

 

 

(1) (1) (1) (1) (1) (2) (1) (1) (1) (1)
5 21 21 21 21 21 13 2 21 21 21 21 21 14 1x x x x x x x x x x� �  �  M Z Z Z Z Z D D Z Z Z Z Z D D

 

(1) (2) (1) (1) (1) (1) (1) (2) (1) (1)
21 21 21 21 21 14 1 21 21 21 21 21 14 1x x x x x x x x x x�  �  Z Z Z Z Z D D Z Z Z Z Z D D

 

(1) (1) (1) (2) (1) (1) (1) (1) (1) (2)
21 21 21 21 21 14 1 21 21 21 21 21 14 1x x x x x x x x x x�  �  Z Z Z Z Z D D Z Z Z Z Z D D

 

(3) (1) (1) (1) (1) (1) (3) (1) (1) (2)
21 21 21 21 21 15 0 21 21 21 21 21 15 0x x x x x x x x x x�  �  Z Z Z Z Z D D Z Z Z Z Z D D

 

(1) (1) (3) (1) (1) (1) (1) (1) (3) (1)
21 21 21 21 21 15 0 21 21 21 21 21 15 0x x x x x x x x x x�  �  Z Z Z Z Z D D Z Z Z Z Z D D

 

(1) (1) (1) (1) (3) (2) (2) (1) (1) (1)
21 21 21 21 21 15 0 21 21 21 21 21 15 0x x x x x x x x x x�  �  Z Z Z Z Z D D Z Z Z Z Z D D

 

(2) (1) (2) (1) (1) (2) (1) (1) (1) (2)
21 21 21 21 21 15 0 21 21 21 21 21 15 0x x x x x x x x x x�  �  Z Z Z Z Z D D Z Z Z Z Z D D

 

(2) (1) (1) (2) (1) (1) (2) (2) (1) (1)
21 21 21 21 21 15 0 21 21 21 21 21 15 0x x x x x x x x x x�  �  Z Z Z Z Z D D Z Z Z Z Z D D

 

(1) (2) (1) (2) (1) (1) (2) (1) (1) (2)
21 21 21 21 21 15 0 21 21 21 21 21 15 0x x x x x x x x x x�  �  Z Z Z Z Z D D Z Z Z Z Z D D

 

(1) (1) (2) (2) (1) (1) (1) (1) (2) (2)
21 21 21 21 21 15 0 21 21 21 21 21 15 0x x x x x x x x x x�  �  Z Z Z Z Z D D Z Z Z Z Z D D

 

(1) (1) (2) (1) (2)
21 21 21 21 21 15 0x x x x x �Z Z Z Z Z D D

 

 

(1) (1) (1) (1) (1) (1) (2) (1) (1) (1) (1) (1)
6 21 21 21 21 21 21 14 1 21 21 21 21 21 21 15 0x x x x x x x x x x x x� �  �  M Z Z Z Z Z Z D D Z Z Z Z Z Z D D

 

(1) (2) (1) (1) (1) (1) (1) (1) (2) (1) (1) (1)
21 21 21 21 21 21 15 0 21 21 21 21 21 21 15 0x x x x x x x x x x x x�  �  Z Z Z Z Z Z D D Z Z Z Z Z Z D D

 

(1) (1) (1) (2) (1) (1) (1) (1) (1) (1) (2) (1)
21 21 21 21 21 21 15 0 21 21 21 21 21 21 15 0x x x x x x x x x x x x�  �  Z Z Z Z Z Z D D Z Z Z Z Z Z D D

 

(1) (1) (1) (1) (1) (2)
21 21 21 21 21 21 15 0x x x x x x �Z Z Z Z Z Z D D

 

 

(1) (1) (1) (1) (1) (1) (1)
7 21 21 21 21 21 21 21 15 0x x x x x x x� �M Z Z Z Z Z Z Z D D

 

 

3.  The Exactness of the Weyl Resolution in the Case of Partition (8,7) 
This section clarify the construction of a contracting homotopies { iS } in the case of partition (8,7) where 

i = 1,2, …, 6 as follows: 
( )

8 7 21 8 70 : x� �� ��
� ���

� ��	 ��S D D Z D D  such that 
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( )

(

(8)
(8

)(7 )
21 (7 )

)
0

0 if 0

1,2,...,

w 1 2
w 1

ifw 2
2

7
w

x

�
�

���
��

�
� �� �

� �� �� �� �� � �� �� � �� �

� ��
�� � � ��
�

S
Z

 

1 2( ) ( )( )
21 8 7 21 21 8 71 : x x x� ��

�� �� �� ��
� ���

� ��	 ��Z D D Z DS Z D
 such that 

( )
( )
21 ( ) ( )(7 )

21 21 (7 )

(8 )
(8 )

1

w 1 2
w 1

0 if 0

1,2,...,6ifw 2
w 2

x
x x

�
� ��

����
���

�
�

� �� �
� �� �� �� �� � �� ��

��
�� � ��
�

� �� �

m
m

mm
m

m

mS Z
Z Z

 

 

31 2 1 2

i

( )( ) ( ) ( ) ( )
21 21 21 21 218 7 82 7: x x x x x�� � � �

� � � � � � � �
� ���

� ��	 �� Z Z D D ZS Z Z D D
 such that 

1 2

1 2

( )
( ) ( )
21 21 ( ) ( ) ( )(7 )

21 21 21 (7

(8 )
(

)

8 )
2

w 1 2
w 1

ifw 2 w

0 if 0

1,2
2

,...,5 ,
x x

x x x

� !
� �� �

� �� � �

�

� �

�

�

� �� �
� �� �� �� �� �� � �

��
�

�
�

� ��
�

�� � � ��� �

Z Z
Z Z

S
Z

m
mm

m

m

m

where "�"= �1 + �2. 

 

3 31 2 1 2 4

i

( ) ( )( ) ( ) ( ) ( ) ( )
21 21 21 21 21 21 218 83 7 7: x x x x x x x� �� � � � �

� � � � � � � �
� ���

� ��	 �� Z Z Z D D Z DS Z Z Z D
  

such that 

31 2

31 2

( )
( )( ) ( )

21 21 21 ( )( ) ( ) ( )(7 )
21 21 21 21 (7 )

(8 )
(8 )

3

0 if 0

1,2,

w 1 2
w 1

ifw
2

3 42 , ,
w

x x x
x x x x

�
� ��� �

�� �� � �
� � �

�
�

� �� �
� �� �� �� �� �� � �� �� � � ��� �

��
�

� � ��
�

Z Z Z
Z Z

S
Z Z

m
m

mm
m

m

m
 

where "�"= �1 + �2 + �3. 

 

3 3 51 2 4 1 2 4

i

( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )
21 21 21 21 21 21 21 21 2184 7 8 7: x x x x x x x x x� � �� � � � � �

� � � � � � � �
� ���

� ��	 �� Z Z Z Z D D Z DS Z Z Z Z D
 

such that 

31 2 4

31 2 4

( )
( )( ) ( ) ( )

21 21 21 21 (7 )

( )( ) ( ) ( ) ( )
2

(8 )

4

(8 )

1 21 21 21 21 (7 )
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where "�"= �1 + �2 + �3+ �4. 

 

3 5 3 5 61 2 4 1 2 4

i

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )
21 21 21 21 21 21 21 21 21 21 218 7 8 75 : x x x x x x x x x x x� � � � �� � � � � �

� � � � � � � �
� ���

� 	 �� Z Z Z Z Z D D Z Z Z Z Z Z D DS
such 

that 

3 51 2 4

3 51 2 4

( )
( ) ( )

(8
( ) ( ) ( )
21 21 21 21 21 (7 )

( ) ( )( ) ( ) ( ) ( )
21 21 21 2

)

5

(8 )

1 21 21 (7 )

w 1 2

w 2

w 1
if

w 2

0 if 0

1,2 ,

x x x x x

x x x x x x

�
� �� � �

� � �

� �
� �� � �

� � �

�

�

��
�

�

� �� �
� ��

� ��

�� �� ��� �� �

� �
� �� ��� ��

Z Z Z Z Z

Z Z Z Z

S

Z Z

m

m

m
m

m

m

m
 

where "�"= �1 + �2 + �3+ �4+ �5. 
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i
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1 8
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� � � �
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such that 

3 5 61 2 4
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��
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�� �
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S

Z

m

m

m
m

m

m

m
 

where "�"= �1 + �2 + �3+ �4+ �5+ �6. 

 

So we possess the posterior scheme:- 
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m m m

m
m

a

nd 



8

1234567890 ‘’“”

IHSCICONF2017 IOP Publishing

IOP Conf. Series: Journal of Physics: Conf. Series 1003 (2018) 012051  doi :10.1088/1742-6596/1003/1/012051

( )
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)
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It is lucid that   0 1 = idx x� � �S S . 
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where "�"= �1 + �2. 

It is lucid that   1 2 = idx x� � �S S . 
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where "�"= �1 + �2+ �3. 

It is lucid that   2 3 = idx x� � �S S . 
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where "�"= �1 + �2 + �3+ �4. 

It is lucid that   3 4 = idx x� � �S S . 
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It is lucid that   4 5 = idx x� � �S S . 
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where "�"= �1 + �2 + �3+ �4 + �5+ �6. 

It is lucid that   5 6 = idx x� � �S S . 

From above we get 0 1 2 3 4 5 6{ , , , , , , }{S S S S S S S  is a contracting homotopy [6] which mean our complex is 

exact. 
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